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PREFACE. 


\ 


In’  tlie  preparation  of  the  present  edition  of  the  Geom¬ 
etry  of  A.  M.  Legendre,  the  original  has  been  consulted 
as  a  model  and  guide,  but  not  implicitly  followed  as  a 
standard.  The  language  employed,  and  the  arrangement 
of  the  arguments  in  many  of  the  demonstrations,  will  be 
found  to  differ  essentially  from  the  original,  and  also  from 
the  English  translation  by  Dr.  Brewster. 

In  the  original  work,  as  well  as  in  the  translation,  the 
propositions  are  not  enunciated  in  general  terms,  but  with 
reference  to,  and  by  the  aid  of,  the  particular  diagrams 
used  for  the  demonstrations.  Ir  is  believed  that  this 
departure  from  the  method  of  Euclid  has  been  generally 
regretted.  The  propositions  of  Gecmietry  are  general 
truths,  and  as  such,  should  be  stated  in  general  terms, 
and  without  reference  to  particular  figures.  The  method 
of  enunciating  them  by  the  aid  of  particular  diagrams 
seems  to  have  been  adopted  to  avoid  the  difficulty  which 
beginners  experience  in  comprehending  abstract  proposi¬ 
tions.  But .  in  avoiding  this  difficulty,  and  thus  lessening, 

* 

at  first,  the  intellectual  labor,  the  faculty  of  abstraction, 
which  it  is  one  of  the  primary  objects  of  the  study  of 
Geometry  to  strengthen,  remains,  to  a  certain  extent,  un 
improved. 


IV 


PEE-FACE. 


The  methods  of  demonstration,  in  several  of  the  Books, 
have  been  entirely  changed.  By  regarding  the  Circle  as 
the  limit  of  the  inscribed  and  circumscribed  polygons,  the 
demonstrations  in  Book  Y.  have  been  much  simplified; 
and  the  same  principle  is  made  the  basis  of  several  im¬ 
portant  demonstrations  in  Book  YIIL 

The  subjects  of  Plane  and  Spherical  Trigonometry 
have  been  treated  in  a  manner  quite  different  from  that 
employed  in  the  original  work.  In  Plane  Trigonometry, 
especially,  important  changes  have  been  made.  The  sepa¬ 
ration  of  the  part  which  relates  to  the  computations  of  the 
sides  and  angles  of  triangles  from  that  which  is  purely 
analytical,  will,  it  is  hoped,  be  found  to  be  a  decided  im¬ 
provement. 

The  application  of  Trigonometry  to  the^  measurement 
of  Heights  and  Distances,  embracing  the  use  of  the  Table 
of  Logarithms,  and  of  Logarithmic  Sines;  and  ,the  appli¬ 
cation  of  Geometry  to  the  mensuration  of  planes  and 
solids,  are  useful  exercises  for  the  Student.  Practical  ex¬ 
amples  cannot  fail  to  point  out  the  generality  and  utility 
of  abstract  science. 

Fishkill  Landing, 

July,  1851. 
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OF 


G  E  O  M  E  T 
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INTEODUCTION. 

1.  Space  extends  indefinitely  in  every  direction  and 
contains  all  bodies. 

2.  Extension  is  a  limited  portion  of  space,  and  has 
three  dimensions,  length,  breadth,  and  thickness. 

3.  A  Solid,  or  Body,  is  a  limited  portion  of  space 
supposed  to  be  occupied  by  matter.  The  difference  be¬ 
tween  the  terms,  extension  and  solid^  is  simply  this:  the 
former  denotes  a  limited  portion  of  space,  viewed  in  the 
abstract,  while  the  latter  denotes  such  a  portion  occupied 

by  matter. 

The  term.  Solid,  is  generally  used  in  Geometry,  in  pre- 
ference  to  Extension,  because  the  mind  apprehends  readily 
the  forms  and  relations  of  tangible  objects,  while  it  often 
experiences  much  difficulty  in  dealing  with  the  abstract 
notions  derived  from  them.  It  is,  however,  important  to 
observe,  that  the  geometrical  ^properties  of  solids  have  no  con¬ 
nection  whatever  with  matter,  and  that  the  demonstrations  which 
establish  and  make  Jcnoivn  those  properties,  are  based  on  the 
attributes  of  extension  only. 
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4.  A  Solid  being  a  limited  portion  of  space,  is  neces¬ 
sarily  divided  from  tlie  indefinite  space  wliicli  surrounds 
it :  that  which  so  divides  it,  is  called  a  Surface.  ISTow, 
since  that  which  bounds  a  solid  is  no  part  of  the  solid 
itself,  it  follows,  that  a  surface  has  but  two  dimensions, 
ength  and  breadth. 

5.  If  we  consider  a  limited  portion  of  a  surface,  that 
which  separates  such  portion  from  the  other  parts  of 
the  surface,  is  called  a  Line.  This  mark  of  division 
forms  no  part  of  the  surfaces  which  it  separates  :  hence,  a 
line  has  length  only,  without  breadth  or  thickness. 

6.  K  we  regard  a  limited  portion  of  a  line,  that  which 
separates  such  portion  from  the  part,  at  either  extremity, 
is  called  a  Point.  But  this  mark  of  division  forms  no 
part  of  the  line  itself :  hence,  a  point  has  neither  length, 
breadth,  nor  thickness,  but  place  or  position  only. 

7.  Although  we  use  the  term  solid  to  denote  a  given 
portion  of  space,  the  term  surface  to  denote  the  boundary 
of  a  solid,  the  term  line  to  denote  the  boundary  of  a  sur¬ 
face,  and  the  term  point  to  designate  the  limit  of  a  line, 
still,  we  may  employ  either  of  these  terms,  in  an  abstract 
sense,  without  any  reference  ^to  the  others. 

Thus,  we  may  contemplate  a  river,  as  a  solid,  without 
considering  its  boundaries ;  may  look  upon  the  surface  and 
perceive  that  it  has  length  and  breadth  without  refering  to 
its  depth ;  or,  we  may  regard  the  distance  across  without 
taking  into  account  either  its  depth  or  length.  So  like¬ 
wise,  we  may  consider  a  point  without  any  reference  to 
the  line  which  it  limits. 

In  the  definitions  and  reasonings  of  Geometry  these 
terms  are  always  used  in  an  abstract  sense ;  they  are  mere 
.signs  to  the  mind  of  the  conceptions  for  which  they  stand. 

\ 

8.  Angle  is  a  term  which  designates  the  portion  of  a 
•surface  included  by  two  lines  meeting  at  a  common  point ; 
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and.  it  also  denotes  a  portion  of  space  included  by  two  or 
more  planes. 

9.  Magnitude  is  a  general  term  employed  to  denote 
those  quantities  wMcIl  arise  from  considering  the  dimen* 

ions  of  extension,  and  is  equally  applicable  to  lines, 
angles,  surfaces,  and  solids.  Gleometry  is  conversant  with 
four  kinds  of  magnitude. 

1.  Lines ;  wliich.  have  lengtli  without  breadth  or  thickness. 

2.  Angles ;  bounded  by  straight  lines,  by  curves,  and  by 
planes. 

3.  Surfaces  ;  which  have  length  and  breadth  without 
thickness :  and 

4.  Solids;  which  have  length,  breadth,  and  thickness. 

10.  hiGUEE  is  a  term  applied  to  a  geometrical  magni¬ 
tude  and  expresses  the  idea  of  shape  or  form.  It  is  that 
which  is  enclosed  by  one  or  more  boundaries.  Thus,  “  A 
triangle  is  a  plane  figure  bounded  by  three  straight  lines.” 

11.  A  Property  of  a  figure  is  a  mark  or  attribute 
common  to  all  figures  of  the  same  class. 


12.  The  portions  of  extension  which  constitute  the  geo¬ 
metrical  magnitudes,  are  indicated  to  the  mind  by  cer¬ 
tain  marks  called  lines. 

Thus,  we  say,  the  straight  line  AB^  is  the  shortest  dis¬ 
tance  between  the  two  points  A  and 

B.  The  mark  AB,  on  the  paper,  is-  A - B 

not  the  geometrical  line  AA,  but  only 

the  sign  or  representative  of  it — the  geometrical  line  itself, 
having  merely  a  mental  existence. 

We  also  say,  that  the  triangle 
A  CB  is  bounded  by  the  three  straight 
lines  AB,  A  (7,  CB.  Now,  the  triangle 
ACB^  is  but  the  sign,  to  the  mind, 
of  a  portion  of  a  plane.  That  which 
the  eye  sees  is  not  the  geometrical 
conception  on  which  the  mind  acts 

and  reasons  :  but  is,  as  it  were,  the  word  or  sign  which 
stands  for  and  expresses  the  abstract  idea. 


C. 
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These  considerations  have  induced  me  to  represent  the 
geometrical  magnitudes  by  the  fewest  possible  lines,  and  to 
reject  altogether  the  method  of  shading  the  figures.  It  is 
the  conception  of  extension,  in  the  abstract,  with  which 
the  mind  should  be  made  conversant,  and  too  much  pains 
cannot  be  taken  to  exclude  the  idea  that  we  are  dealing 
with  material  things. 


ELEMENTS  OE  GEOMETRY. 


BOOK  I. 

DEFINITIONS.* 

1.  Extension  has  three  dimensions,  length,  breadth, 
and  thiekness. 

2.  Geometky  is  the  science  which  has  for  its  object : 

1st.  The  measurement  of  extension;  and  2dlj.  To  dis¬ 
cover,  bj  means  of  such  measurement,  the  properties  and 
relations  of  geometrical  magnitudes. 

3.  A  Point  is  that  which  has  place,  or  position,  but 
not  magnitude. 

4.  A  Line  is  length,  without  breadth  or  thickness. 

5.  A  Straight  Line  is  one  which 
lies  in  the  same  direction  between  any 
two  of  its  points. 

6.  A  Broken  Line  is  one  made  up 
of  straight  lines,  not  lying  in  the  same 
direction. 

7.  A  Curve  Line  is  one  which 
changes  its  direction  at  every  point. 

The  word  line  when  used  alone,  will  designate  a  straight 
line ;  and  the  word  curve^  a  curve  line. 

8.  A  Surface  is  that  which  has  length  and  breadth 
without  thickness. 


*  See  Davies’  Logic  and  Utility  of  Mathematics,  1 1. 
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9.  A  Plane  is  a  surface,  such,  that  if  any  two  of  its 
points  be  joined  by  a  straight  line,  such  line  will  be  wholly 
in  the  surface. 

10.  Every  surface,  which  is  not  a  plane  surface,  or  com¬ 
posed  of  plane  surfaces,  is  a  curved  surface. 

11.  A  Solid,  or  Body  is  that  which  has  length,  breadth, 
and  thickness :  it  therefore  combines  the  three  dimensions 
of  extension. 

12.  A  plane  Angle  is  the  portion  of  a  plane  included 

between  two  straight  lines  meeting  at  a  common  point. 

• 

The  two  straight  lines  are  called  the  sides  of  the  angle, 
and  the  common  point  of  intersection,  the  vertex. 

Thus,  the  part  of  the  plane  includ-  ^ 

ed  between  AB  and  AG  is  called  an 
angle :  AB  and  A  C  are  its  sides^  and  A  ' 
its  verteo:.  • 

An  angle  is  sometimes  designated  KA— - B 

simply  by  a  letter  placed  at  the  vertex, 
as,  the  angle  A  ;  but  generally,  by  three  letters,  as,  tne 
angle  BAG  or  GAJ5, — the  letter  at  the  vertex  being  always 
placed  in  the  middle. 

13.  When  a  straight  line  meets  an¬ 
other  straight  line,  so  as  to  make  the 
idjacent  angles  equal  to  each  other, 
each  angle  is  called  a  right  angle  ;  and 
the  first  line  is  said  to  be  perpendicu¬ 
lar  to  the  second. 

14.  An  Acute  Angle  is  an  angle 
less  than  a  right  angle.  ^ 


15.  An  Obtuse  Angle  is  an  an 
greater  than  a  right  angle. 
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16.  Two  straight  lines  are  said  to 

be  when  being  situated  in  — - - 

the  same  plane,  they  cannot  meet,  how  _ _ _ _ 

far  soever,  either  way,  both  of  them 
be  produced. 

17.  A  Plane  Figuee  is  a  portion  of  a  plane  terminat¬ 
ed  on  all  sides  by  lines,  either  straight  or  curved. 

/ 

18.  A  Polygon,  or  rectilineal  jig- 
ure^  is  a  portion  of  a  plane  terminat¬ 
ed  on  all  sides  by  straight  lines. 

The  broken  line  that  bounds  a 

I 

polygon  is  called  its  perimeter. 

19.  The  polygon  of  three  sides,  the  simplest  of  all,  is 
called  a  triangle;  that  of  four  sides,  a  quadrilateral;  that 
of  five,  a  pentagon ;  that  of  six,  a  hexagon ;  that  of  seven, 
a  heptagon ;  that  of  eight,  an  octagon ;  that  of  nine,  an 
nonagon  ;  that  of  ten,  a  decagon ;  and  that  of  twelve,  a 
dodecagon. 

20.  An  Equilateral  pol3^gon  is  one  which  has  all  its 
sides  equal ;  an  equiangidar  polygon,  is  one  wh^ch  has  all 
its  angles  equal. 

21.  Two  polygons  are  equilateral^  or  mutually  equilateral 
when  they  have  their  sides  equal  each  to  each,  and  placed 
in  the  same  order :  that  is  to  say,  when  following  their 
bounding  lines  in  the  same  direction,  the  first  side  of  the 
one  is  equal  to  the  first  side  of  the  other,  the  second  to 
the  second,  the  third  to  the  third,  and  so  on. 

22.  Two  polygons  are  equiangidar^  or  mutually  equiangu¬ 
lar  when  every  anaf|e  of  the  one  is  equal  to  a  correspond- 

^  *J  ' — ' 

ing  angle  of  the  other,  each  to  each. 

23.  Triangles  are  divided  into  classes  with  reference 
both  to  their  sides  and  angles.  • 

1.  An  equilateral  triangle  is  one 
which  has  its  three  sides  equal. 
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2.  An  isosceles  triangle  is  one  ^111011 
has  two  of  its  sides  equal. 


3.  A  scalene  triangle  is  one  which  has 
its  three  sides  unequal. 


4.  An  acute-angled  triangle  is  one 
which  has  its  thrqe  angles  acute. 


5.  A  right-angled  triangle  is  one  W'hich 
has  a  rigli^  angle.  The  side  opposite  the 
right  angle  is  called  the  hypot}\^mLse^  and 
the  other  two  sides,  the  base  and  perpen¬ 
dicular. 


6.  An  obtuse-angled  triangle  is  one 


which  has  an  obtuse  angle. 


24.  There  are  three  kinds  of  Quadrilaterals 


1.  Tlie  trapezium^  which  has  no  two 
of  its  sides  parallel. 


2.  The  trapezoid^  which  has  only  two 
of  its  sides  parallel. 


8.  The  parallelogram^  which  has  its 
opposite  sides  parallel. 
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25.  There  are  four  varieties  of  Paeallelogkams  ; 

1.  The  rhomboid^  which  has  no  right  ' 
angle. 


2.  The  rhombus j  or  lozenge^  which  is 
an  equilateral  rhomboid. 


3.  The  rectangle^  which  is  an  equian¬ 
gular  parallelogram. 


4.  The  square^  which  is  both  equilat¬ 
eral  and  equiangular. 


26.  A  Diagonal  of  a  figure  is  a  line  which  joins  the 
vertices  of  two  angles  not  adjacent. 

27.  A  base  of  a  plane  figure  is  one  of  its  sides  On  which 
it  may  be  supposed  to  stand. 

DEFINITIONS  OF  TERMS. 

1.  An  axiom  is  a  self-evident  truth. 

2.  A  demonstration  is  a  train  of  logical  arguments  brought 
to  a  conclusion. 

3.  A  theorem  is  a  truth  which  becomes  evident  by  means 
of  a  demonstration. 

4.  A  problem  is  a  question  proposed,  which  requires  a 
solution. 

5.  A  lemma  is  a  subsidiary  truth,  employed  for  the 
demonstration  of  a  theorem,  or  the  solution  of  a  problem. 

2 
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6.  The  common  name,  pi  oposition^  is  applied  indifferent* 
ly.  to  theorems,  problems,  and  lemmas. 

7.  A  corollary  is  an  obvious  consequence,  deduced  from 
one  or  several  propositions. 

8.  A  scholium  is  a  remark  on  one  or  several  preceding 
repositions,  which  tends  to  point  out  their  connection, 

their  use,  their  restriction,  or  their  extension. 

9.  A  hypothesis  is  a  supposition,  made  either  in  the 
enunciation  of  a  proposition,  or  in  the  course  of  a  demon¬ 
stration. 

10.  A  postulate  grants  the  solution  of  a  self-evident 
problem. 

% 

EXPLANATION  OF  SIGNS 

1.  Th«  sign  =  is  the  sign  of  equality;  thus,  the  ex¬ 
pression  A  =  J?,  signifies  that  A  is  equal  to  B. 

2.  To  signify  that  A  is  smaller  than  the  expression 
A  <  ^  is  used. 

8.  To  signify  that  A  is  greater  than  B^  the  expression 
A  >  is  used ;  the  smaller  quantity  being  always  at  the 
vertex  of  the  angle. 

4.  The  sign  +  is  called  plus  ;  it  indicates  addition . 

5.  The  sign  —  is  called  minus  ;  it  indicates  subtraction : 
Thus,  A+Bj  represents  the  sum  of  the  quantities  A' 

and  B]  A—B  represents  their  difference,  or  what  remains 
after  B  is  taken  from  A;  and  A—B  AG,  or  AAC—B,  sig¬ 
nifies  that  A  and  G  are  to  be  added  together,  and  that  B 
is  to  be  subtracted  from  their  sum. 

6.  The  sign  X  indicates  multiplication :  thus  A  X  ^  re¬ 
presents  the  product  of  A  and  B. 

The  expression  Ax{BAG—D)  represents  the  product  of 
4  by  the  quantity  BAG—D.  If  AaD  were  to  be  multi¬ 
plied  by  A— bag,  the  product  would  be  indicated  thus; 

.  {AAD)X{A-BAG), 

whatever  is  enclosed  within  the  curved  lines,  being  consid- 
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ered  as  a  single  qaantitj.  The  same  thing  may  also  bo 
indicated  by  a  bar :  thus, 

denotes  that  the  sum  oi  B  and  G,  is  to  be  multiplied 
by  D, 

7.  A  figure  placed  before  a  line,  or  quantity,  serves 
as  a  multiplier  to  that  line  or  quantity ;  thus  2>AB  signifies 
that  the  line  AB  is  taken  three  times ;  \A  signifies  the 
half  of  the  angle  A, 

- 2 

8.  The  square  of  the  line  AB  is  designated  by  AB  ; 
its  cube  by  AB  ,  ^V^hat  is  meant  by  the  square  and  cube 
of  a  line,  will  be  explained  in  its  proper  place. 

9.  The  sign  V  indicates  a  root  to  be  extracted ;  thus  \/2 
means  the  square-root  of  2 ;  y/ A'KB  means  the  square-root 
of  the  product  of  A  and  B. 


AXIOMS. 

1.  Things  which  are  equal  to  the  same  thing,  are  equal 
to  one  another. 

2.  If  equals  be  added  to  equals,  the  wholes  will  be 
equal. 

3.  If  equals  be  taken  from  equals,  the  remainders  will 
be  equal. 

4.  If  equals  be  added  to  unequals,  the  wholes  will  be 
unequal. 

5.  If  equals  be  taken  from  unequals,  the  remainders 
will  be  unequal. 

6.  Things  which  are  doubles  of  equal  things,  are  equal 
to  each  other. 

7.  Things  which  are  halves  of  equal  things,  are  equal 
to  each  other. 

8.  The  whole  is  greater  than  any  of  its  parts. 

9.  The  whole  is  equal  to  the  sum  of  all  its  parts. 
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10  All  riglit  angles  are  equal  to  each  other.  • 

•  11.  From  one  point  to  another  only  one  straight  line 
can  be  drawn. 

12.  A  straight  line  is  the  shortest  distance  between  two 
points. 

18.  Through  the  same  point,  only  one  straight  line  can 
be  drawn  which  shall  be  parallel  to  a  given  line. 

14.  Magnitudes,  which  being  applied  the  one  to  the 
other,  coincide  throughout  their  whole  extent,  are  equal. 


POSTULATES. 

1.  Let  it  be  granted,  that  a  straight  line  may  be  drawn 
from  one  point  to  another  point. 

2.  That  a  terminated  straight  line  may  be  prolonged, 
in  a  straight  line,  to  any  length. 

3.  That  if  two  straight  lines  are  unequal,  the  length  of 
the  less  may  always  be  laid  off  on  the  greater. 

4.  That  a  given  straight  line  may  be  _ ^ _ 

bisected:  that  is,  divided  into  two  equal 

parts. 

5.  That  a  straight  line  may  bisect 
a  given  angle. 

6.  That  a  perpendicular  may  be 
drawn  to  a  given  straight  line,  either 
ffom  a  point  without  the  line,  or  at  a 
point  of  a  line. 


7.  That  a  straight  line  may  be 
drawn,  making  with  a  given  straight 
line,  an  angle  equal  to  a  given  angle. 
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PEOPOSITION  I.  THEOEEM. 

If  one  straight  line  meet  another  straight  line,  the  sum  of  the 
two  adjacent  angles  will  he  equal  to  two  right  angles. 

Let  tlie  straigTat  line  DG  meet  tLe  straiglit  line  AB  at  (7; 
then  will  the  angle  A  CD  plus  the  angle  DCB,  be  equal  to 
two  right  angles. 

At  the  point  0  suppose  CE  to 
be  drawn  perpendicular  to  AB : 
then,  AGE  +  EGB  =  two  right 
angles  (d.  13).*  But  EGB  is  equal 
to  EGD  +  DGB  (a.  9) :  hence, 

AGE  +  EGD  +  DGB  —  tvfo 

right  angles.  But  A  GE  +  EGD  =  A  GD  (a.  9) :  there¬ 
fore,  AGD  DGB  =  two  right  angles. 

Gor.  1.  If  one  of  the  angles  AGD  or  DGB,  is  a  right 
angle,  the  other  will  also  be  a  right  angle. 

Gor.  2.  If  a  straight  line  DE  ^ 

is  perpendicular  to  another  straight 
line  AB',  then,  reciprocally,  AB  will  ^ g 
be  perpendicular  to  DE. 

For,  since  DE  is  perpendicular 
to  AB,  the  angle  AGD  will  be  a  E 

right  angle  (d.  13).  But  since  A  G  meets  DE  at  the  point 
G,  making  one  angle  AGD  aright  angle,  the  adjacent  angle 
AGE  will  also  be  a  right  angle  (c.  1).  Therefore,  AB  is 
perpendicular  to  DE  (d.  13). 

Gor.  3.  The  sum  of  the  succes¬ 
sive  angles  BAG,  GAD,  DAE,  EAF, 
formed  on  the  same  side  of  the 
line  BE,  is  equal  to  two  right  an¬ 
gles  ;  for,  their  sum  is  equal  to  A 

that  of  the  two  adjacent  angles  BAG  and  GAF. 


C 


*  In  tlie  references,  A.  stands  for  Axiom — D.  for  Definition  for  Book-  *P, 
Proposition— C.  for  Corollary— S.  for  Scholium,  and  Prob.  for  Problem. 
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PKOPOSITION  II.  TIIEOKEM. 

Two  stvciiglit  lines,  which  have  two  points  coTUTifion,  coincide  the 
one  with  the  othev,  thTov-yhout  theiv  whole  extent,  and  forith 
one  and  the  same  straight  line. 

Let  A  and  B  be  the  two  common  points  of  two  straight 
lines. 

In  the  first  place,  the  two  lines 
will  coincide  between  the  points  A 
and  B ;  for,  otherwise  there  would 
be  two  straight  lines  between  A  and  A- 
B,  which  is  impossible  (a.  11). 

Suppose,  however,  that  in  being  prolonged,  these  lines 
begin  to  separate  at  some  point,  as  C,  the  one  becoming 

CD,  the  other,  GE.  At  the  point  C,  suppose  OF  to  be 

drawn,  making  with  AC,  the  right  A  OF. 

Now,  since  A  CD  is  s.  straight  line,  the  angle  FOD  will 

be  a  right  angle  (p.  I.,  c.  1):  and  since  ACE  is  a  straight 

line,  the  angle  FOE  will  also  be  a  right  angle.  Hence, 
the  angle  FCD  is  equal  to  the  angle  FCE  (a.  10) :  that  is, 
a  whole  is  equal  to  one  of  its  parts,  which  is  impossible 
(a.  8):  therefore  the  two  straight  lines  which  have  two 
points,  A  and  B,  in  common,  cannot  separate  at  any  point, 
when  prolonged  j  hence,  they  form  one  and  the  same 
straight  line.* 

PKOPOSITION  III.  THEOKEM. 

If,  ivhen  a  straight  line  meets  two  other  straight  lines  at  a 
common  point,  the  sum  of  the  two  adjacent  angles  which  it 
makes  with  them,  is  equal  to  two  right  angles,  the  two 
straight  lines  which  are  met,  form  one  and  the  same  straight 
line. 

Let  the  straight  line  CD  meet  the  two  lines  AC,  CB,  at 
their  common  point  G,  and  let  the  sum  of  the  two  adja¬ 
cent  angles,  DC  A,  DCB,  be  equal  to  two  right  angles :  then 


*  See  Note  A.  It  is  earnestly  recommended  to  every  pupil  to  read  and  under¬ 
stand  tills  Note.  Also,  see  Logic  and  Utility  of  Mathematics,  §  262. 
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will  CB  be  the  prolongation  oi  AG \ 
form  one  and  the  same  straight  line. 

For,  if  OB  is  not  the  prolonga¬ 
tion  of  AG,  let  GE  be  that  prolon¬ 
gation.  Then  the  line  AGE  being 
straight,  the  sum  of  the  angles  A  GE, 

DGE,  will  be  eqnal  to  two  right 
angles  (p.  i).  But  by  hypothesis, 
the  sum  of  the  angles  A  GE,  EGB, 
is  also  equal  to  two  right  angles: 
therefore  (a.  1), 

AGEAEOE  must  be  equal  to  AGEAEGB. 

Taking  away  the  angle  AGE  from  each,  there  remains  the 
angle  EGE  equal  to  the  angle  EGB:  that  is,  a  whole 
equal  to  a  part,  which  is  impossible  (a.  8) :  therefore,  A  G 
and  GB  form  one  and  the  same  straight  line. 

PEOPOSITION  IV.  THEOKEM. 

When  two  straight  lines  intersect  each  other,  the  opposite  or 
vertical  angles,  which  they  form,  are  equal. 

Let  AB  and  EE  hQ  two  straight  lines,  intersecting  each 
other  at  G\  then  will  the  angle  EGB  be  equal  to  the 
angle  AGE,  and  the  angle  AGE  to  the  angle  EGB. 

For,  since  the  straight  line  EE 
is  met  by  the  straight  line  AG, 
the  sum  of  the  angles  AGE,  AGE, 
is  equal  to  two  right  angles  (p.  i.) ; 

and  since  the  straight  line  AB  is  t  ^  ri-n 

met  by  the  straight  line  EG,  the  sum  of  the  angles  ACE, 

and  EGB,  is  equal  to  two  right  angles :  hence  (a.  1), 

AGE  A  AGE  is  equal  to  AGEAEGB. 

Take  away  from  both,  the  common  angle  A  GE,  ^  there 
remains  (a.  8)  the  angle  AGE,  equal  to  its  opposite  or 
vertical  angle  EGB.  In  a  similar  manner  it  may  be  proved 
that  AGE  is  equal  to  EGB. 

Scholium.  The  four  angles  formed  about  a  point  by  two 
straight  lines,  which  intersect  each  other,  are  together  equal 


or,  AG  and  GB  will 
J) 


t 
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to  four  right  angles.  For,  the  sum  of  the  two  angles  ACE^ 
ECB^  is  equal  to  two  right  angles  (p.  i) ;  and  the  sum  of 
the  other  two,  AGD^  DGB^  is  also  equal  to  two  right 
angles :  therefore,  the  sum  of  the  four,  is  equal  to  four 
right  angles. 

In  general,  if  numher  of  straight 
lines  GA^  GB^  GD^  meet  in  a  com¬ 
mon  point  (7,  the  sum  of  all  the  suc¬ 
cessive  angles,  AGB^  BGD,  DGE,  EGF, 

FGA^  will  be  equal  to  four  right  an¬ 
gles.  For,  if  four  right  angles  were 
formed  about  the  point  (7,  by  two  lines 
perpendicular  to  each  other,  their  sum  would  be  equal  to  the 
sum  of  the  successive  angles  AGB^  BGB^  DGF^  FGF^  FGA, 

PKOPOSITION  V.  THEOEEM. 

If  two  triangles  have  two  sides  and  the  included  angle  of  the 

one,  equal  to  tivo  sides  and  the  included  angle  of  the  other, 

each  to  each,  the  two  triangles  will  he  equal. 

In  the  two  triangles  FDF  and  BAG,  let  the  side  FD 

be  equal  to  the  side  BA,  the  side  DF  to  the  side  AG,  and 

the  angle  I)  to  the  angle  A  ;  then  will  the  triangle  FDF 
be  equal  to  the  triangle  BAG. 

For,  if  these  trian¬ 
gles  be  applied  the  one 
to  the  other,  they  will 
exactly  coincide.  Let 
the  side  ED  be  placed 
on  the  equal  side  BA', 
then,  since  the  angle  D  is  equal  to  the  angle  A,  the  side 
DF  will  take  the  direction  A G.  But  DF  is  equal  to  AG', 
therefore  the  point  F  will  fall  on  G,  and  the  third  side  EF, 
will  coincide  with  the  third  side  BG  (a.  11) :  consequent¬ 
ly,  the  triangle  FDF  is  equal  to  the  triangle  BAG  (a.  14). 

Gor.  When  two  triangles  have  these  three  things  equal, 
viz.,  the  side  ED~BA,  the  side  DF = AG,  and  the  angle 
D=A,  the  remaining  three  are  also  respectively  equal,  viz., 
the  side  FF=BG,  the  angle  F=B,  and  the  angle  F~G. 
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PEOPOSITION  VI.  THEOEEM. 

If  two  triangles  have  two  angles  and  the  included  side  of  ilw 
OTve^  egual  to  two  angles  and  the  included  side  of  the  othcTj 
each  to  eachj  the  two  triangles  will  he  egual. 


Let  EDF  and  BAO  be  two  triangles,  having  the  angle 
E  equal  to  the  angle  B,  the  angle  F  to  the  angle  G,  and 
the  included  side  FF  to  the  included  side  BG then  will 
the  triangle  FDF  be  equal  to  the  triangle  BAG. 


For,  let  the  side  FF 
be  placed  on  its  equal 
BG^  the  point  F  falling 
on  B^  and  the  point  F  on 

G.  Then,  since  the  angle  - ^  g - — — ^ 

F  is  equal  to  the  angle  ® 

B,  the  side  FD  will  take  the  direction  BA ;  and  hence, 
the  point  D  will  be  found  somewhere  in  the  line  BA.  In 
like  manner,  since  the  angle  F  is  equal  to  the  angle  G, 
the  line  FD  will  take  the  direction  GA,  and  the  point  D 
will  be  found  somewhere  in  the  line  GA.  Hence,  the 
point  D,  falling  at  the  same  time  in  the  two  straight  lines 
BA  and  GA,  must  fall  at  their  intersection  A :  hence,  the 
two  triangles  FDF,  BAG,  coincide  with  each  other,  and 
consequently,  are  equal  (a.  14). 


Gov  Whenever,  in  two  triangles,  these  three  things  are 
equal, 'viz.:  the  angle  the  angle  and  the 

included  side  EF  equal  to  the  included  side  BG,  it  may 
be  inferred  that  the  remaining  three  are  also  respectively 
equal,  viz.:  the  angle  B—A,  the  side  ED=BA,  and  the 

side  DF=AG. 

Scholium.  Two  triangles  which  being  applied  to  each 
other,  coincide  in  all  their  parts,  are  equal  (A.  14).  The 
like  parts  are  those  which  coincide  with  each  other;  hence, 
they  are  also  equal  each  to  each.  The  converse  of  this 
proposition  is  also  true;  viz.,  if  two  trianghs  have  all  the 
parts  of  the  one  egual  to  the  parts  of  the  other,  each  to  each, 
the  triangles  will  he  egual:  for,  when  applied  to  each  other, 
they  will  mutually  coincide. 
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PEOPOSITION  VII.  THEOEEM. 

The  sum  of  any  two  sides  of  a  triangle^  is  greater  than  the 

third  side. 

Let  ABC  be  a  triangle :  tben  will  the  sum  of  two  of 
its  sides,  as  AB^  BC^  be  greater  than  the  third  side  AG 

For  the  straight  line  ^^7  is  the  short¬ 
est  distance  between  the  points  A  and  G 

(a.  12);  ABABG  is  greater  than 

AG 


Gor.  If  from  both  members  of  the  inequality 

AGcAB+BG 

we  take  away  either  of  the  sides,  as  BGj  we  shall  have 
(A.  5) 

AG-BG<AB: 

that  is,  the  difference  between  any  two  sides  of  a  triangle  is 
less  than  the  third  side. 


B  • 


C 


PEOPOSITION  VIII.  THEOEEM. 


Jf  from  any  point  within  a  triangle,  two  straight  lines  be  drawn 
to  the  extremities  of  either  side,  their  sum  will  be  less  them 
that  of  the  two  remaining  sides  of  the  triangle. 


Let  0  be  any  point  within  the  triangle  BAG,  and  let 
the  lines  OB,  OG,  be  drawn  to  the  extremities  of  either 
side,  BG\  then  will 

OB^OG<iBAAAG. 


Let  ^0  be  prolonged  till  it  meets  the 
side  AG  in  D:  then 

OG<OD+DG  (p.  7): 

add  BO  io  each,  and  we  have 

BOAOCcBOAOD+DG  {A.  4): 


C 
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or,  BO+OC<BI)+DG. 

But,  BD<BA+AD: 

add  BO  to  eacli,  and  we  have 

BD+BG<,BA+AO. 

But  it  has  been  shown  that 

BO+OG<iBD+DGx 
therefore,  still  more  is 

V  BOAOG  <BA+AG. 

PEOPOSITION  IX.  THEOEEM. 

If  two  tvicLTigles  have  two  sides  of  the  one  egued  to  two  sides  of 
the  other,  each  to  each,  and  the  included  angles  unequal,  the 
third  sides  will  he  unequal;  and  the  greater  side  will  belong 
to  the  triangle  which  has  the  greater  included  angle. 

Let  BAG  and  EDF  be  two  triangles,  having  the  side 
AB=DE,  AG=DF,  and  the  angle  A>D\  then  will  the 

side  J5(7  be  greater  than  EF. 

Make  the  angle  GAG=B’,  take  A G= BE,  and  draw  GG. 
Then,  the  triangles  GA  G  and  EDF  will  be  equal,  since 
they  have  two  sides  and  an  included  angle  in  each  equal, 
each  to  each  (p.  5);  consequently,  (7(7  is  equal  to  EF  {v.  5,  c). 

There  may  be  three  cases  in  this  proposition. 

1st.  When' the  point  G  falls  without  the  triangle  BAG. 
2d.  When  it  falls  on  the  side  BG]  and 
8d.  When  it  falls  within  the  triangle. 

Gase  1.  In  the  triangles  AGG  and  ABG,  we  have, 

GI+IG>GG]  and 
AI+IB>AB] 
therefore 

AG-hBG>GG-{-AB.  b 

Taking  away  AG 
from  the  one  side  and 
its  equal  AB  from  the  other,  and  there  will  remain  BG 
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greater  tlian  GC.  But  we  have  found  that  GO  is  equal  to 
EF  \  therefore,  BG  will  be  greater  than  EF, 

D 

Case  IL  If  the  point  G 
fall  on  the  side  BC^  it  is 
evident  that  GG^  or  its  equal 
EF^  will  be  shorter  than  BG 
(A.  8). 

Case  III.  Lastly,  if  the  point  G 
fall  within  the  triangle  BA  (7,  we 
shall  have 

AG  +  GG<:AB-\-BG, 

taking  A  G  from  the  one,  and  its 
equal  AB  from  the  other,  there  will 
remain 

> 

GG<BG  or  BG>EF. 

Cor.  Conversely :  if  two  sides  BA^ 

AG^  of  a  triangle  BAG^  are  equal  to 
two  sides  ED,  DF,  of  a  triangle  EDF, 
each  to  each,  while  the  third  side  BG 

of  the  first  is  greater  than  the  third  side  EF  of  the  second, 
then  the  angle  BAG  of  the  first  triangle  will  be  greater 
than  the  angle  EDF  of  the  second. 

For,  if  not  greater,  the  angle  BAG  must  be  equal  to 
EDF  or  less  than  it.  In  the  first  case,  the  side  BG  would 
be  equal  to  EF  (p.  5,  c),  in  the  second,  BG  would  be  less 
than  EF ;  but  either  of  these  results  contradicts  the 
hypothesis :  therefore,  BA  G  is  greater  than  EDF. 


PEOPOSITION  X.  THEOKEM. 

If  two  triangles  have  the  three  sides  of  the  one  equal  to  the 
three  sides  of  the  other,  each  to  each,  the  triangles  are  equal. 

Let  EDF  and  BAG  be  two  triangles,  having  the  side 
ED— BA,  the  side  EF—BC,  and  the  side  DF=AG\  then 
will  the  angle  D=A,  the  angle  E—B,  and  the  angle  F—G, 
and  consequently  the  triangle  EDF  will  be  equal  to  the 
triangle  BA  G, 
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For,  since  tlie  sides 
ED^  DF^  are  equal  to 
BA,  AC,  each  to  each,  if 
the  angle  D  were  greater 
than  A,  it  would  follow, 
by  the  last  proposition, 
that  the  side  EF  would  be  greater  than  BG ;  and  if  the 
angle  D  were  less  than  A,  the  side  EF  would  be  less  than 
BG.  But  EF  is  equal  to  BG,  by  hypothesis;  therefore, 
the  angle  D  can  neither  be  greater  nor  less  than  A  ;  there¬ 
fore  it  must  be  equal  to  it.  In  the  same  manner  it  may 
be  shown  that  the  angle  E  is  equal  to  B,  and  the  angle 
F  io  G:  hence,  the  two  triangles  are  equal  (p.  6,  s). 

Scholium.  It  may  be  observed,  that  when  two  triangles 
are  equal  to  each  other,  the  equal  angles  lie  opposite  the 
equal  sides,  and  consequently,  the  equal  sides  opposite  the 
equal  angles :  thus,  the  equal  angles  D  and  A,  lie  opposite 
the  equal  sides  EF  and  BG. 

PEOPOSITION  XI.  THEOEEM. 

In  an  isosceles  triangle,  the  angles  opposite  the  egual  sides  are 

equal. 

Let  BAG  be  an  isosceles  triangle,  having  the  side  BA 
equal  to  the  side  AC',  then  will  the  angle  G  be  equal  to 
the  angle  B. 

For,  join  the  vertex  A,  and  the  mid¬ 
dle  point  D,  of  the  base  BG.  Then,  the 
triangles  BAD,  DAG,  will  have  all  the 
sides  of  the  one  equal  to  those  of  the 
other,  each  to  each.  For,  BA  is  equal  to 
AG,  by  hypothesis,  AD  is  common,  and 
BD  is  equal  to  DC  by  construction:  therefore,  by  the  last 
proposition,  the  angle  B  is  equal  to  the  angle  G. 

Gor.  1.  An  equilateral  triangle  is  likewise  equiangular, 
that  is  to  say,  has  all  its  angles  equal. 

Gar.  2.  The  equality  of  the  triangles  BAD,  DA  G,  proves 
also  that  the  angle  BAD,  is  equal  to  DAG,  and  BDA  to 
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ADG ;  Eence,  tEe  latter  two  are  right  angles.  Therefore^ 
the  line  drawn  from  the  vertex  of  an  isosceles  triangle  to  the 
middle  point  of  the  hose,  divides  the  angle  at  the  vertex  into 
two  equal  parts,  and  is  perpendicular  to  the  hose. 

Scholium.  In  a  triangle  which  is  not  isosceles,  any  side 
may  be  assumed  indifferently  as  the  hose;  and  the  vertex 
is,  in  that  case,  the  vertex  of  the  opposite  angle.  In  an 
isosceles  triangle,  however,  that  side  is  generally  assumed 
as  the  base,  which  is  not  equal  to  either  of  the  other  two. 


PROPOSITIOISr  XII.  THEOREM. 


Conversely:  If  two  angles  of  a  triangle  are  equal,  the  sides 

opposite  them  are  also  equal,  or,  the  triangle  is  isosceles. 

In  the  triangle  BAC,  let  the  angle  B  be  equal  to  the 
angle  A GB ;  then  will  the  side  AG  he  equal  to  the  side 
AB. 

For,  if  these  sides  are  not  equal,  sup¬ 
pose  AB  to  be  the  greater.  Then,  take 
BD  equal  to  AG,  and  draw  CD.  Now, 
in  the  two  triangles  BDG,  BAG,  we  have 
BD  =AG,  by  construction ;  the  angle  B 
equal  to  the  angle  A  GB,  by  hypothesis ; 
and  the  side  BG  common:  therefore,  the 
two  triangles,  BDG,  BAG,  have  two  sides ‘and  the  included 
angle  of  the  one,  equal  to  two  sides  and  the  included 
angle  of  the  other,  each  to  each :  hence  they  are  equal 
(p.  5).  But  the  part  cannot  be  equal  to  the  whole  (a.  8); 
hence,  there  is  no  inequality  between  the  sides  BA  and 
AG',  therefore,  the  triangle  BAG  is  isosceles. 


PROPOSITION  XIII.  THEOREM. 

The  greater  side  of  every  triangle  is  opposite  to  the  greater  angle ; 
and  conversely,  the  greater  angle  is  opposite  to  the  greater  side. 

First,  In  the  triangle  GAB,  let  the  angle  G  be  greater 
than  the  angle  B ;  then  will  the  side  AB,  opposite  G,  ha 
greater  than  AG,  opposite  B. 
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For,  make  tke  angle  BGD=B, 

Then,  in  the  triangle  GDB^  we  shall 
have  GD=BD  (p.  12). 

Now,  the  side  AG C^AD  -^-DG] 

hut  AI)-]rBG=AD-{-DB=AB: 

therefore,  or,  AB^AG. 

Secondly.  Suppose  the  side  AB'^AG'.,  then  will  the 
angle  (7,  opposite  to  AB^  be  greater  than  the  angle  B^ 
opposite  to  AG. 

For,  if  the  angle  (7<j5,  it  follows,  from  what  has  just 
been  proved,  that  AB  <^AG  \  ^  which  is  contrary  to  the 
hypothesis.  If  the  angle  G=B^  then  the  side  AB—AG 
(p.  12);  which  is  also  contrary  to  the  supposition.  There¬ 
fore,  when  AB'^AGj  the  angle  G  cannot  be  less  than  B^ 
nor  e(^ual  to  it ;  therefore,  the  angle  G  must  be  greater 
than  B. 


A 


PKOPOSITION  XIV.  THEOKEM. 

From  a  given  point,  without  a  straight  line,  only  one  perpenr 
dicular  can  he  draion  to  that  line. 


A 


Let  A  be  the  point,  and  BE  the  given  line. 

Let  us  suppose  that  wq  can  draw 
two  perpendiculars,  AB,  A  G.  Pro¬ 
long  either  of  them,  as  AB,  till  BF 
is  equal  to  AB,  and  draw  FG.  Then 
the  two  triangles  GAB,  GBF,  will  be 
equal :  for,  the  angles  GBA  and  GBF 
are  right  angles,  the  side  GB  is  com¬ 
mon,  and  the  side  AB  equal  to 
BF,  by  construction  ;  therefore,  the  two  triangles  are  equal, 
and  the  angle  AGB=BGF  (p.  5,  c).  But  the  angle  A  GB 
is  a  right  angle,  by  hypothesis ;  therefore,  BGF  must  like 
wise  be  a  right  angle.  Kow,  if  the  adjacent  angles  BGA, 
BGF,  are  together  equal  to  two  right  angles,  AGF  must  be 
a  straight  line  (p.  3).  Whence,  it  follows,  that  between  the 
same  two  points,  A  and  F,  two  straight  lines  can  be 
drawn,  which  is  impossible  (a.  11):  therefore,  only  one 
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perpendicular  can  be  drawn  from  tbe  same  point  to  tlie 
same  straight  line. 

Cor.  At  a  given  point  (7,  in  tbe 
line  AB^  it  is  also  impossible  to 
erect  more  than  one  perpendicular  to 
that  line.  For,  if  CD^  GE,  were  both 
perpendicular  to  AB.  tbe  angles 
BGB^  BGE^  would  both  be  right 

angles ;  hence,  they  would  be  equal  (A.  10),  and  a  part 
would  be  equal  to  the  whole,  which  is  impossible. 


PEOPOSITION  XV.  THEOEEM. 


Tf  from  a  point  without  a  straight  line^  a  perpendicular  he  hi 
fall  on  the  line,  and  ohligue  lines  he  drawn  to  different 
points: 

The  perpendicidar  will  he  shorter  than  any  ohlique  line. 

2c?.  Any  two  ohligue  lines  which  intersect  the  given  line  at 
points  egually  distant  from  the  foot  of  the  perpendicular, 
will  he  equal, 

« 

Zd.  Of  two  ohlique  lines  which  intersect  the  given  line  at  points 
unequally  distant  from  the  perpendicular,  the  one  which  cuts 
off  the  greater  distance  will  he  the  longer. 

Let  A  be  the  given  point,  BE  the  given  line,  AB  the 
perpendicular,  and  AD,  AG,  AE,  the  oblique  lines. 

Prolong  the  perpendicular  AB  till 
BE  is  equal  to  AB,  and  draw  EG, 

ED. 

First  The  triangle  BCE,  is  equal 
to  the  triangle  GAB,  for  they  have 
the  right  angle  GBF=-GBA,  the  side 
CB  common,  and  the  AdiQBF=BA', 
hence,  the  third  sides,  CF  and  CA 
are  equal  (p.  5,  c).  But  ABF,  being  a  straight  line,  is 
shorter  than  ACE,  which  is  a  broken  line  (A.  12);  there¬ 
fore,  AB,  the  half  of  ABF,  is  shorter  than  AC,  me  half 
of  AGE]  hence,  the  perpendicular  is  shorter  than  any 
oblique  line. 
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Secondly.  Let  us  suppose  BC=BE\  then  the  triangle 
CAB  will  be  equal  to  tlie  triangle  BAE\  for  BC=BE,  the 
side  AB  is  common,  and  the  angle  GBA=ABE\  hence, 
the  sides  AG  and  AE  are  equal  (p.  5,  c):  therefore,  two 
oblique  lines,  which  meet  the  given  line  at  equal  distances 
from  the  perpendicular,  are  equal. 

Thirdly.  Since  the  point  G  is  within  the  triangle  FDA^ 
the  sum  of  the  sides  El),  1)A^  is  greater  than  the  sum  of 
the  lines  EG,  GA  (p.  8):  therefore  AD,  the  half  of  the 
broken  line  EDA ,  is  greater  than  A  G,  the  half  of  EGA . 
consequently,  the  oblique  line  Avhich  cuts  off  the  greater 
distance,  is  the  longer. 

Cor.  1.  The  perpendicular  measures  the  shortest  distance 
of  a  point  from  a  line. 

Gor.  2.  From  the  same  point  to  the  same  straight  line, 
only  two  equal  straight  lines  can  be  drawn;  for,  if  there 
could  be  more,  we  should  have  at  least  two  equal  oblique 
lines  on  the  same  side  of  the  perpendicular,  which  is  im¬ 
possible. 

PROPOSITION  XVI.  THEOREM. 


If  at  the  middle  point  of  a  given  straight  line,  a  perpendicular 
to  this  line  he  drawn: 

1st.  Any  point  of  the  perpendicular  will  he  equally  distant 
from  the  extremities  of  the  line : 

2d  Any  point,  ivithout  the  perpendicular,  will  he  unequally 
distant  from  the  extremities. 


Let  AB  be  the  given  straight  line,  G  its  middle  pcunt, 
and  EGE  the  perpendicular. 

Eirst.  Let  D  be  any  point  of  the  per¬ 
pendicular,  and  draw  DA  and  DB.  Then, 
since  A  G=  GB,  the  two  oblique  lines  AD, 

DB,  are  equal  (p.  15).  So,  likewise,  are 
the  two  oblique  lines,  AE,  EB,  the  two 
AE,  EB,  and  so  on.  Therefore,  any 
point  in  the  perpendicular  is  equally  dis¬ 
tant  from  the  extremities  A  and  B, 
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Secondly.  Let  I  be  any  point  ont  of 
the  perpendicular.  If  lA  and  IB  be 
drawn,  one  of  these  lines  will  cut  the 
perpendicular  in  some  point  as  D ;  from 
this  point,  drawing  we  shall  have 
DB-~DA.  But,  the  straight  line  IB  is 
ess  than  IB-\-DB^  and 

II)+DB=ID-\-DA=^IA ; 

therefore,  IB<ClA]  consequently,  any  point  out  of  the  per¬ 
pendicular,  is  unequally  distant  from  the  extremities  A  and  B. 

Cor.  Conversely:  if  a  straight  line  have  two  points  E 
and  each  of  which  is  equally  distant  from  the  extremi¬ 
ties  A  and  B^  it  will  be  perpendicular  to  AB  at  the  middle 
point  G. 

PEOPOSITION  XVII.  THEOREM. 

If  two  right-angled  triangles  have  the  hypothenuse  and  a  side 
of  the  one  equal  to  the  hypothenuse  and  a  side  of  the  other^ 
each  to  each,  the  triangles  are  equal. 

Let  BAG  and  EDF  be  two  right-angled  triangles,  hav¬ 
ing  the  hypothenuse  AG=DF,  and  the  side  BA=ED:  then 
will  the  triangle  BAG  be  equal  to  the  triangle  EDF. 

If  the  sides  BG  and 
EF  are  equal,  the  tri¬ 
angles  are  equal  (p.  10). 

Now,  suppose  these  two 
sides  to  be  unequal,  and 
BG  io  be  the  greater. 

On  BG  take  BG=EF,  and  draw  AG,  Then,  in  the 
two  triangles  BAG,  EDF,  the  angles  B  and  E  are  equal, 
being  right  angles,  the  side  BA— ED  by  hypothesis,  and 
the  side  BG=EF  by  construction;  consequently,  AG—DF 
{p.  5,  c).  But  by  hypothesis  AG—DF',  and  therefore, 
AG^AG  (a.  1).  But  the  oblique  line  AG  cannot  be  equal 
to  AG,  since  BG  is  greater  than  BG  (p.  15)  ;  consequently, 
BG  and  EF  cannot  be  unequal,  and  hence,  the  triangles 
are  equal  (p.  10). 
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If  two  straight  lines  are  perpendicular  to  a  third  line,  they  are 

parallel  to  each  other. 


Let  the  two  lines  AG,  BD, 
then  will  they  be  parallel. 

For,  if  they  could  meet  in 
a  point  0,  on  either  side  of 
AB,  there  would  be  two  per¬ 
pendiculars  OA,  OB,  let  fall 
from  the  same  point  on  the 
same  straight  line  ;  which  is 
impossible  (p.  14). 


be  perpendicular  to  AB*, 


A  C 


PROPOSITION  XIX.  THEOREM. 

If  two  straight  lines  meet  a  third  line,  making  the  sum  of  tht 
interior  angles  on  the  same  side  equal  to  two  right  angles, 
the  two  lines  are  parallel. 

Let  the  two  lines  KO,  HD,  meet  the  line  BA,  making 
the  angles  BAG,  ABD,  together  equal  to  two  right  angles; 
then  the  lines  KG,  HD,  will  be  parallel. 

From  G,  the  middle  point  of 
BA,  draw  the  straight  line  EGF, 
perpendicular  to  KG :  then,  it 
will  also  be  perpendicular  to  HD. 

For,  the  sum  BAG  A  ABD  is 
equal  to  two  right  angles,  by 
hypothesis;  the  sum  ABDaABE  is  likewise  equal  to  two 
right  angles  (p.  1) :  taking  away  ABD  from  both,  there 
will  remain  the  angle  BAG— ABE. 

Again,  the  angles  EGB,  AGE,  are  equal  (p.  4);  there¬ 
fore,  the  triangles  EGB  and  AGE,  have  each  a  side  and 
two  adjacent  angles  equal  each  to  each;  therefore  the  tri¬ 
angles  are  equal,  and  the  angle  GEB  is  equal  to  GEA 
(p.  6,  c).  But  GEB  is  a  right  angle  by  construction; 
therefore,  GFA  is  a  right  angle  ;  hence,  the  two  lines  KC, 
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HD^  are  perpendicular  to  tlie  same  straiglit  line,  and  ara 
therefore  parallel  (p.  18). 

Scholium.  When  two  parallel 
straight  lines  AB.,  GD^  are  met 
bj  a  third  line  FE^  the  angles 
which  are  formed  take  particu¬ 
lar  names. 

Interior  angles  on  the  same 
side,  are  those  which  lie  within 
the  parallels,  and  on  the  same 
side  of  the  secant  line ;  thus,  HGB^  OHD^  are  interior 
angles  on  the  same  side;  and  so  also  are  the  angles  HGA^ 
GEO. 

Alternate  angles  lie  within  the  parallels,  and  on  different 
sides  of  the  secant  line,  but  not  adjacent;  AGH^  GHD^  are 
alternate  angles;  and  so  also  are  the  angles  GHC^  BGH. 

Alternate  exterior  angles  lie  without  the  parallels,  and  on 
different  sides  of  the  secant  line,  but  not  adjacent :  EGB^ 
CHF,  are  alternate  exterior  angles;  so  also  are  the  angles 
AGE,  FEB. 

Opposite  exterior  and  interior  angles  lie  on  the  same  side 
of  the  secant  line,  the  one  without  and  the  other  within 
the  parallels,  but  not  adjacent:  thus,  EGB,  GED,  are 
opposite  exterior  and  interior  angles ;  and  so  also,  are  the 
angles  AGE,  GEG. 

Gor.  1.  If  two  straight  lines  meet  a  third  line,  mahing  the 
alternate  angles  equal,  the  straight  lines  are  parallel. 

Let  the  straight  line  EF  meet  the  two  straight  lines  GD, 
AB,  making  the  alternate  angles  AGE,  GED,  equal  to 
each  other :  then  will  AB  and  GD  be  parallel. 

For,  to  each  of  the  equal 
angles,  add  the  angle  EGB ;  we 
shall  then  have 

A  GE-\-EGB  =  GED+EGB. 

But  AGE -^r EGB  is  equal  to 
two  right  angles  (p.  1) :  hence, 

GEDAEGB  is  also  equal  to 
two  right  angles  (a.  1) :  then 
CD  and  AB  are  parallel  (p.  19.^ 
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Cor,  2.  If  a  straight  line  EF^  meet  two  straight  lines 
CD^  AB^  making  the  exterior  angle  EGB^  equal  to  the 
interior  and  opposite  angle  QHD^  the  two  lines  will  be 
parallel.  For,  to  each  add  the  angle  HGB :  we  shall  then 
have,  ' 

EOB  -{-HGB  =  GHD+HGB ; 

but  EGB+HGB  is  equal  to  two  right  angles;  hence, 
GHD^-HGB  is  equal  to  two  right  angles;  therefore,  CD,, 
and  AB^  are  parallel  (p.  19). 

PROPOSITION  XX.  THEOREM. 

If  a  straight  line  meet  two  parallel  straight  lines,  the  sum  of 

the  interior  angles  on  the  same  side  will  he  equal  to  two 

right  angles. 

Let  the  parallels  AB,  CD,  be  met  by  the  secant  line 
FE then  will  HGB -{-GHD,  or  HGA-{-GHC,  be  equal  to 
two  right  angles. 

For,  if  HGB  +  GHD  be 
not  equal  to  two  right  an¬ 
gles,  let  IGL  be  drawn, 
making  the  sum  HGL  + 

GHD  equal  to  two  right  an¬ 
gles  ;  then  IL  and  CD  will  ^ 
be  parallel  (p.  19) ;  and  hence, 
we  shall  have  two  lines  GB, 

GL,  drawn  through  the  same  point  G  and  parallel  to  CD, 
which  is  impossible  (a.  13) :  hence,  HGB -{-GHD  is  equal 
to  two  right  angles.  In  the  same  manner  it  may  be  proved 
that  HGA-{-GHG  is  equal  to  two  right  angles. 

Cor.  1.  If  HGB  is  a  right  angle,  GHD  will  be  a  right 
angle  also :  therefore,  every  straight  line  perpendicular  to  om 
of  two  parallels,  is  perpendicular  to  the  other. 

Cor.  2.  If  a  straight  line  meet  two  parallel  straight  lines,  the 
alternate  angles  will  he  equal. 

Let  AB,  CD,  be  two  parallels,  and  EE  the  secant  line. 
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The  sum  HGB  +  GUI)  is 
equal  to  two  right  angles.  But 
the  sum  HGB  -\-HGA  is  also 
equal  to  two  right  angles  (p.  1). 

Taking  from  each  the  angle  HGB^ 
and  there  remains  AGH=GHD. 

In  the  same  manner  we  may 
prove  that  GHC=HGB. 

Cor.  8.  If  a  straight  line  meet  two  parallel  lines,  the  oppo¬ 
site  exterior  and  interior  angles  will  be  equal.  Eor,  the  sum 
HGB  +  GHD  is  equal  to  two  right  angles.  But  the  sum 
EGB-\-EGB  is  also  equal  to  two  right  angles.  Taking  from 
each  the  angle  HGB^  and  there  remains  GHD=EGB.  In  the 
same  manner  we  may  prove  that  GHG=-AGE. 

Scholium.  We  see  that  ,of  the  eight  angles  formed  by  a 
line  cutting  two  parallel  lines  obliquely,  the  four  acute- 
angles  are  equal  to  each  other,  and  so  also  are  the  four 
obtuse  angles. 


PEOPOSmON  XXI.  TIIEOEEM. 


If  two  straight  lines  meet  a  third  line,  making  the  sum  of  the 
interior  angles  on  the  same  side  less  than  two  right  angles, 
the  two  lines  will  meet  if  sufficiently  produced. 


E 


Let  the  two  lines  CD,  IL,  meet  the  line  EF,  making  the 
sum  of  the  interior  angles  HGL,  GHD,  less  than  two  right 
angles  :  then  will  ID  and  CD  meet  if  sufficiently  produced. 

For,  if  they  do  not  meet 
they  are  parallel  (d.  16).  But 
they  are  not  parallel,  for  if 
they  were,  the  sum  of  the 
interior  angles  LGH,  GHD, 
would  be  equal  to‘  two  right 
angles  (p.  20),  whereas  it  is 
less  by  hypothesis :  hence,  the 
lines  ID,  CD,  will  meet  if  sufficiently  produced. 


Cor.  It  is  evident  that  the  two  lines  ID,  CD,  will  meet 
on  that  side  of  EE  on  which  the  sum  of  the  two  angles 
HGL,  GHD,  is  less  than  two  right  4j-ngles. 
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PROPOSITION  XXII.  THEOREM. 

Two  stfcbiglit  Hues  which  cltc  pavcdlel  to  ct  thivd  hue,  arc 

parallel  to  each  other. 

Let  CD  and  AB  be  parallel  to  tbe  third  line  EF ;  then 
are  they  parallel  to  each  other. 

Draw  PQR  perpendicular  to  EF^ 
and  cutting  AB^  CD,  in  the  points 
P  and  Q.  Since  AB  is  parallel  to 
EF,  PR  will  be  perpendicular  to  AB 
(p.  20,  c.  1) ;  and  since  CD  is  parallel 
to  EF,  PR  will  for  a  like  reason  be 
perpendicular  to  CD.  Hence,  AB  and  CD  are  perpendicular 
to  the  same  straight  line  ;  hence,  they  are  parallel  (p.  18). 


R 

Q 

P 

PROPOSITION  XXIII.  THEOREM. 

Two  parallels  are  everywhere  equally  distant. 

Let  CD  and  HP  be  two  parallel  straight  lines.  Through 
any  two  points  of  AB,  as  F  and  E,  suppose  FH  and  EG 
to  be  drawn  perpendicular  to  AB.  These  lines  will  also 
be  perpendicular  to  CD  (p.  20,  c.  1)  ;  and  we  are  now  to 
show  that  they  will  be  equal  to  each  other. 

If  GF  be  drawn,  the 
angles  GFE,  FGH,  consid¬ 
ered  in  reference  to  the  par¬ 
allels  AB,  CD,  will  be  alter¬ 
nate  angles,  and  therefore, 
equal  to  each  other  (p.  20,  C.  2).  Also,  the  straight  lines 
FH,  EG,  being  perpendicular  to  the  same  straight  line  AB, 
are  parallel  (p.  18) ;  and  the  angles  EGF.  GFH,  considered 
in  referen(*-e  to.  the  parallels  FH,  EG,  will  be  alternate 
angles,  and  therefore  equal.  Hence,  the  two  triangles  EFG, 
FGH,  have  a  common  side,  and  two  adjacent  angles  in 
each  equal ;  therefore,  the  triangles  are  equal  (P.  6) ;  conse¬ 
quently,  FH,  which  measures  the  distance  of  the  parallels 
AB  and  CD  at  the  point  F,  is  equal  to  EG,  which  mear 
Bures  the  distance  of  the  same  parallels  at  the  point  E. 
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PROPOSITION  XXIV.  THEOREM. 


If  two  angles  have  their  sides  parallel  and  lying  in  the  same 

direction,  they  will  he  equal. 

Let  BAC  and  JDEF  be  tbe  two  angles,  having  AB 
parallel  to  ED,  and  AC  to  EF ;  then  will  they  be  equal. 

For,  produce  DE,  if  necessary,  till  ^  D 

it  meets  AO  in  O.  Then,  since  EF  /  / 

is  parallel  to  GG,  the  angle  DEE  is  7  f  ^ 

equal  to  DGG  (p.  20,  C.  8);  and  since  C 

DG  parallel  to  AB,  the  angle  DGG  H - ^ - F 

is  equal  to  BA  G ;  hence,  the  angle 
DEE  is  equal  to  BAG  (a.  1).  ' 

Scholium.  The  restriction  of  this  proposition  to  the  case 
where  the  side  EF  lies  in  the  same  direction  with  AG, 
and  ED  in  the  same  direction  with  AB,  is  necessary, 
because  if  EE  were  prolonged  towards  H,  the  angle  DEH 
would  have  its  sides  parallel  to  those  of  the  angle  BAG, 
but  would  not  be  equal  to  it.  In  that  case,  DEH  and 
BAG  would  be  together  equal  to  two  right  angles.  For, 
DEH  A  DEE  is  equal  to  two  right  angles  (p.  1) ;  but  DEE 
is  equal  to  BAG:  hence,  DEH  ABAC  is  equal  to  two 
right  angles. 


PROPOSITION  XXV.  THEOREM. 

r 

In  every  triangle  the  sum  of  the  three  angles  is  equal  to  two 

right  angles. 

Let  ABG  be  any  triangle :  then  will  the  sum  of  the 
angles  GAAAB  be  equal  to  two  right  angles. 

For,  prolong  the  side  GA  towards 
D,  and  at  the  point  A,  suppose  AE 
to  be  drawn,  parallel  to  BG.  Then, 
since  AE,  GB,  are  parallel,  and  GAD 
cuts  them,  the  exterior  angle  DAE 
is  equal  to  its  interior  opposite  angle  G  (p.  20,  c.  3).  In 
like  manner,  since  AE,  GB,  are  parallel,  and  AB  cuts  them, 
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tlie  alternate  angles  B  and  BAE^  are  equal  5  hence,  the 
three  afigles  of  the  triangle  BAO  are  eqnal  to  the  three 
angles  CAB,  BAE,  EAD,  each  to  each;  but  the  sum  of 
these  three  angles  is  equal  to  two  right  angles  (p.  1) ;  con¬ 
sequently,  the  sum  of  the  three  angles  of  the  triangle,  is 
equal  to  two  right  angles  (A.  1). 

Cor.  1.  Two  angles  of  a  triangle  being  given,  or  mere¬ 
ly  their  sum,  the  third  will  be  found  by  subtracting  that 
sum  from  two  right  angles. 

Cor.  2.  If  two  angles  of  one  triangle  are  respectively 
equal  to  two  angles  of  another,  the  third  angles  will  also 
be  equal,  and  the  two  triangles  will  be  mutually  equian¬ 
gular. 

Cor.  3.  In  any  triangle  there  can  be  but  one  right 
angle :  for  if  there  were  two,  the  third  angle  must  be 
nothing.  Still  less,  can  a  triangle  have  more  than  one 
obtuse  angle. 

Cor.  4.  In  every  right-angled  triangle,  the  sum  of  the 
two  acute  angles  is  equal  to  one  right  angle. 

Cor.  5.  Since  every  equilateral  triangle  is  also  equian¬ 
gular  (p.  11,  C.  1),  each  of  its  angles  will  be  equal  to  the 
third  part  of  two  right  angles ;  so,  that,  if  the  right  angle 
is  expressed  by  unity,  each  angle  of  an  equilateral  triangle 

will  be  expressed  by  -J. 

Cor.  6.  In  every  triangle  ABC,  the  exterior  angle  BAD 
is  equal  to  the  sum  of  the  two  interior  opposite  angles  B 
and  C.  For,  AE  being  parallel  to  BC,  the  part  BAE  is 
equal  to  the  angle  B,  and  the  other  part  DAE  is  equal  to 
the'  angle  C. 


PEOPOSmON  XXVI.  THEOKEM. 

The  sum  of  all  the  interior  angles  of  a  polygon,  is  equal  to 
twice  as  many  right  angles,  less  four,  as  the  figure  has  sides. 

Let  ABCDE  be  any  polygon :  then  wiU  the  sum  of  its 
interior  angles 
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A.-]rI^  +  C  ■\-D-\-E 

be  equal  to  twice  as  many  right  angles,  less  four,  as  the 
figure  has  sides. 

From  the  vertex  of  any  angle 
draw  diagonals  AO^  AD^  to  the  ver¬ 
tices  of  the  other  angles.  It  is  plain 
that  the  polygon  will  be  divided 
into  as  many  triangles,  less  two,  as 
it  has  sides ;  for,  these  triangles  may 
be  considered  as  having  the  point  A 
for  a  common  vertex,  and  for  bases,  the  several  sides  of 
the  polygon,  excepting  the  two  sides  which  form  the  angle 
A.  It  is  evident,  also,  that  the  sum  of  all  the  angles  in 
these  triangles  does  not  differ  from  the  sum  of  all  the 
angles  in  the  polygon :  hence,  the  sum  of  all  the  angles 
of  the  polygon  is  equal  to  ^two  right  angles,  taken  as 
many  times  as  there  are  triangles  in  the  figure ;  that  is,  as 
many  times  as  there  are  sides,  less  two.  But  this  pro¬ 
duct  is  equal  to  twice  as  many  right  angles  as  the  figure 
has  sides,  less  four  right  angles. 

Cor.  1.  The  sum  of  the  interior  angles  in  a  quad¬ 
rilateral  is  equal  to  two  right  angles  multiplied  by  4—2, 
which  amounts  to  four  right  angles :  hence,  if  all  the 
angles  of  a  quadrilateral  are  equal,  each  of  them  will  be  a 
right  angle.  Hence,  each  of  the  angles  of  a  rectangle,  and 
of  a  square,  is  a  right  angle  (d.  25). 

Cor.  2.  The  sum  of  the  interior  angles  of  a  pentagon 
is  equal  to  two  right  angles  multiplied  by  5—2,  which 
amounts  to  six  right  angles  :  hence,  when  a  pentagon  is 
equiangular,  each  angle  is  equal  to  the  fifth  part  of  six 
right  angles,  or  to  f  of  one  right  angle. 

Cor.  8.  The  sum  of  the  interior  angles  of  a  hexagon  is 
equal  to  2X  (6— 2,)  or  eight  right  angles;  hence,  in  the 
equiangular  hexagon,  each  angle  is  the  sixth  part  of  eight 
right  angles,  or  f  of  one. 

Cor.  4.  In  any  equiangular  polygon,  any  interior  angle 
is  equal  to  twice  as  many  right  angles,  less  four,  as  the 
figure  has  sides,  divided  by  the  number  of  angles. 
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Scholium.  When  this  proposition  is  applied 
to  polygons  which  have  re-entrant  angles,  each 
re-entrant  angle  must  be  regarded  as  greater 
than  two  right  angles.  But  to  avoid  all  ambi¬ 
guity,  we  shall  henceforth  limit  our  reasoning 
to  polygons  with  salient  angles,  which  are  named  convex 
polygons.  Every  convex  polygon  is  such,  that  a  straight 
line,  drawn  at  pleasure,  cannot  meet  the  sides  of  the  poly¬ 
gon  in  more  than  two  points. 


PROPOSITION  XXVII.  THEOREM. 

If  the  sides  of  any  polygon  he  prolonged,  in  the  same  direction, 
the  sum  of  the  exterior  angles  will  he  equal  to  four  right 
angles. 

Let  the  sides  of  the  polygon  ABCDFG,  be  prolonged,  in 
the  same  direction ;  then  will  the  sum  of  the  exterior  angles 

a-\-h-\-c-\-d-\-  f+g^ 

be  equal  to  four  right  angles. 

For,  each  interior  angle,  plus  its 
exterior  angle,  as  A-\-a,  is  equal  to 
two  right  angles  (p.  1).  But  there 
are  as  many  exterior  as  interior 
angles,  and  as  many  of  each  as 
there  are  sides  of  the  polygon : 
hence  the  sum  of  all  the  interior 
and  exterior  angles,  is  equal  to  twice  as  many  right  angles 
as  the  polygon  has  sides.  Again,  the  sum  of  all  the  inte¬ 
rior  angles  is  equal  to  twice  as  many  right  angles  as  the 
figure  has  sides,  less  four  right  angles  (p.  26).  Hence,  the 
interior  angles  plus  four  right  angles,  is  equal  to  twice  as 
many  right  angles  as  the  polygon  has  sides,  and  conse¬ 
quently,  equal  to  the  sum  of  the  interior  angles  plus  the 
sum  of  the  exterior  angles.  Taking  from  each  the  sum  of 
the  interior  angles,  and  there  remains  the  sum  of  the  ‘exte¬ 
rior  angles,  equal  to  four  right  angles. 
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PROPOSITION  XXVIII.  THEOREM. 

In  every  parallelogram,  the  opposite  sides  and  angles  are  egual 

each  to  each. 

Let  ABCD  be  a  parallelogram :  then  will  AB—DG^ 
AD=BO,  tbe  angle  and  the  angle  ADC = ABO. 

For,  draw  the  diagonal  BD,  dividing 
the  parallelogram  into  the  two  trian¬ 
gles,  ABD,  DBG.  Now,  since  AD,  BG, 
are  parallel,  the  angle  ADB—DBG  (p. 

20,  c.  2) ;  and  since  AB,  CD,  are  parallel, 
the  ABD=BDG :  and  since  the 
side  DB  is  common,  the  two  triangles  are  equal  (P.  6) ; 
therefore,  the  side  AB,  opposite  the  angle  ADB,  is  equal 
to- the  side  DC,  opposite  the  equal  angle  DBG  (p.  10,  S.), 
and  the  third  sides  AD,  BG,  are  equal:  hence,  the  oppo¬ 
site  sides  of  a  parallelogram  are  equal. 

Again,  since  the  triangles  are  equal,  the  angle  A  is 
equal  to  the  angle  C  (p.  10,  s.)  Also,  the  angle  ADO  com¬ 
posed  of  the  two  angles,  ADB,  BDG,  is  equal  to  ABG, 
composed  of  the  corresponding  equal  angles  DBG,  ABD 
(a.  2) :  hence,  the  opposite  angles  of  a  parallelogram  are  equal 

Cor.  1.  Two  parallels  AB,  CD,  included  between  two 
other  parallels  AD,  BC,  are  equal ;  and  the  diagonal  DB 
divides  the  parallelogram  into  two  equal  triangles. 

Gor.  2.  Two  parallelograms  which  have  two  sides  and 
the  included  angle  in  the  one  equal  to  two  sides  and  the 
included  angle  in  the  other,  each  to  each,  are  equal. 

Let  the  parallelogram  ABCD,  have 
the  sides  AB,  AD,  and  the  included 
angle  BAD  equal  to  the  sides  AB,  AD, 
and  the  included  angle  BAD,  in  the 
next  figure;  then  will  they  be  equal. 

For,  in  each  figure,  draw  the  diagonal  DB.  By  the  last 
corollary,  the  diagonal  divides  each  parallelogram  into  two 
equal  triangles :  but  the  triangle  BAD  in  one  parallelo¬ 
gram,  is  equal  to  the  triangle  BAD  in  the  other  (p.  6) : 
hence,  the  parallelograms  are  equal  (a.  6). 
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PROPOSITION  XXIX.  THEOREM. 

the  opposite  sides  of  a  quodrilQterol  ctre  equals  each  to  ecich^ 
the  eqiicd  sides  ave  parallel^  and  the  figure  is  a  parallelogram, 

‘  Let  ABCD  be  a  quadrilateral,  having  its  opposite  sides 
respectively  equal,  viz.:  AB=DG^  and  AD=BG ]  then  will 
these  sides  be  parallel,  and  the  figure  a  parallelogram. 

For,  having  drawn  the  diagonal  BD 
the  two  triangles  ABD^  BDG^  have  all 
the  sides  of  the  one  equal  to  the  cor¬ 
responding  sides  of  the  other ;  there¬ 
fore  they  are  equal,  and  the  angle  ADB^ 
opposite  the  side  AB^  is  equal  to  DBG^  opposite  GB  (p.  10, 
S.);  therefore  the  side  AB  is  parallel  Xo  BG  (p.  19,  c.  1) 
For  a  like  reason  AB  is  parallel  to  GB  :  therefore,  the 
quadrilateral  ABGB  is  a  parallelogram. 


PROPOSITION  XXX.  THEOREM. 

two  opposite  sides  of  a  quadrilateral  are  equal  and  parallel^ 
die  other  sides  are  equal  and  parallel^  and  the  figure  is  a 
parallelogram. 

Let  ABGB  be  a  quadrilateral,  having  the  sides  AB^ 
CB^  equal  and  parallel;  then  will  the  figure  be  a  parallel¬ 
ogram. 

For,  draw  the  diagonal  BB^  divid¬ 
ing  the  quadrilateral  into  two  trian¬ 
gles.  Then,  since  AB  is  parallel  to 
BG^  the  alternate  angles  ABB^  BBG 
are  equal  (p.  20,  c.  2) ;  moreover,  the 
side  BB  is  common,  and  the  side  AB=BG ;  hence,  the 
triangle  ABB  is  equal  to  the  triangle  BBG  (p.  5) ;  there¬ 
fore,  the  side  AB  is  equal  to  BG^  the  angle  ABB  =BBG^ 
and  consequently  AB  is  parallel  to  BG  (p.  19,  c.  1) ;  hence, 
the  figure  ABGB  is  a  parallelogram. 
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PEOPOSITION  XXXI.  THEOEEM. 

The  two  diagonals  of  a  parallelogram  divide  each  other  into 
'  equal  parts^  or  mutually  bisect  each  other. 

Let  ADGB  be  a  parallelogram,  AG  and  DB  its  diago¬ 
nals,  intersecting  at  E]  then  will  AE—EG^  and  DE=^ 
EB. 

Comparing  the  triangles  AED^  BEG^ 
we  find  the  side  AD—  GB  (p.  28),  the 
angle  ADB  =  GBE^  and  the  angle 
DAE—EGB  (p.  20,  ,c.  2) ;  hence,  these 
triangles  are  equal  (p.  6);  consequently, 

AE^  the  side  opposite  the  angle  ADE^  is  equal  to  EG^ 
opposite  GBE^  and  DE  opposite  DAE  is  equal  to  EB 
opposite  EGB. 

Scholium.  In  the  case  of  the  rhombus,  the  sides  AB^ 
BG^  being  equal,  the  triangles  AEB^  EBG^  have  all  the 
sides  of  the  one  equal  to  the  corresponding  sides  of  the 
other,  and  are  therefore  equal :  whence,  it  follows,  that  the 
angles  AEB,  BEG^  are  equal,  and  therefore,  the  two  diago¬ 
nals  of  a  rhombus  bisect  each  other  at  right  angles. 
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OF  RATIOS  AND  PROPORTIONS. 

DEFINITIONS. 

1.  Proportion  is  the  relation'  which  one  magnitude 
bears  to  another  magnitude  of  the  same  kind,  with  respect 
tp  its  being  greater  or  less.* 

2.  Ratio  is  the  measure  of  the  proportion  which  one 
magnitude  bears  to  another ;  and  is  the  quotient  which 
arises  from  dividing  the  second-  by  the  first.  Thus,  if  A 
and  B  represent  magnitudes  of  the  same  kind,  the  ratio 
of  A  to  ^  is  expressed  by 

A' 

A  and  B  are  called  the  terms  of  the  ratio ;  the  first  is 
called  the  antecedent^  and  the  second,  the  consequent 

3.  The  ratio  of  magnitudes  may  be  expressed  by  num¬ 
bers,  either  exactly  or  approxiriiatively ;  and  in  the  latter 
case,  the  approximation  may  be  brought  nearer  to  the  true 
ratio  than  any  assignable  difference. 

Thus,  of  two  magnitudes,  one  may  be  considered  to 
be  divided  into  some  number  of  equal  parts,  each  of  the 
same  kind  as  the  whole,  and  regarding  one  of  these 
parts  as  a  unit  of  measure,  the  magnitude  may  be  e:^reSsed 
by  the  number  of  units  it  contains.  If  the  other  magni¬ 
tude  contain  an  exact  number  of  these  units,  it  also  may 


*  Seo  Davies’  Logic  of  Mathematics :  Proportion,  S  267. 
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be  expressed  by  tbe  number  of  its  units,  and  tbe  two 
magnitudes  are  then  said  to  be  commensurable. 

If  tbe  second  magnitude  do  not  contain  tbe  measuring 
unit  an  exact  number  of  times,  there  may  perhaps  be  a 
smaller  unit  which  will  be  contained  an  exact  number  of 
times  in  each  of  the  magnitudes.  But  if  there  is  no  unit 
of  an  assignable  value,  which  is  contained  an  exact  number 
of  times  in  each  of  the  magnitudes,  the  magnitudes  are 
said  to  be  incommensurable. 

It  is  plain,  however,  that  if  the  unit  of  measure  be 
repeated  as  many  times  as  it  is  contained  in  the  second 
magnitude,  the  result  will  differ  from  the  second  magni¬ 
tude  by  a  quantity  less  than  the  unit  of  measure,  since 
the  remainder  is  always  less  than  the  divisor.  How,  since 
the  unit  of  measure  may  be  made  as  small  as  we  please, 
it  follows,  that  magnitudes  may  be  represented  by  num¬ 
bers  to  any  degree  of  exactness^  •  or  they  will  differ  from 
their  numerical  representatives  by  less  than  any  assign¬ 
able  magnitude. 


C 


4.  We  will  illustrate  these  principles  by  finding  the 
ratio  between  the  straight  lines  CD  and  -4^,  which  we  will 
suppose  commensurable. 

From  the  greater  line  AB^  cut  off  a  part  equal  A 
to  the  less  CD^  as  many  times  as  possible ;  for  ex¬ 
ample,  twice,  with  the  remainder  BE.  i 

From  the  line  €D^  cut  off  a  part,  (W,  equal  to 
the  remainder  BE^  as  many  times  as  possible ;  "[■  ^ 

once,  for  example,  with  the  remainder  DF. 

From  the  first  remainder  BE^  cut  off  a  part 
equal  to  the  second,  DF^  as  many  times  as  possi¬ 
ble ;  once,  for  example,  with  the  remainder  BG. 

From  the  second  remainder  DF^  cut  off  a  part 
equal  to  .5(7,  the  third  remainder,  as  many  times 
as  possible. 

Continue  this  process,  till  a  remainder  occurs,  which  is 
contained  exactly,  a  certain  number  of  times,  in  the  pre¬ 
ceding  one. 

Then,  this  last  remainder  will  be  the  common  measure 
of  the  proposed  lines.  Kegarding  this  as  unity,  we  shall 


--E 
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easily  find  tlie  values  of  the  preceding  remainders;  and  at 
last,  those  of  the  two  proposed  lines,  and  hence,  their  ratio 
in  numbers. 

Suppose,  for  instance,  we  find  GB  to  be  ccmtained 
exactly  twice  in  FD\  BG  will  be  the  common  measure  of 
the  two  proposed  lines.  Put  BG=1 ;  we  shall  then  have, 
FD^%\  but  FB  contains  FD  once,  plus  GB\  therefore, 
we  have  EB=2>:  CD  contains  EB  once,  plus  FD  \  there¬ 
fore,  we  have  CD=b  :  and  lastly,  AB  contains  CD  twice, 
plus  EB  ;  therefore,  we  have  AB~\2> ;  •  hence,  the^ ratio  of 
the  lines  is  that  of  5  to  13.  If  the  line  CD  were  taken 
for  unity,  the  line  AB  would  be  ;  if  AB  were  taken 
for  unity,  CD  would  be  y\. 

5.  What  has  been  shown,  in  respect  to  the  straight 

lines,  CD  and  AB^  is  equally  true  of  any  two  magnitudes, 
A  and  B.  ^ 

For,  we  mav  conceive  A  to  be  divided  into  a  number  df 
of  units,  each  equal  to  A' \  then  A=MxA'\  let  ^  be 
divided  into  a  number  N  of  equal  units,  each  equal  to  J.' ; 
then  B=NxA'\  M  and  N  being  integer  numbers.  Kow 
the  ratio  of  A  to  B^  will  be  the  same  as  the  ratio  of 
MxA'  to  that  is,  the  same  as  the  ratio  of  the 

numerical  quantities  M  and  iVJ  since  A'  is  a  common  unit. 

6.  If  there  be  four  magnitudes,  A^  (7,  and  D^  having 
such  values  that 

B_D 

A~0' 

then  A  is  said  to  have  the  same  ratio  to  B^  that  G  has  to 
D ;  or,  the  ratio  of  A  io  B  is  said  to  be  equal  to  the 
ratio  of  G  to  D.  When  four  quantities  have  this  relation 
to  each  other,  they  are  said  to  be  in  proportion. 

To  indicate  that  the  ratio  oi  A  io  B  is  equal  to  the 
ratio  of  G  to  i),  the  quantities  are  usually  written  thus,’ 

A  \  B  \  :  G  :  D^ 

and  read,  is  to  ^  as  G  is  to  D.  The  quantities  which 
are  compared  together  are  called  the  terms  of  the  propor¬ 
tion.  The  first  and  last  terms  are  called  the  two  extreiruis^ 
and  the  second  and  third  terms,  the  two  means. 

4 
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7.  Of  four  proportional  quantities,  the  last  is  said  to  be 
a  fourth  proportional  to  the  other  three,  taken  in  order. 
The  first  and  second  terms,  are  called  the  first  couplet  of 
the  proportion ;  and  the  third  and  fourth  terms,  the  second 
couplet:  the  first  and  third  terms  are  called  the  antecedents^ 
Hnd  the  second  and  fourth  terms,  the  consequents. 

8.  Three  quantities  are  in  proportion,  when  the  first 
has  the  same  ratio  to  the  second,  that  the  second  has  to 
the  thirds  and  then  the  middle  term  is  said  to  be  a  mean 
proportional  between  the  other  two. 

9.  Magnitudes  are  in  proportion  by  alternation^  or  alter¬ 
nately,  when  antecedent  is  compared  with  antecedent,  and 
consequent  with  consequent. 

10.  Magnitudes  are  in  proportion  by  inversion^  or  in- 
versely^  when  the  consequents  are  taken  as  antecedents,  and 
the  antecedents  as  consequents. 

11.  Magnitudes  are  in  proportion  by  composition^  when 
the  sum  of  the  antecedent  and  consequent  is  compared 
either  with  antecedent  or  consequent. 

12.  Magnitudes  are  in  proportion  by  division^  when  the 
difference  of  the  antecedent  and  consequent  is  compared 
either  with  antecedent  or  consequent. 

13.  Equimultiples  of  two  quantities  are  the  products 
which  arise  from  multiplyirig  the  quantities  by  the  same 
number:  thus,  mX^,  mXE,  are  equimultiples  of  A  and 
the  common  multiplier  being  m, 

14.  Two  varying  quantities,  A  and  E,  are  said  to  be 
reciprocally  proportional^  or  inversely  qnoportional^  when  their 
values  are  so  changed  that  one  is  increased  as  many  times 
as  the  other  is  diminished.  In  such  case,  either  of  them 
is  always  equal  to  a  constant  quantity  divided  by  the 
other,  and  their  product  is  constant.  ^ 
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PEOPOSITION  I.  THEOEEM. 

/ 

When  four  magnitudes  are  in  proportion^  the  product  of  the 
two  extremes  is  equal  to  the  product  of  the  two  means. 

Let  J.,  (7,  D,  be  any  four  magnitudes,  and  If,  iVJ  P, 

their  numerical  representatives; 

then,  if  M  N  \  P  i 
we  shall  have  MxQ=^NxP, 

For,  since  the  magnitudes  are  in  proportion,  we  have 
(d.  6), 

^  ;  therefore, 
i/  P  ’ 

0 

N—Mx-pj  whence,  NxP=MxQ, 

Cor.  If  there  are  three  proportional  quantities,  the 
product  of  the  extremes  will  be  equal  to  the  •  square  of 
the  mean  (d.  8).  For,  \£N=P,  we  have 

Mx  or  P  . 

PEOPOSITION  II.  THEOEEM. 

If  the  product  of  two  magnitudes  he  equal  to  the  product  of 
two  other  magnitudes^  two  of  them  may  he  made  the  ex¬ 
tremes  and  the  other  two  the  means  of  a  proportion. 

If  we  have  Mx  Q—NxP\  then  will  M :  N :  :  P  \  Q, 
For,  if  P  have  not  to  the  ratio  which  M  has  to  JSF^ 
let  P  have  to  (a  number  greater  or  less  than  §,)  the 
same  ratio  which  M  has  to  N',  that  is,  let 

M  :  N  :  \  P  :  Q'  ] 

then  (p.l),  i/X®  =i\^xP; 

^xP  .  ,  ^_^XP  . 

hence,  Q  j  but,  4/ 

Consequently,  Q'—Q^  and  the  supposition  that  it  is  either 
greater  or  less,  is  absurd;  hence,  the  four  magnitudes  J/, 
iVJ  P,  §,  are  proportional. 
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PROPOSITION  III.  THEOREM. 


four  rmignitudes  are  in  proportion,  they  will  he  in  pro¬ 
portion  when  taken  alternately. 

Let  M,  N,  P,  Q,  be  four  quantities  in  proportion ;  so  that 
M  :  N  :  :  P  :  Q]  then  will  M  \  P  \  :  N  :  Q. 

For,  since  M  :  N  :  :  P  :  Q  :  we  have  MxQ=NxP] 
therefore  M  and  Q  may  be  made  the  extremes,  and  N  and 
P  the  means  of  a  proportion  (p.  2) ; 

hence,  M  P  :  :  N  :  Q. 

PROPOSITION  IV.  THEOREM. 


If  there  he  four  proportional  magnitudes,  and  four  other  pro¬ 
portional  magnitudes,  having  the  antecedents  the  same  in 
both,  the  conseguents  will  he  proportional. 

Let  M  :  N  \  x  P  :  Q,  giving  MxQ  =  NxP^ 

and  if  :  R  :  x  P  x  S,  giving  RxP—MxS, 

then  will  Y  :  Q  x  x  R  x  S, 

For,  multiplying  the  equations  member  by  member, 


MX  QxRxP=^MxSxNxP] 
cancelling  MxP  in  both  members,*  we  have, 

QxR=SxN X  .hence  (p.  2), 

N  X  Q  4  X  R  X  S. 

Cor.  If  there  be  two  sets  of  proportionals,  in  which 
the  ratio  of  an  antecedent  and  consequent  of  the  one  is 
equal  to  the  ratio  of  an  antecedent  and  consequent  of  the 
other,  the  remaining  terms  will  be  proportional. 

For,  if  we  had  the  two  proportions, 

M  X  P  X  X  N  X  Q  and  R  x  JS  x  x  T  x  Y, 


we  shall  also  have 


1  =  1  and  £ 


M  N 


R 

Q 


V 

T 

V 

T' 


and  we  shall  have  N 


Q 


T 


Y. 
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PROPOSITION  V.  THEOREM. 

If  four  magnitudes  are  in  proportion^  they  will  he  in  proportion 

when  taken  inversely. 

If  M  \  N  :  P  :  then  will  N  \  M  \  \  Q  :  P. 

For,  from  the  given  proportion,  we  have 

MxQ=NxP,  or,  NxP=MxQ. 

Now,  N  and  P  may  be  made  the  extremes,  and  M  and  Q 
the  means  of  a  proportion  (p.  2) :  hence 

N  :  M  :  :  Q  :  P. 

/ 

PROPOSITION  VI.  THEOREM. 

If  four  magnitudes  are  in  proportion,  they  ^  will  he  in  propor* 

tion  hy  composition  or  division. 

K  we  have  Mi  N  i  i  P  i  Q, 
we  shall  also  have  :  M  :  i  P^Q  :  P. 

For,  from  the  first  proportion,  we  have 

MxQ=NxP,  or  NxP—MxQ. 

Add  each  of  the  members  of  the  last  equation  to,  and 
subtract  it  from  MxP,  and  we  shall  have, 

i/xP±AxP=i/xP±i/X  § ;  or 
(if±A)  xP=(P±§)  xii: 

But  J/iA  and  P,  may  be  considered  the  two  extremes, 
and  P^Q  and  M,  the  two  means  of  a  proportion  (p.  2) : 
hence, 

(i/=fcA)  ‘.Mil  '{P^Q)  :  P. 

PROPOSITION  VII.  THEOREM. 

Equimultiples  of  any  two  magnitudes,  have  the  same  ratio  as 

the  magnitudes  themselves. 

Let  M  and  N  be  any  two  magnitudes,  and  m  any  num¬ 
ber  whatever ;  then  will  mXM,  and  mXN,  be  equal  mul- 
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tiples  of  M  and  Y:  then  mXM  will  be  to  mXiV,  in  the 
ratio  of  if  to  Y! 

For,  MxN=^NxM\ 

multiplying  each  member  by  m,  and  we  have 
mXMxN—mXNxM:  then  (p.  2), 
mXM  :  mXN  \  :  M  \  N. 

PKOPOSITION  VIII.  TIIEOEEM. 

Of  four  'proportional  magnitude^,  if  there  he  taken  any  equimul- 
tiples  of  the  two  antecedents^  and  any  equimultiples  of  the  two 
consequents,  such  equimultiples  will  he  proportional. 

Let  if,  iVJ  P,  Q,  be  four  magnitudes  in  proportion ;  and 
let  m  and  n  be  any  numbers  whatever,  then  will 

7nXM  :  nxN  :  :  mxP  :  nxQ. 

For,  since  if  :  N  :  :  P '  :  Q, 

we  have  MxQ=NxP\ 

hence,  mXMXnXQ=nXNXmxP^ 

by  multiplying  both  members  of  the  equation  by  m  X  n. 
But  mXM  and  n  X  Q,  may  be  regarded  as  the  two  extremes, 
and  nXN  and  m  X P,  as  the  means  of  a  proportion  ;  hence, 

mXM  :  nXY  ::  mXP  :  nXQ. 

PEOPOSITION  IX.  THEOEEM. 

Of  four  proportional  magnitudes,  if  the  tiuo  consequents  he 
either  augmented  or  diminished  hy  magnitudes  which  have 
the  same  ratio  as  the  antecedents,  the  resulting  magnitudes 
and  the  antecedents  will  he  proportional. 

Let  M  :  N  :  :  P  :  ft 

and  let  M  :  P  :  :  m  :  n] 

then  will  if  :  P  •  iVim  : 

For,  since  if  :  Y  :  :  P  :  ft  MxQ=NxP. 

and  since  if  :  jP  :  :  m  :  n,  MXn=PXm^ 

therefore,  if  X  $±if  X  n=NX  P±P X  m, 
or  if  X ( Q^n)  —PX {N^m)  : 

hence  (p.  2),  if  :  ^  P  :  :  N^^m  :  Q±^n. 
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\  I’ROPOSITION  X,  THEOREM. 

[f  any  nwnber  of  magnitudes  are  proportionals ^  any  o-ne  ante- 
cedent  loill  he  to  its  consequents  as  the  sum  of  all  the  ante¬ 
cedents  to  the  sum  of  the  consequents. 

Let  M  :  N  ::  P  :  Q  ^ 

Then  since, 

M  :  JSf  :  :  P  •  ft  we  have  ifxQ=iV^xP, 

and,  M  :  N  i :  P  •  S,  Lave  MxS=NxB, 
add  to  eaoli  MxN—MxN, 

then,  MxN+MxQ+MxS=MxN+NxP+NxB, 
or,  Mx{N+Q+S)=Nx{M+P+B)-, 

therefore  (p.  2),  JL  :  N  ::  M+P+B  :  N+Q+S. 


PROPOSITION  XI.  THEOREM. 

If  two  magnitudes  le  each  increased  or  diminished  by  like 
parts  of  each,  the  resulting  magnitudes  will  have  the  same 
ratio  as  the  magnitudes  themselves, 

M  .N 

Let  M  and  N  be  any  two  magnitudes  and  ^  and  ^ 

» 

like  parts  of  each. 

We  have 


add  to  both,  or  snbt. 


J/XiV^J/XiV 

My,N  MxN 

- - •=- - -j 

m  ni 

MxN 


and  we  have  (a.  2),  MxN"^ 

N 


m 


member  by  member 

^  MxN 
=MxNdn 


m 


or. 


m[n±^=n[m± 


M\ 


- /  ’ 

m  / 


that  is  (P.  2),  M  \  N  :  :  i/d: 


M 


m 


N 

Ndt  — 
m 


PROPOSITION  XII.  THEOREM.  ' 

If  four  magnitudes  are  proportionals  their  squares  or  cubes  will. 

also  he  proportional. 

Let  M  :  N  \  P  '  Q, 

Then  will,  MxQ—NxP* 
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By  squaring  both  members,  M^X  Q^=N^xP^i 

and  by  cubing  both  members,  M^X  Q^—N^XP^] 

therefore,  IP  :  :  :  P^  : 

and  if"  :  Y"  ::  P"  i  §"• 

Cor.  In  a  similar  way  it  may  be  shown  that  like  powers 
or  roots  of  proportional  magnitudes  are  proportionals. 

PKOPOSITION  XIII.  THEOKEM. 

there  he  two  sets  of  proportional  magnitudes,  the  produxds  of 
the  corresponding  terms  will  he  proportionals. 

Let  if  :  N  P  :  Q, 

and  R  :  S  ::  T  :  V, 

then  will  MxR  :  NxS  ::  PxT  :  QxV. 

For,  since  if  X  Q=NxP^ 

and  Rx  V~SxT^ 

we  shall  have  MxQxRX  V—NxPxSxT^ 

or,  ifxPx  QX  F=Y>^xPxf; 

therefore,  MxR  :  NxS  :  :  PxT  :  Qx  V. 

PKOPOSITION  XIV.  THEOREM. 

If  any  number  of  magnitudes  are  continued  proportionals  /  then^ 
the  ratio  of  the  first  to  the  third  will  he  duplicate  of  ths 
common  ratio  /  and  the  ratio  of  the  first  to  the  fourth  will 
he  triplicate  of  the  common  ratio  /  and  so  on. 

For,  let  A  be  the  first  term,  and  m  the  common  ratio; 
the  proportional  magnitudes  will  then  be  represented  by 

A,  rrixA,  irixA,  m^xJ.,  rriXA,  &c. : 

ISTow,  the  ratio  of  the  first  to  any  one  of  the  following 
terms  exactly  corresponds  with  the  enunciation. 
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THE  CIRCLE,  AND  THE  MEASUREMENT  OF  ANGLES. 


DEFINITIONS. 


1.  The  Circumference  of  a  Circle 
is  a  curve  line,  all  the  points  of  which 
are  equally  distant  from  a  point  within, 
called  the  centre. 

The  circle  is  the  portion  of  the  plane 
terminated  by  the  circumference. 

2.  Every  straight  line,  drawn  from  the  centre  to  the 
circumference,  is  called  a  radius,  or,  semidiamei^r.  Every 
line  which  passes  through  the  centre,  and  is  terminated,  on 
both  sides,  by  the  circumference,  is  called  a  diameter. 

From  the  definition  of  a  circle,  it  follows,  that  all  the 
radii  are  equal ;  that  all  the  diameters  are  also  equal,  and 
each  double  the  radius. 

3.  Any  part  of  the  circumference  is  called  an  arc.  A 
straight  line  joining  the  extremities  of  an  arc, and  not  passing 
through  the  centre,  is  called  a  chord,  or  subtense  of  the  arc.* 

4.  A  Segment  is  the  part  of  a  circle  included  between 
an  arc  and  its^chord. 

5.  A  Sector  is  the  part  of  the  circle  included  between 
an  arc,  and  the  two  radii  drawn  to  the  extremities  of  the 

arc.  . 

*  In  all  cases,  the  same  chord  belongs  to  two  arcs,  and  consequently,  also  to  two 
iegments ;  but  the  smaller  one  is  always  meant,  unless  the  contrary  is  expressed.  J 


58 


GEOMETEY. 


6.  A  Straight  Line  is  said  to  be 
inscribed  in  a  circle^  when  its  extremities 
are  in  the  circumference. 

An  inscribed  angle  is  one  which  has 
its  vertex  in  the  circumference,  and  is 
included  by  two  chords  of  the  circle. 


7.  An  inscribed  triangle  is  one  which 
has  the  vertices  of  its  three  angles  in  the 
circumference. 

And  generally,  a  polygon  is  said  to 
be  inscribed  in  a  circle,  when  the  vertices 
of  all  its  angles  are  in  the  circumfer¬ 
ence.  The  circumference  of  the  circle 
is  then  said  to  circumscribe  the  polygon. 

8.  A  Secant  is  a'  line  which  meets 
the  circumference  in  two  points,  and  lies 
partly  within,  and  partly  without  the  circle. 

Tangent  is  a  line  which  has 
but  one  point  in  common  with  the  cir¬ 
cumference. 


dhe  point  where  the  tangent  touches  the  circumference, 
is  called  the  point  of  contact. 


10.  Two  circumferences  touch  each 
other  when  they  have  but  one  point  in 
common.  The  common  point  is  called 
the  point  of  tangency. 


11.  A  polygon  is  circumscribed  about  a 
circle^  when  each  of  its  sides  is  tangent  to 
the  circumference.  In  the  same  case,  the 
circle  is  said  to  be  inscribed  in  the  poly¬ 
gon. 


POSTULATE. 

12.  Let  it  be  granted  that  the  circumference  of  a  circle 
may  be  described  from  any  centre,  and  with  any  radius. 
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PEOPOSITION  I.  THEOKEM. 

Evtry  diameter  divides  the  circle  and  its  circumference  each  into 

two  equal  parts. 

Let  AEBF  be  a  circle,  and  AB  a  diameter.  Now,  if 
tbe  figure  AEB  be  applied  to  AFB^ 
their  common  base  AB  retaining  its 
position,  the  curve  line  AEB  must 
fall  exactly  on  the  curve  line  AFB^ 
otherwise  there  would,  in  the  one  or 
the  other,  be  points  unequally  dis¬ 
tant  from  the  centre,  which  is  con¬ 
trary  to  the  definition  of  a  circle, 
divides  the  circle  and  *its  circumference,  each  into  two 
equal  parts. 

PEOPOSITION  II.  THEOEEM. 

Every  chord  is  less  than  a  diameter. 

Let  AD  be  any  chord.  Draw  the 
radii  CA^  CD^  to  its  extremities.  We 
shall  then  have  (b.  i.,  p.  7)* 

AD<ACACD, 

but  A  G  plus  OD  is  equal  to  AB ; 
hence,  AD<^AB. 

Cor.  Hence,  the  greatest  line  which  can  be  inscribed  in 
a  circle  is  a  diameter. 

PEOPOSITION  III.  THEOEEM. 

A  straight  line  cannot  meet  the  circumference  of  a  circle  in 

more  than  two  points. 

For,  if  it  could  meet  it  in  three,  those  three  points 
would  be  equally  distant  from  the  centre;  and  there  would 
be  three  equal  straight  lines  drawn  from  the  same  point  to 
the  same  straight  line,  which  is  impossible  (b.  i,,  p.  15,  C.  2). 


E 


*  When  reference  is  made  from  one  Proposition  to  another,  in  the  same  Book,  the 
niimher  of  the  Proposition  referred  to  is  alone  given ;  out  when  the  Proposition  is 
found  in  a  different  Book,  the  number  of  the  Book  is  also  given. 
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PKOPOSITION  IV.  THEOREM. 


In  the  same  circle^  or  in  equal  circles,  equal  arcs  are  subtended  hy 
equal  chords :  and  conversely^  equal  chords  subtend  equal  arcs. 

Let  C  and  0  be  tbe  centres  of  tAvo  equal  circles,  and 
suppose  the  arc  AMD  equal  to  the  arc  ENG  :  then  will 
the  chord  AD  be  equal  to  the  chord  EG. 

For,  since  the  diam- 

^ 

M  A  \  N/ 


IB  El 


eters  AD,  EF,  are  equal, 
the  semi-circle  AMDB 
may  be  applied  to  the 
semi-circle  ENGF,  and 
the  curve  line  AMDB 
will  coincide  with  the 

I 

curve  line  ENGF.  But  the  part  AMD  is  equal  to  the  part 
ENG,  by  hypothesis ;  henee,  the  point  D  will  fall  on  G ; 
therefore,  the  chord  AD  Avill  coincide  with  EG  (b.  I.,  A.  11), 
and  hence,  is  equal  to  it  (b.  i.,  a.  14). 

Conversely:  If  the  chord  AD  is  equal  to  the  chord  EG, 
the  subtended  arcs  AMD,  ENG,  will  also  be  equal. 

For,  drawing  the  radii  CD,  OG,  the  triangles  A  CD,  EGG, 
will  have  their  sides  equal,  each  to  each,  namely,  AG=EO, 
CD=0G,  and  AD=^EG',  hence,  the  triangles  are  them¬ 
selves  equal;  and,  consequently,  the  angle  ACD  is  equal 
to  EGG  (b.l,p.10.) 

Now,  place  the  semi-circle  ADB  on  its  equal  EGF,  so 
that  the  radius  AG  may  fall  on  the  equal  radius  EG. 
Then,  since  the  angle  ACD  is  equal  to  the  angle  EGG,  the 
radius  CD  will  fall  on  GG,  and  the  sector  AMDC  will 
coincide  with  the  sector  ENGG,  and  the  arc  AMD  with 
the  arc  ENG  :  therefore,  the  arc  AMD,  is  equal  to  the  arc 
ENG  (b.  I.,  A.  14). 


PROPOSITION  V.  THEOREM. 

In  equal  circles,  or  in  the  same  circle,  a  greater  arc  is  subtend^ 
ed  by  a  greater  chord ;  and  conversely,  the  greater  chord 
subtends  the  greater  arc. 

Let  G  be  the  common  centre  of  two  equal  circles :  then, 
if  the  arc  ADH  is  greater  than  the  arc  AD,  the  chord  AH 
will  be  greater  than  the  chord  AD. 
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For,  draw  tlie  radii  CA^  CD^ 

CH,  and  the  chords  AD,  AH, 

Now,  the  two  sides  AG,  CH,  of 
the  triangle  AGH  are  equal  to 
the  two  sides  AG,  GD,  of  the  tri¬ 
angle  AGD,  and  the  angle  AGH, 
is  greater  than  AGD:  hence,  the 
third  side  AH  is  greater  than  the 
third  side  AD  (b.  i.,  p.  9);  there 
fore  the  chord  which  subtends  the  greater  arc  is  the  greater. 

Conversely:  If  tbe  chord  AH  is  greater  than  AD,  the 
arc  ADH  will  be  greater  than  the  arc  AD. 

For,  if  ADH  were  equal  to  AD,  the  chord  AH  would 
be  equal  to  the  chord  AD  (P.  4),  which  is  contrary  to  the 
hypothesis :  and  if  the  arc  ADH  were  less  than  AD,  the 
chord  AH  would  be  less  than  AD,  which  is  also  contrary 
to  the  hypothesis.  Then,  since  the  arc  ADH,  subtended  by 
the  greater  chord,  cannot  be  equal  to,  nor  less  than  AD,  it 
must  be  greater. 

Scholium.  The  arcs  here  treated  of  are  each  less  than 
tbe  semi-circumference.  If  they  were  greater,  the  reverse 
property  would  have  place  5  for,  as  the  arcs  increase,  the 
chords  will  diminish,  and  conversely. 


PROPOSITION  VI.  THEOREM. 

The  radius  which  is  perpendicidar  to  a  chord,  bisects  the  chord, 
and  bisects  also  the  subtended  arc  of  the  chord. 


Let  AB  be  any  chord,  and  GG  a  radius  perpendicu¬ 
lar  to  it :  then  will  AD  be  equal  to  DB,  and  the  arc  A  Q 


to  the  arc  GB. 

For,  draw  the  radii  GA,  GB. 
Then  the  two  right-angled  trian¬ 
gles  ADG,  GDB,  will  have  AG 
equal  to  GB,  and  GD  common; 
hence,  AD  is  equal  to  DB  (b.  I., 
p.  17). 

Again,  since  AD,  DB,  are 
equal,  GG  is  a  perpendicular 
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erected  from  the  middle  of  AB] 
and  since  6^  is  a  point  of  this 
perpendicular,  the  chords  A  G 
and  GB  are  equal  (b.  i.,  p.  16). 

But  if  the  chord  AG  is  equal 
to  the  chord  GB^  the  arc  AG 
is  equal  to  the  arc  GB  (p.  4) ; 
hence,  the  radius  CG,  at  right 
angles  to  the  chord  AB^  divides 
the  arc  subtended  by  that  chord  into  two  equal  parts. 

Scholium.  The  centre  (7,  the  middle  point  D  of  the 
chord  AB^  and  the  middle  point  G  of  the  subtended  arc-, 
are  three  points  of  the  same  straight  line  perpendicular  to 
the  chord.  But  two  points  determine  the  position  of  a 
straight  line  (a.  11) ;  hence,  every  straight  line  which  passes 
through  two  of  these  points,  will  necessarily  pass  through 
the  third,  and  be  perpendicular  to  the  chord. 

It  follows,  also,  that  the  perpendicular  raised  at  the  middle 
point  of  a  chord  passes  through  the  centre  of  the  circle^  and 
through  the  middle  point  of  the  subtended  arc. 

For,  the  perpendicular  to  the  chord,  drawn  from  the 
centre  of  the  circle,  passes  through  the  middle  point  of  the 
chord,  and  only  one  perpendicular  can  be  drawn  from  the 
same  point  to  the  same  straight  line  (b.  I.,  P.  14,  c). 

PEOPOSITION  VII.  THEOEEM. 

Through  three  given  points,  not  in  the  same  straight  line,  one 

circumference  may  always  he  made  to  pass,  and  hut  one. 

Let  A,  B,  and  0,  be  the  given  points. 

Join  the  points  A  and  B  by 
the  straight  line  AB,  and  the 
points  B  and  G  by  the  straight 
line  BO,  and  then  bisect  these 
lines  by  the  perpendiculars  DE 
EG:  we  say  first,  that  DE  and 
FG,  will  intersect  in  some  point  0. 

For,  they  intersect  each  other 
unless  they  are  parallel  (b.  i.,  d.  16).  Now,  if  they  are 


K 
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parallel,  the  line  AB  which  is  perpendicular  to  DE^  is  also 
perpendicular  to  FO^  and  the  angle  is  a  right  angle 
(b.  I.,  P.  20,  c.  1).  But  BK,  the  prolongation  of  AB,  is  a 
different  line  from  BF,  because  the  three  points  A,  B,  C, 
are  not  in  the  same  straight  line ;  hence,  there  would  be 
two  perpendiculars,  BF,  BK,  let  fall  from  the  same  point 
B,  on  the  same  straight  line,  which  is  impossible  (b.  I.,  P. 
14);  hence,  BE,  FG,  are  not  parallel,  and  consequently, 

will  intersect  in  some  point  0. 

Moreover,  since  the  point  0  lies  in  the  perpendicular  EE, 
it  is  equally  distant  from  the  two  points,  A  and  B  (b.  I., 
P.  16) ;  and  since  the  same  point  0  lies  in  the  perpendicu¬ 
lar  FG,  it  is  also  equally  distant  from  the  two  points  B 
and  C\  hence,  the  three  distances  OA,  OB,  OG,  are  equal; 
therefore,  the  circumference  described  from  the  centre  0, 
with  the  radius  OB,  will  pass  through  the  three  given 
points.  A,  B,  G.^ 

We  have  now  shown  that  one  circumference  can  always 
be  nade  to  pass  through  three  given  points,  not  in  the 
same  straight  line  :  we  say  farther,  that  but  one  can  be 
described  through  them. 

For,  if  there  were  a  second  circumference  passing  through 
the  three  given  points  A,  B,  G,  its  centre  could  not  be  out 
of  the  line  DE,  for  any  point  out  of  this  line  is  unequally 
distant  from  A  and  B  (b.  I.,  P.  16) ;  neither  could  it  be  out 
of  the  line  FG,  for  a  like  reason;  therefore,  it  would  be 
in  both  the  lines  DE,  FG.  But  two  straight  lines  cannot 
cut  each  other  in  more  than  one  point ;  hence,  there  is  but 
one  circumference  which  can  pass  through  three  given 
points. 

Gor.  Two  circumferences  cannot  meet  in  more  than  two 
points ;  for,  if  they  have  three  common  points,  there  will 
be  two  circumferences  passing  through  the  same  three 
points ;  which  has  been  shown,  by  the  proposition,  to  be 
impossible. 
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PROPOSITION  VIII.  THEOREM. 

Two  equal  chords  are  equally  distant  from  the  centre;  and  of 
two  unequal  chords^  the  less  is  at  the  greater  distance  from 
the  centre^ 

Suppose  the  chord  AB  to  be  equal  to  the  chord  BE. 
From  C  the  centre  of  the  circle,  draw  CF^  and  CQ  res¬ 
pectively  perpendicular  to  the  chords :  then  will  CF  be 
equal  to  GG. 

Draw  the  radii  CA^  CD ;  then 
in  the  right-angled  triangles  CAF^ 

DCGj  the  hypothenuses  CAy  CD^ 
are  equal  (d.  2) ;  and  the  side 
AFj  the  half  of  AB  (p.  6),  is 
equal  to  the  side  DGj  the  half 
of  DE:  hence,  the  triangles  are 
equal,  and  OF  is  equal  to  CG 
(b.  I.,  P.  17)  ;  consequently,  the 
two  equal  chords  AB^  DE^  are  equally  distant  from  the 
centre. 

Secondly.  Let  the  chord  AH  be  greater  than  DE:  then 
will  DE  be  furthest  from  the  centre  C.  Since  the  chord 
AH  is  greater  than  DE  the  arc  AKH  is  greater  than  DME 
(p.  5).  Cut  off  from  the  former,  a  part  ANB^  equal  to 
DME]  draw  the  chord  AB^  and  draw  CF  perpendicular 
to  this  chord,  and  GI  perpendicular  to  AH  It  is  evident 
that  CF  is  greater  than  GO  (b.  I.,  A.  8),  and  CO  than  Cl 
(b.  I.,  P.  therefore,  CF  is  still  greater  than  CL  But 
CF  is  equal  to  GG^  because  the  chords  AB,  DE,  are  equal : 

'  hence,  GG  is  greater  than  GI ;  therefore,  of  two  unequal 
chords,  the  less  is  the  farther  from  the  centre  of  the  circle. 

PROPOSITION  IX.  THEOREM. 

A  straight  line  ^perpendicular  to  a  radius,  at  its  extremity,  is 

tangent  to  the  circumference. 

Let  the  line  BD  be  perpendicular  to  the  radius  CA  at 
its  extremity  A ;  then  will  it  be  tangent  to  the  circumfer¬ 
ence. 
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For,  every  oblique  line  CE^  B 
is  longer  than  the  perpendicular 
CA  (b.  I.,  P.  15) ;  hence,  the  point 
E  is  without  the  circle;  there¬ 
fore,  the  line  BD  has  no  point 
but  A  in  common  with  the  cir¬ 
cumference;  consequently,  the  line  BD  is  a  tangent  (d.  9). 

Cor.  1.  Conversely,  if  a  straight  line  be  tangent  to  a 
circle,  it  will  be  perpendicular  to  the  radius  drawn  to 
the  point  of  contact. 

Let  BAD  be  a  tangent,  and  CA  a  radius  drawn 
through  the  point  of  contact  A :  then  will  BD  be  perpen¬ 
dicular  to  CA.  For,  through  the  centre  (7,  suppose  any 
other  line,  as  COE,  to  be  drawn.  Then,  since  BD  is  a 
tangent,  the  point  E  will  lie  without  the  circle,  and  conse¬ 
quently  CE  will  be  greater  than  the  radius  CO  or  CA; 
therefore,  the  radius  CA,  measures  the  shortest  distance 
from  the  centre  C,  to  the  tangent  BD :  hence,  it  is  per¬ 
pendicular  to  the  tangent  (b.  i.,  P.  15,  c.  1). 

Cor.  2.  At  a  given  point  of  the  circumference  only  one 
tangent  can  be  draiyn  to  the  circle.  For,  let  A  be  the 
given  point,  BD  a  tangent,  and  CA  the  radius  drawn 
through  the  point  of  contact  A.  •  Kow,  if  another  tangent 
could  be  drawn,  it  would  also  be  perpendicular  to  CA  at 
the  point  A,  by  the  last  corollary :  that  is,  we  should  have 
tvro  lines  perpendicular  to  CA,  at  the  same  point;  which 
is  impossible  (b.  i.,  p.  14,  c). 

PROPOSITION  X.  THEOREM. 

Two  parallels  intercept  equal  arcs  of  the  circumference. 


There  may  be  three  cases. 

First.  When  the  two  parallels 
are  secants.  Let  AB  and  DE  be 
two  parallels :  draw  the  radius  CH 
perpendicular  to  the  chord  MP. 
It  will,  at  the  same  time,  oe  per¬ 
pendicular  to  NQ  (b.  l,  p.  20,  c.  1) ; 
therefore,  the  point  H  will  be  at 
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once  tlie  middle  of  tlie  arc  MHP, 
and  of  the  arc  NHQ  (p.  6) ;  conse¬ 
quently,  we  shall  have  the  arc 
M1{=HP,  and  the  arc  NH=HQ ; 
and  therefore 

MH-NH=HP-HQ ; 

-n  other  words,  MN=PQ. 

Second.  When,  of  the  two  par¬ 
allels  AB^  DE^  one  is  a  secant,  and 
the  other  a  tangent,  draw  the  radius 
OH  to  the  point  of  contact  JT;  it 
will  be  perpendicular  to  the  tan¬ 
gent  DE  (p.  9,  c.  1),  and  also  to 
its  parallel  MP  (b.  i.,  p.  20,  c.  1). 

But  since  CH  is  perpendicular  to 
the  chord  i£P,  the  point  H  must 
be  the  middle  of  the  arc  MHP  (p.  6)  ;  therefore,  the  arcs 
MH^  HP^  included  between  the  parallels  AB^  DE^  are 
equal. 

Third.  If  the  two  parallels  DE^  IL^  are  tangents,  the 
one  at  the  other  at  W,  draw  the  parallel  secant  AB ; 
and,  from  what  has  just  been  shown,  we  shall  have 

MH=HP,  MK=KP: 

and  hence,  the  whole  are  HMK —HPK.  It  is  further  evi¬ 
dent  that  each  of  these  arcs  is  a  semi-oircumference. 

Cor.  Conversely :  If  the  arc  HM  is  equal  to  the  arc 
HP^  it  is  plain  that  the  chord  MP  will  be  parallel  to  the 
tangent  DE. 
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PKOPOSITION  XI.  THEOEEM. 

If  two  circumferences  have  one  point  common,  out  of  the  straight 
line  luhich  joins  their  centres,  they  ivitl  also  have  a  seco7id 
point  in  common  ;  and  the  two  points  will  he  situated  in  a 
line  perpendicular  to  the  line  joining  the  centres,  and  ai 
■equal  distances  from  it. 

Let  the  two  circumferences  described  about  the  centres 
C  and  D  intersect  each  other  at  the  point  A ;  draw  AF 
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perpendicular  to  CD^  and  prolong  it  till  BF  is  equal  to 
AF  \  then  will  the  circumferences  also  intersect  each  other 
at  B. 


For,  since  AF  is  equal  to  FB^  CF  common  and  the 
angles  at  F  right  angles,  the  hypothenuses  CB  and  GA  are 
equal  (b.  i.,  P.  5) :  hence,  the  circumference  described  about 
the  centre  (7,  with  the  radius  CA^  will  pass  through  B. 
In  the  same  manner  it  may  be  shown,  that  the  circumfer¬ 
ence  described  about  the  centre  Z^,  with  the  radius  DA^ 
will  also  pass  through  B. 

Cor.  If  two  circumferences  intersect  each  other,  they 
will  intersect  in  two  points,  and  the  line  which  joins  the 
centres  will  be  perpendicular  to  the  common  chord  at  the 
middle  point. 


PROPOSITION  XII.  THEOREM. 

If  the\ircumferences  of  two  circles  intersect  each  other ^  the  dis¬ 
tance  between  their  centres  will  he  less  than  the  sum  of  their 
radii^  and  greater  than  the  difference. 


Let  two  circumferences  be 
described  about  the  centres  G 
and  i),  with  the  radii  CA  and 
DA :  then,  if  these  circumfer¬ 
ences  intersect  each  other,  the 
triangle  GAD  can  always  be 
formed.  Now,  in  this  triangle. 


GAD, 

CD<  GA+AD  (b.  l,  p.  7), 
CD>DA-AC  (b.  l,  p.  7,  c.) 


also, 
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PROPOSITION  XIII.  THEOREM. 

If  the  distance  between  the  centres  of  two  circles  is  equal  to 
the  sum  of  their  radii^  the  circumferences  will  touch  each 
other  extoiially, 

i 

Let  G  and  D  be  the  centres  of  two  circles  at  a  distance 
from  each  other  equal  to  CA+AD. 

The  circles  will  evidently  have 
the  point  A  common,  and  they  will 
have  no  other ;  because  if  they  have 
two  points  common,  the  distance 
between  their  centres  must  be  less 
than  the  sum  of  their  radii,  which 
is  contrary  to  the  supposition. 

Cor.  If  the  distance  between  the  centres  of  two  circles 
is  greater  than  the  sum  of  their  radii,  the  two  circumfer¬ 
ences  will  be  exterior  the  one  to  the  other. 

.  PROPOSITION  XIV.  THEOREM. 

If  the  distance  between  the  centres  of  two  circles  is  equal  to  the 
difference  of  their  radii^  the  two  circumferences  will  touch 
each  otlwr  internally. 

Let  C  and  D  be  the  centres  of  two  circles  at  a  distance 
from  each  other  equal  to  AD—  OA. 

It  is  evident,  as  before,  that  the 
two  circumferences  will  have  the 
point  A  common :  they  can  have 
no  other ;  because  if  they  had,  the 
distance  between  the  centres  would 
be  greater  than  AD—  CA  (p.  12)  ; 
which  is  contrary  to  the  supposition. 

Cor.  1.  Hence,  if  two  circles  touch  each  other,  either 
externally  or  internally,  their  centres  and  the  point  of  con¬ 
tact  will  be  in  the  same  straight  line. 

Cor.  2.  If  the  distance  between  the  centres  of  two 
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circles  is  less  than  the  difference  of  their  radii,  one  circle 
will  be  entirely  within  the  other. 

Scholium  1.  All  circles  which  have  their  centres  on  the 
right  line  AD^  and  which  pass  through  the  point  A,  are 
tangent  to  each  other  at  the  point  A.  For,  they  have  only 
he  point  A  common,  and  if  through  A,  AE  be  drawn 
perpendicular  to  AD^  it  will  be  a  common  tangent  to  all 
the  circles. 

Scholium.  2.  Two  circumferences  must  occupy  with  res¬ 
pect  to  each  other,  one  of  the  five  positions  above  indi¬ 
cated. 

They  may  intersect  each  other  in  two  points: 

2d.  They  may  touch  each  other  externally : 

So?.  They  may  be  external,  the  one  to  the  other : 

Ath.  They  may  touch  each  other  internally  :  • 
bih.  The  one  may  be  entirely  within  the  other. 

PKOPOSITION  XV.  THEOREM. 

In  the  same  circle^  or  in  equal  circles^  radii  making  equal 
angles  at  the  centre^  intercept  equal  arcs  on  the  circumference. 
And  conversely :  If  the  arcs  intercepted  are  equals  the  angles 
contained  by  the  radii  are  also  equal. 

Let  G  and  C  be  the  centres  of  equal  circles,  and  the 

angle  ACB—DCE. 

First.  Since  the  angles 
ACB^  DCE^  are  equal,  one  of 
them  may  be  placed  upon 
the  other.  Let  the  angle  A  (7^8 
be  placed  on  DOE.  Then 
since  their  sides  are  equal, 
the  point  A  will  evidently  fall  on  D,  and  the  point  B  on 
E.  The  arc  AB  will  also  fall  on  the  arc  DE\  for,  if  the 
arcs  did  not  exactly  coincide,  there  would,  in  the  one  or 
the  other,  be  points  unequally  distant  from  the  centre; 
which  is  impossible :  hence,  the  arc  AB  is  equal  to  BE 
(A.  14). 

Second.  If  the  arc  AB=DE,  the  angle  ACB  is  equal 
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to  DCE.  For,  if  these  angles  are  not  equal,  suppose 
one  of  them,  as  ACB^  to  be  the  greater,  and  let  ACI  be 
taken  equal  to  DCE,  From  what  has  just  been  shown, 
we  shall  then  have  AI=  DE ;  but,  by  hypothesis,  AB  is 
equal  to  DE ;  hence,  AI  must  be  equal  to  AB^  or  a  part 
equal  •  to  the  whole,  which  is  absurd  (a.  8) ;  hence,  the 
angle  AGB  is  equal  to  DCE. 

PROPOSITION  XVI.  TliROREM. 

In  the  same  circle^  or  in  equal  circles^  if  two  angles  at  the 
centre  have  to  each  other  the  ratio  of  tiuo  whole  numbers^ 
the  intercepted  arcs  will  have  to  each  other  the  same  ratio : 
or,  we  shall  have  the  angle  to  the  angle^  as  the  correspond¬ 
ing  arc  to  the  corresponding  arc. 

Suppose,  for  example,  that  the  angles  ACB,  DCE,  are 
to  each  other  as  7  is  to  4 ;  or,  what  is  the  same  thing, 
suppose  that  the  angle  M,  which  may  serve  as  a  common 
measure,  is  contained  7  times  in  the  angle  ACB^  and  4 


times  in  DCE.  The  seven  partial  angles  A  Cm,  mCn,  nCp, 
&;c.,  into  which  ACB  is  divided,  are  each  equal  to  any  of 
the  four  partial  angles  into  which  D  CE  is  divided ;  and 
each  of  the  partial  arcs,  Am,  mn,  np,  &c.,  is  equal  to  each 
of  the  partial  arcs  Dx,  xy,  &c.  (p.  15).  Therefore,  the  whole 
arc  AB  will  be  to  the  whole  arc  DE,  as  7  is  t(»  4.  But 
the  same  reasoning  would  evidently  apply,  if  in  place  of 
7  and  4  any  numbers  whatever  were  employed  ;  hence,  if 
the  angles  ACB,  DCE,  are  to  each  other  as  two  whole 
numbers,  they  will  also  be  to  each  other  as  the  arcs  AB, 
DE. 

Cor.  Conversely :  If  the  arcs  AB,  DE,  are  to  each  othei 
as  two  whole  numbers,  the  angles  ACB,  DCE  will  be  to 
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each  other  as  the  same  whole  numbers,  and  we  shall  have 

AB  :  DE  :  :  AGB  :  DOE. 


For,  the  paitial  arcs.  Am,  mn,  &c.,  and  Dx,  xy,  ko.,  being 
e(^ual,  the  partial  angles  A  Cm,  mCn,  &c.,  and  I) Ox,  xCy,  &c., 
'  will  also  be  equal,  and  the  entire  arcs  vail  be  to  each 
other  as  the  entire  angles. 


PKOPOSITION  XVII.  THEOEEM. 

In  the  same  circle,  or  in  equal  circles,  any  two  angles  at  the 
centre  are  to  each  other  as  the  intercepted  arcs. 

Let  ACB  and  A  CD  be  two  angles  at  the  centres  of 
equal  circles :  then  will 

AGB  :  ACD  ::  AB  :  AD, 

For,  if  the  angles  are  C 

equal,  the  arcs  will  be  equal 
(p.l5).  If  they  are  unequal,  /  \\  \ 

let  the  less  be  placed  on  r\ 

the  greater.  Then,  if  the  - 

proposition  is  not  true,  the 
angle  ACB  will  be  to  the  angle  ACD  as  the  arc  AB  is  to  an 
arc  greater  or  less  than  AD.  Suppose  such  arc  to  be 
greater,  and  let  it  be  represented  hj  AO  \  we  shall  thus 

have, 

the  angle  ACB  :  angle  ACD  :  :  arc  AB  :  arc  AO, 

Next  conceive  the  arc  AB  to  be  divided  into  equal  parts,  each 
of  which  is  less  than  D0\  there  will  be  at  least  one  point 
of  division  between  D  and  0 ;  let  I  be  that  point ;  and 
draw  CL  Then  the  arcs  AB,  AI,  will  be  to  each  other 
as  two  whole  numbers,  and  by  the  preceding  theorem,  we 

shall  have, 

angle  ACB  i  angle  ACI  *  arc  AB  .  arc  AI. 
Comparing  the  two  proportions  with  each  other,  we  see 
that  the  antecedents  in  each  are  the  same :  hence,  the  con¬ 
sequents  are  proportional  (b.  ii.,  P.  4)  5  and  thus  we  find, 

the  angle  ACD  i  angle  ACI  i  i  arc  AO  \  arc  AI. 
But  the  arc  AO  greater  than  the  arc  AI ;  hence,  if  this 
proportion  is  true,  the  angle  ACD  must  be  greater  than  the 
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angle  A  Cl:  on  the  contrary,  however,  i:  is  less;  hence, 
the  angle  ACB  cannot  be  to  the  angle  ACD  as  the  arc  AB 
is  to  an  arc  greater  than  AD. 

By  a  proeess  of  reasoning  entirely  similar,  it  may  be 
shown  that  the  fourth  term  of  the  proportion  cannot  be  • 
ess  than  AD ;  hence,  it  is  AD  itself ;  therefore,  we  have 

angle  ACB  :  angle  ACD  :  :  arc  AB  :  arc 

SclLolium  1.  Since  the  angle  at  the  eentre  of  a  circle, 
and  the  arc  intercepted  by  its  sides,  have  such  a  connec¬ 
tion,  that  if  the  one  be  augmented  or  diminished,  the  other 
will  be  augmented  or  diminished  in  the  same  ratio,  we  are 
authorized  to  assume  the  one  of  these  magnitudes  as  the 
measure  of  the  other ;  and  we  shall  henceforth  assume  the 
arc  AB  as  the  measure  of  the  angle  ACB.  It  is  only  neces¬ 
sary,  in  the  comparison  of  angles  with  each  other,  that  the 
arcs  which  serve  to  measure  them,  be  deseribed  with  equal 
radii. 

Scholium  2.  An  angle  less  than  a  right  angle  will  be 
measured  by  an  arc  less  than  a  quarter  of  the  circumfer¬ 
ence  :  a  right  angle,  by  a  quarter  of  the  circumference ; 
and  an  obtuse  angle  by  an  arc  greater  than  a  quarter,  and 
less  than  half  the  circumference. 

Scholium  3.  It  appears  most  natural  to,  measure  a  quan¬ 
tity  by  a  quantity  of  the  same  species ;  and  upon  this 
principle  it  would  be  convenient  to  refer  all  angles  to  the 
right  angle.  This  being  made  the  unit  of  measure,  an 
acute  angle  would  be  expressed  by  some  number  between 
0  and  1 ;  an  obtuse  angle  by  some  number  between  1  and  2. 
This  mode  of  expressing  angles  would  not,  however,  be 
the  most  convenient  in  practiee.  It  has  been  found  more 
simple  to  measure  them  by  the  arcs  of  a  circle,  on  account 
of  the  facility  with  which  arcs  can  be  made  to  correspond 
to  angles,  and  for  various  other  reasons.  At  all  events,  if 
the  measurement  of  angles  by  the  arcs  of  a  circle  is  in 
any  degree  indirect,  it  is  still  very  easy  to  obtain  the  direct 
and  absolute  measure  by  this  method;  since,  by  comparing 
the  fourth  part  of  the  circumference  with  the  arc  which 
serves  as  a  measure  of  any  angle,  we  find  the  ratio  of  a 
right  angle  to  the  given  angle,  which  is  the  absolute  measure. 
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Scholium  4.  All  that  has  been  demonstrated  in  t/ie  last 
three  propositions,  eoncerning  the  comparison  of  angles 
with  arcs,  holds  true  equally,  if  applied  to  the  comparison 
of  sectors  with  arcs.  For,  sectors  are  not  only  equal  when 
their  angles  are  so,  but  are  in  all  respects  proportional  to 
heir  angles;  hence,  tiuo  sectors  AOB^  ACD,  taken  in  the 
same  circle,  or  in  equal  circles,  are  to  each  other  as  the  arcs 
AB,  AD,  the  bases  of  those  sectoi's.  Hence,  it  is  evident  that 
the  arcs  of  equal  circles,  which  serve  as  a  measure  of  cor¬ 
responding  angles,  are  proportional  to  their  sectors. 

TKOPOSITION  XVIII.  THEOKEM. 

Any  inscribed  angle  is  measured  by  half  the  arc  included 

between  its  sides. 


Let  BAD  be  an  inscribed  angle,  and  let  us  first  sup¬ 
pose  the  centre  of  the  circle  to  lie  within  the  angle  BAD. 
Draw  the  diameter  AGE,  and  the  radii  CB,  CD. 

The  angle  BCE,  being  exterior  to 
the  triangle  ABC,  is  equal  to  the  sum 
of  the  two  interior  angles  GAB,  ABC 
(b.  I.,  P.  25,  c.  6)  :  but  the  triangle  BA  C 
being  isosceles,  the  angle  GAB  is  equal 
to  ABC ;  hence,  the  angle  BCE  is  double 
BA  G.  Since  BCE  is  at  the  centre, 
it  is  measured  by  the  arc  BE  (p.  17,  s.  1); 
hence,  BAG  will  be  measured  by  the 
half  of  BE.  For  a  like  reason,  the  angle  GAD  will  be 
measured  by  the  half  of  ED ;  hence,  BA  G  +  GAD,  or  BA  D 
will  be  measured  by  half  of  BE-\-ED,  or  half  of  BED. 

Secondly.  Suppose  the  centre  G  to 

^  f  ^ 

lie  without  the  angle  BAD.  Then,  draw¬ 
ing  the  diameter  ACE,  the  angle  BAE 
will  be  measured  by  the  half  of  BE', 
the  angle  DAE  by  the  half  of  DE: 
hence,  their  difference,  BAD,  will  be 
measured  by  the  half  of  BE  minus  the 
half  of  ED,  or  by  the  half  of  BD. 

Hence,  every  inscribed  angle  is  measured 
by  half  the  arc  included  between  its  sides. 
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Cor.  1.  All  the  angles  (7, 

BEC^  inscribed  in  tlie  same  segment 
arc  equal ;  because  they  are  each 
measured  by  half  of  the  same  arc 
BOO. 

Cor.  2.  Every  angle  BAD^  inscrib¬ 
ed  in  a  semicircle  is  a  right  angle; 
because  it  is  measured  by  half  the 
semicircumference  BOD^  that  is,  by 
the  fourth  part  of  the  whole  circum¬ 
ference  (p.  17,  s.  2). 

Cor.  3.  Every  angle  BAC^  inscrib¬ 
ed  in  a  segment  greater  than  a  semi¬ 
circle,  is  an  acute  angle ;  for  it  is 
measured  by  half  the  arc  BOC^  less 
than  a  semicircumference  (p.  17,  s.  2). 

And  every  angle  BOC^  inscribed 
in  a  segment  less  than  a  semicircle,  is 
an  obtuse  angle  ;  for  it  is  measured  by  half  the  arc  BA 
greater  than  a  semicircumference. 


Cor.  4.  The  opposite  angles  A  and 
(7,  of  an  inscribed  quadrilateral  ABCD^ 
ire  together  equal  to  two  right  angles  : 
for,  the  angle  BAD  is  measured  by 
half  the  arc  BCD^  the  angle  BCD  is 
measured  by  half  the  arc  BAD ;  hence, 
the  two  angles  BAD^  BCD^  taken  together,  are  measured 
by  half  the  circumference ;  hence,  their  sum  is  equal  to 
two  right  angles  (p.  17,  s.  2). 


PROPOSITION  XIX.  THEOREM. 

The  angle  formed  hy  two  chords,  which  intersect  each  other,  is 
measured  hy  half  the  sum  of  the  arcs  included  between  its  sides. 

Let  AB,  CD,  be  two  chords  intersecting  each  other  at 
E'.  then  will  the  angle  AEG,  or  DEB,  be  measured  by 
half  of  AC+DB. 
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Draw  AF  parallel  to  DC \  the 
arc  DF  will  be  eqnal  io  AC  (p.  10), 
and  the  angle  FAB  equal  to  the 
angle  DEB  (b.  i.,  p.  20,  c.  8).  But  the 
angle  FAB  is  measured  by  half  the 
arc  FDB  (p.  18) ;  therefore,  DEB  is 
measured  by  half  of  EDB ;  that 
is,  by  lialf  of  l)]>-\-DF^  oi’  liaif  of 

To  prove  the  same  for  the  angle  DEA^  or  its  equai 
BEC.  Draw  the  chord  AC.  Then,  the  angle  DCA  will 
be  measured  by  half  the  arc  DFA ;  and  the  angle  BA  C 
by  half  the  arc  CB  (p.  18).  But  the  outward  angle  AED^ 
of  the  triangle  EAC^  is  equal  to  the  sum  of  the  angles 
A  and  C  (b.  i.,  p.  25,  c.  6)  ;  hence,  this  angle  is  measured 
by  one-half  of  BC  plus  one-half  of  AFD ;  that  is,  by  half 
the  sum  of  the  intercepted  arcs.  By  drawing  a  chord 
BC^  similar  reasoning  would  apply  to  the  angle  AEC  on 
DEB. 


PKOPOSITION  XX.  THEOREM. 

The  angle  formed  by  two  secants^  is  measured  by  half  the 
difference  of  the  arcs  included  between  its  sides. 

t 

Let  AB^  A  C,  be  two  secants :  then  will  the  angle  BA  C 
be  measured  by  half  the  difference  of  the  arcs  BEC  and 
DF. 

Draw  DE  parallel  to  AC:  the 
arc  EC  will  be  equal  to  DF  (p. 

10),  and  the  angle  BDE  equal  to 
the  angle  BAC  (b.  l,  p.  20,  c.  3). 

But  BDE  is  measured  by  half  the 
arc  BE  (p.  18);  hence,  BAC  is  also 
measured  by  half  the  arc  BE ; 
that  is,  by  half  the  difference  of  BEC 
and  EC.,  and  consequently,  by  half 
the  difference  of  BEC  and  DF. 
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PKOPOSmOX  XXT.  THEOKEM. 

Any  angle  formed  hy  a  tangent  and  a  chord  passing  through 
the  point  of  contact,  is  measured  hy  half  the  arc  included 
between  its  sides. 

Let  BE  be  a  tangent,  and  AC  chord. 

From  J.,  the  point  of  contact,  draw 
the  diameter  AD.  The  angle  BAD  is 
a  right  angle  (p.  9),  and  is  measured  bj 
half  the  semicircumference  AMD  (p.  17, 
s.  2) ;  the  angle  DA  0  is  measured  by  the 
half  oi  DO]  hence,  BAD  A  DA  G,  or  BA  (7, 
is  measured  by  the  half  of  AMD  plus 
the  half  of  DC.,  or  by  half  the  whole 
arc  AMDC. 

It  may  be  shown,  by  taking  the 
angles  DAE,  DAC,  that  the  angle  CAE  is  measured 
half  the  arc  AC,  included  between  its  sides. 
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PROBLEMS 

RELATING  TO  THE  FIRST  AND  THIRD  BOOKS 

PEOBLEM  I. 


D 

><^ 


To  bisect  a  given  straight  line. 

Let  HR  be  the  given  straight  line. 

From  the  points  A  and  B  as  cen¬ 
tres,  with  a  radius  gi’eater  than  the  half 
of  AB,  describe^  two  arcs  cutting  each 
other  in  D]  the  point  D  will  be  equal¬ 
ly  distant  from  A  and  B.  Find,  in  like  _| _ 

manner,  above  or  beneath  the  line  AB,  ^ 
a  second  point  E,  equally  distant  from 
the  points  A  and  R;  through  the  two  ' 
points  D  and  E,  draw  the  line  DE, 
and  the  point  C,  where  this  line  meets  AB,  will  be  equally 
distant  from  A  and  R. 
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lor,  the  two  points  D  and  being  each  equally  dis¬ 
tant  from  the  extremities  A  and  must  both  lie  in  the 
perpendicular  raised  at  the  middle  point  of  AB  (b.  i.,  p.  16,  c). 
But  only  one  straight  line  can  be  drawn  through  two 
given  points  (a.  11) ;  hence,  the  line  BE  must  itself  be  .that 
perpendicular,  which  divides  AB  into  two  equal  parts. 


PROBLEM  II. 


At  a  given  pointy  in  a  given  straight  line,  to  erect  a  perpendic¬ 
ular  to  that  line. 

Let  BC  ho.  the  given  line,  and  A  the  given  point. 

Take  the  points  B  and  0  at  equal 
distances  from  A ;  then  from  the  points 
B  and  C  as  centres,  with  a  radius  great¬ 
er  than  BA,  describe  two  arcs  inter¬ 
secting  each  other  at  D ;  draw  AD  and 
it  will  be  the  perpendicular  required. . 

For,  the  point  D,  being  equally  distant  from  B  and  C, 
must  be  in  the  perpendicular  raised  at  the  middle  oi  BG 
(b.  l,  p.  16) ;  and  since  two  points  determine  a  line,  AD  is 
that  perpendicular. 

Scholium.  The  same  construction  serves  for  making  a 
right  angle  BAD,  at  a  given  point  A,  on  a  given  straight 
line  BG. 


PROBLEM  III. 


From  a  given  point,  without  a  straight  line,  to  let  fall  a  per¬ 
pendicular  on  that  line. 

Let  A  be  the  point,  and  BD  the  given  straight  line. 

From  the  point  as  a  centre,  and 
with  a  radius  sufficiently  great,  des¬ 
cribe  an  arc  cutting  the  line  BD  in 
two  points  B  and  D',  then  mark  a 
point  E,  equally  distant  from  the 
points  B  and  D,  and  draw  AE:  it 
■W'ill  be  the  perpendicular  required. 

For,  the  two  points  A  and  E  are  each  equally  distant 
from  the  points  B  and  D]  hence,  the  line  AE  is  a  perpen¬ 
dicular  passing  through  the  middle  of  BD  (b.  I.,  P.  16,  c). 
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PKOBLEM  IV. 

At  a  point  in  a  given  line^  to  construct  an  angle  equal  to  a 

given  angle. 

Let  A  be  the  given  point,  AB  the  given  line,  and  IKL^ 
the  given  angle. 

From  the  vertex  as  a 
centre,  with  any  radius,  KI, 
describe  the  arc  /Z,  termina¬ 
ting  in  the  sides  of  the  angle. 

From  the  point  as  a  centre,  with  a  distance  AB^  equal 
to  KI^  describe  the  indefinite  arc  B  0 ;  then  take  a  radius 
equal  to  the  chord  LI^  with  which,  from  the  point  Z  as  a 
centre,  describe  an  arc  cutting  the  indefinite  arc  BO^  in  D\ 
draw  AD'^  and  the  angle  BAD  will  be  equal  to  the  given 
angle  K. 

For,  the  two  arcs  Z.D,  LI^  have  equal  radii,  and  equal 
chords ;  hence,  they  are  equal  (p.  4) ;  therefore,  the  angles 
BAD^  IKL^  measured  by  them,  are  also  equal  (p.  15). 

/ 

PEOBLEM  V. 

# 

To  bisect  a  given  arc^  or  a  given  angle. 

First.  Let  it  be  required  to  divide  the  arc  AEB  into 
two  equal  parts.  From  the  points  A  and  B^  as  centres, 
with  equal  radii,  describe  two  arcs  cutting  each  other  in 
Z;  through  the  point  D  and  the  centre  draw  CD:  it 
will  bisect  the  arc  AB  in  the  point  E. 

For,  the  two  points  C  and  D  are 
each  equally  distant  from  the  extremi¬ 
ties  A  and  B  of  the  chord  AB ;  hence, 
the  line  CD  bisects  the  chord  at  right 
angles  (b.  l,  p.  16,  c) ;  and  consequent¬ 
ly,  it  bisects  the  arc  AEB  in  the  point 
E  (p.  6). 

Secondly.  Let  it  be  required  to  divide  the  angle  ACB 
into  two  equal  parts.  We  begin  by  describing,  from  the 
vertex  2^  ^  centre,  the  arc  AEB\  which  is  then  bisect- 


C 


BOOK  III. 


79 


ed  as  above.  It  is  plain  that  the  line  CD  will  divide  the 
angle  ACB  into  two  equal  parts  (p.  17,  S.  1). 

Scholium.  By  the  same  construction,  each  of  the  halves 
AE^  EB^  may  be  divided  into  two  equal  parts ;  and  thus, 
by  successive  subdivisions,  a  given  angle,  or  a  given  arc, 
may  be  divided  into  four  equal  parts,  into  eight,  into  six¬ 
teen,  and  so  on. 


PEOBLEM  VI. 

Through^  a  given  pointy  to  draw  a  line  parallel  to  a  given 

straight  line. 


Let  A  be  the  given  point,  and  BO  the  given  line. 

From  the  point  as  a  centre, 
with  a  radius  greater  than  the 
shortest  distance  from  A  to  BO^ 
describe  the  indefinite  arc  EG 
from  the  point  ^  as  a  centre, 
with  the  same  radius,  describe  the  arc  AE\  lay  off  ED=^ 
AF.,  and  draw  AD:  this  is  the  parallel  required. 

For,  drawing  AE^  the  angles  AEF^  EAD^  a^e  equal 
(P.  15) ;  therefore,  the  lines  AD^  EF^  are  parallel  (b.  i., 
P.  19,  C.  1). 


PEOBLEM  VII. 

Tivo  angles  of  a  triangle  being  given^  to  find  the  third. 

Let  A  and  B  be  the  given  angles. 

Draw  the  indefinite  line  DEE] 
at  any  point  as  E^  make  the  angle 
DEG  equal  to  the  angle  J.,  and 
t^^e  angle  CEH  equal  to  the  other 
angle  B:  the  remaining  angle  HEF 
will  be  the  third  angle  required;  because, these  three  angles 
are  together  equal  to  two  right  angles  (b.  i.,  p.  1,  c.  3),  and 
so  are  the  three  angles  of  a  triangle  (b.  i.,  p.  25) ;  conse¬ 
quently,  HEF  is  equal  to  the  third  angle  of  the  triangle 
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PEOBLEM  VIII. 

Two  sides  of  a  tvianglej  and  the  angle  which  they  contain^  heing 

given,  to  construct  the  triangle. 

Let  the  lines  B  and  C  be  equal  to  the  given  sides,  and 
A  the  given  angle. 

Having  drawn  the  indefinite 
line  DF,  make  at  the  point  D, 
the  angle  FDE  equal  to  the  given 
angle  A  5  then  take  DO—B,  DII= 

C,  and  draw  QH  :  DGFd  will  be 
the  .triangle  required  (b.  i.,  P.  5). 

PEOBLEM  IX. 

A  side  and  two  angles  of  a  triangle  heing  given,  to  constmct 

the  triangle. 

The  two  angles  will  either  be 
both  adjacent  to  the  given  side, 
or  one  will  be  adjacent,  and  the 
other  opposite :  in  the  latter  case 
find  the  third  angle  (PROB.  7), 
and  the  two  adjacent  angles  will  be  known.  Then  draw 
the  straight  line  BE,  and  make  it  equal  to  the  given  side: 
at  the  point  D,  make  an  angle  EDF,  equal  to  one  of  the 
adjacent  angles,  and  at  E,  an  angle  DEG  equal  to  the 
other :  the  two  lines  DF,  EG,  will  intersect  each  other  in 
H',  and  DEH  will  be  the  triangle  required  (b.  l,  p.  6). 

PEOBLEM  X. 

The  three  sides  of  a  triangle  heing  given,  to  construct  the  triangle. 

Let  A,  B,  and  0,  denote  the  three  given  sides. 

Draw  BE,  and  make  it  equal 
to  the  side  A]  from  the  point  B 
as  a  centre,  with  a  radius  equal 
to  the  second  side  B,  describe  an 
arc ;  from  j57  as  a  centre,  with  a 
radius  equal  to  the  third  side  C, 
describe  another  arc  intersecting  the  former  in  F ’,  draw 
BF,  EF]  and  DEF  will  be  the  triangle  required  (b.  I.,  P.  10). 
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Scholium,  If  one  of  the  sides  were  greater  than  the 
sum  of  the  other  two,  the  arcs  would  not  intersect  each 
other,  for  no  such  triangle  could  exist  (b.  i.,  p.  7) :  but  the 
i;olutioii  will  always  be  possible,  when  the  sum  of  each  two 
of  the  lines,  is  greater  than  the  third. 


PROBLEM  XL 

Two  sides  of  a  triangle,  and  the  angle  opposite  one  of  them, 
being  given,  to  construct  the  triangle. 

Let  A  and  B  be  the  given  sides,  and  C  the  given  angle. 
There  are  two  cases. 

First.  When  the  angle  C  is 
a  right  angle,  or  when  it  is  ob¬ 
tuse.  Draw  DF  and  make  the 
angle  FDE—G\  take  DE~A\ 
from  the  point  ^  as  a  centre, 
with  a  radius  equal  to  the  given 
side  B,  describe  an  arc  cutting 
DF  in  F]  draw  EF]  then  DEF 
will  be  the  triangle  required. 

In  this  case,  the  side  B  must 

be  greater  than  A  ;  for  the  angle  0  being  a  right  angle,  or 
an  obtuse  angle,  is  the  greatest  angle  of  the  triangle  (b.  l, 
P.  25,  C.  3),  and  the  side  opposite  to  it  must,  therefore,  also 
be  the  greatest  (b.  l,  p.  13). 

Secondly.  If  the  angle  Q  is 
acute,  and  B  greater  than  A,  the 
same  construction  Av^ill  again  ap¬ 
ply,  and  DEF  will  be  the  trian¬ 
gle  required. 

But  if  the  angle  C  is  acute, 
and  the  side  B  less  than  A,  then 
the  arc  described  from  the  centre 
E,  with  the  radius  EF—B,  will 
cut  the  side  DF  in  two  points 
F  and  G,  lying  on  the  same  side 
of  D\  hence,  there  will  be  two 

triangles  DEF,  DEG,  either  of  which  will  satisfy  all  the 
conditions  of  the  problem. 


0. 
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Scholium.  If  the  arc  described  with  ^  as  a  centre,  should 
be  tangent  to  the  line  the  triangle  would  be  right 

angled,  and  there  would  be  but  one  solution.  The  pro¬ 
blem  will  be  impossible  in  all  cases,  when  the  side  B  is  less 
than  the  perpendicular  let  fall  from  E  on  the  line  DF. 


PROBLEM  XIl' 


The  adjacent  sides  of  a  parallelogram  and  their  included  angk 
being  given^  to  construct  the  parallelogram. 

Let  A  and  B  be  the  given  sides,  and  G  the  given  angle. 
Draw  the  line  and 

lay  off  BE  equal  to  A :  at 
the  point  make  the  angle 
EDF=0\  t2ikeDF=B\  des¬ 
cribe  two  arcs,  the  one  from 
as  a  centre,  with  a  radius 
FG=BE^  the  other  from  E 

as  a  centre,  with  a  radius  EG 
=BF]  to  the  point  G,  where  these  arcs  intersect  each  other, 

draw  FG,  EG ;  DEGF  will  be  the  parallelogram  required. 

For,  the  opposite  sides  are  equal,  by  construction , 
hence,  the  figure  is  a  parallelogram  (b.  I.,  P.  29);  and  it  is 
formed  with  the  given  sides  and  the  given  angle. 

Cor.  If  the  given  angle  is  a  right  angle,  the  figure  will 
be  a  rectangle ;  if,  in  addition  to  this,  the  sides  are  equal, 

it  will  be  a  square. 


PROBLEM 
To  find  the  ceyitre  of  a 

Take  three  points.  A,  B, 

0^  anywhere  in  the  circum¬ 
ference,  or  in  the  arc ;  draw 
AB^  BC^  or  suppose  them  to 
be  drawn;  bisect  these  two 
lines  by  the  perpendiculars 
1) E,  FG  (PROB.  1) :  the  point 
0,  where  these  perpendicu¬ 
lars  meet,  will  be  the  centre 
sought  (p.  6,  s). 


XIII. 

given  circle  or  arc. 
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Scholium.  The  same  construction  serves  for  making  a 
circumference  pass  through  three  given  points  (7; 

and  also  for  describing  a  circumference,  which  shall  cir¬ 
cumscribe  a  given  triangle  ABG. 


PEOBLEM  XIV. 

Through  a  given  pointy  to  draw  a  tangent  to  a  given  circle. 

Let  A  be  the  given  point,  and  G  the  centre  of  the 
given  circle. 


If  the  given  point  A  lies  in  the 
circumference,  draw  the  radius  6Zd,  and 
erect  AD  perpendicular  to  it :  AD  will 
be  the  tangent  required  (p.  9). 

If  the  point  A  lies  without  the  cir¬ 
cle,  join  A  and  the  centre,  bj  the 
straight  line  GA:  bisect  GA  in  0  ; 
from  0  as  a  centre,  with  the  radius 
OG^  describe  a  circumference  intersect¬ 
ing  the  given  circumference  in  ^ ;  i 
draw  AB :  this  will  be  the  tangent  ' 
required. 

For,  drawing  GB^  the  angle  GBA 
being  inscribed  in  a  semicircle  is  a 
right  angle  (p.  18,  c.  2)  ;  therefore,  AB  is  a  perpendicular,  at 
the  extremity  of  the  radius  GB ;  hence,  it  is  a  tangent  (p.  9). 


Scholium  1.  When  the  point  A  lies  without  the  circle, 
there  will  be  two  equal  tangents,  AB,  AD,  passing  through 
the  point  A  :  for,  there  will  be  two  right-angled  triangles. 
GBA,  CDA,  having  the  hypothenuse  GA  common,  and  the 
Si.de  CB  GD ',  hence,  there  will  be  two  equal  tangents, 
AB,  AD.  The  angles  GAD,  GAB,  are  also  .equal  (b.  L,  p.  17). 

jScholium  2.  i\.s  there  can  be  but  one,  line  bisecting  the 
angle  BAD,  it  follows,  that  the  line  which  bisects  the  angle 
formed  by  two  tangents,  must  pass  through  the  centre  of 
the  circle. 
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PROBLEM  XV. 

To  inscribe  cl  circle  in  cl  given  triangle. 

Let"  ABG  be  the  given  triangle. 

Bisect  tbe  angles  A  and 
by  tbe  lines  AO  and  BO^ 
meeting  in  tbe  point  0  (prob. 

5);  from  tbe  point  0,  let  fall 
tbe  perpendiculars  OD^  OB,  OF 
(prob.  8),  on  tbe  three  sides  of 
tbe  triangle  :  these  perpendic¬ 
ulars  will  all  be  equal. 

For,  by  construction,  we  have  tbe  angle  DA  0—  OAF, 
the  right  angle  ADO^AFO hence,  the  third  angle  AOD 
is  equal  to  the  third  AOF  (b.  l.,  P.  25,  C.  2).  Moreover, 
the  side  M  0  is  common  to  the  two  triangles  A  OD,  A  OF ; 
and  the  angles  adjacent  to  the  equal  side  are  equal :  hence, 
the  triangles  themselves  are  equal  (b.  i.,  p.  6);  and  DO  is 
equal  to  OF.  In  the  same  manner  it  may  be  shown  that 
the  two  triangles  BOD,  BOB,  are  equal ;  therefore  OD  is 
equal  to  OF ;  hence,  the  three  perpendiculars  OD,  OF,  OF, 

are  all  equal. 

Now,  if  from  tbe  point  0  as  a  centre,  with  tbe  radius 
OD,  2L  circle  be  described,  this  circle  will  be  inscribed  in 
tbe ’triangle  ABG  (b.  11);  for,  tbe  side  .IE,  being  perpen- 
dicular  to  tbe  radius  af  its  extremity,  is  a  tangent  (p.  9) ; 
and  tbe  same  thing  is  true  of  tbe  sides  BG,  AG. 

Scholium.  Tbe  three  lines  which  bisect  tbe  three  angles 
of  a  triangle  meet  in  tbe  same  point. 

V 

PROBLEM  XVI. 

On  a  given  straight  line  to  describe  a  segment  that  shall  contain 
a  given  angles  that  is  to  say,  a  segment  such,  that  any 
angle  inscribed  in  it  shall  be  equal  to  a  given  angle. 

Let  AB  be  tbe  given  straight  bne,  and  G  tbe  given  angle. 
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Produce  AB  towards  D.  At  tlie  point  make  tke 
angle  DBE~Q\  draw  BO  perpendicular  to  BE^  and  at 
the  middle  point  6^,  draw  QO  perpendicular  to  AB\  from 
tke  point  0,  where  these  perpendiculars  meet,  as  a  centre, 
with  the  distance  OB^  describe  a  circumference  :  the  re¬ 
quired  segment  will  be  AMB. 

For,  since  BE  is  perpendicular  to  the  radius  OB  at  its 
extremity,  it  is  a  tangent  (p.  9),  and  the  angle  ABF  is 
measured  by  half  the  arc  AKB  (p.  21).  Also,  the  angle 
AMB^  being  an  inscribed  angle,  is  measured  by  half  the 
arc  AKB  (p.  18) :  hence,  we  have  AMB~ABF=EBD—C\ 
hence,  any  angle  inscribed  in  the  segment  AMB  is  equal 
to  the  given  angle  C. 

Scholium.  If  the  given  angle  were  a  right  angle,  the 
required  segment  would  be  a  semicircle  described  on  AB  as 
a  diameter. 


PROBLEM  XVII. 


Two  angles  being  given^  to  find  their  common  measure.^  if  they 
have  one^  and  by  means  of  it^  their  ratio  in  numbers. 

Let  CAD  and  EBF  be  the  given  angles.  With  A  and  B 
as  centres,  and  with  equal  radii 
describe  the  arcs  CD^  EF^  to 
serve  as  measures  for  the  angles. 

Afterwards,  proceed  in  the  com¬ 
parison  of  the  arcs  CD^  EF,  in 
the  same  manner  as  in  the 
comparison  of  two  straight  lines  (b.  ii.,  d.  4) ;  since  an  arc 
may  be  cut  off  from  an  arc  of  the  same  radius,  as  a  straight 
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line  from  a  straight  line.  We 
shall  thus  arrive  at  the  com¬ 
mon  measure’ of  the  arcs  CD^ 

EF^  if  they  have  one,  and 
thereby  at  their  ratio  in  num¬ 
bers.  This  ratio  will  be  the 
same  as  that  of  the  given  angles  (p.  17);  and  if  DO  is  the 
.common  measure  of  the  arcs,  the  angle  DAO  will  be  that 
of  the  angles.  . 

Scholium.  According  to  this  method,  the  absolute  value 
of  an  angle  may  be  found  by  comparing  the  arc  which 
measures  it,  with  a  quarter  circumference.  For  example,  if  a 
quarter  circumference  is  to  the  arc  GD  as  3  to  1,  then, 
the  angle  A  will  be  J  of  one  right  angle,  or  of  four 
I'ight  angles. 

It  may  also  happen,  that  the  arcs  compared  have  no 
common  measure ;  in  which  case,  the  numerical  ratios  of 
the  angles  will  only  be  found  approximatively  with  more 
or  less  correctness,  according  as  the  operation  is  continued 
a  greater  or  less  number  of  times. 
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PKOPOETIONS  OF  FIGUKES— MEASUREMENT  OF  AREAS, 

definitions. 

1.  Similar  Figures  are  those  which  are  mutually  equi¬ 
angular  (b.  i.j  D.  22),  and.  have  their  sides  about  the  equal 
angles,  taken  in  the  same  order,  proportional. 

2.  In  figures  which  are  mutually  equiangular,  the  angles 
which  are  equal,  each  to  each,  are  called  homologous  angles : 
and  the  sides  which  are  like  situated,  in  respect  to  the 
equal  angles,  are  called  homologous  sides. 

8.  Area,  denotes  the  superficial  contents  of  a  figure. 
The  area  of  a  figure  is  expressed  numerically  by  the  num¬ 
ber  of  times  which  the  figure  contains  some  other  figure 
regarded  as  a  unit  of  measure. 

4.  Equivalent  Figures  are  those  which  have  equal 
areas.  The  term  equals  when  applied  to  quantity  in  gen¬ 
eral,  denotes  an  equality  of  measures;  but  when  applied 
to  geometrical  figures  it  denotes  an  equality  in  every  re- 

r  spect ;  and  such  figures  when  applied  the  one  to  the  other, 
coincide  in  all  their  parts  (a.  14).  'The  term  equivalent, 
denotes  an  equality  in  one  respect  only ;  viz. :  an  equality 
between  the  measures  of  figures.  The  sign  =0,  denotes 
equivalency,  and  is  read,  is  equivalent  to, 

5.  Two  sides  of  one  figure  are  said  to  be  reciprocally: 
proportional  to  two  sides  of  another,  when  one  of  the  sides 
of  the  first  is  to  one  of  the  sides  of  the  second,  as  the 
remaining  side  of  the  second  is  to  the  remaining  side  of 

the  first. 
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6.  Similar  Arcs,  Sectors,  or.  Segments,  are  those, 
which  in  different  circles,  correspond  to  equal  angles  at  the 
centre. 

Thus,  if  the  angles  A  and  0  are 
equal,  the  arc  BFC  will  be  similar  to 
DGE^  the  sector  BAG  to  the  sector 
DOE^  and  the  segment  BCE^  to  the 
segment  DEG. 


7.  The  Altitude  of  a  triangle  is  the 
perpendicular  let  fall  from  the  vertex  of 
an  angle  on  the  opposite  side,  or  on  that 
side  produced :  such  side  is  then  called 
a  base. 

8.  The  altitude  of  a  parallelogram 
is  the  perpendicular  distance  between 
two  opposite  sides.  These  sides  are 
called  bases, 

9.  The  altitude  of  a  trapezoid  is  the 
perpendicular  distance  between  its  two 
parallel  sides. 


PROPOSITION  I.  theorem. 


Parallelograms  wliicli  have  equal  bases  and  equal  altitudes^  art 

equivalent. 

Since  the  two  parallelograms  have  equal  bases,  those 
bases  may  be  placed  the  one  on  the  other.  Therefore,  let 
AB  be  the  common  base  of  the  two  parallelograms  ABOD^ 
ABEF^  which  have  the  same  altitude:  then  will  they  be 
equivalent. 

For,  in  the  parallelogram  D  OF  E  DFGE 
ABCD^  we  have 

A  B  =DC,  and  AD^BC  (b.  l,  p.  28) ; 


and  in  the  parallelogram  ABEF^ 
we  have, 

A^B-=EF,  and  AF=BE: 
hence,  DC=EF  (a.  1). 

Now,  if  from  the  line  DE^  we  take  away  DC^  there  will 
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remain  CE]  and  if  from  tlie  same  line  we  take  aiYay  EF^ 

there  will  remain  DF] 

hence,  CE —DF  (a.  8) ; 

therefore,  the  triangles  ADF  and  BCE  are  mutually  equi¬ 
lateral,  and  consequent!}^,  equal  (b.  I.,  P.  10). 

But  if  from  the  quadrilateral  ABED^  we  take  away  the 
triangle  AIJF^  there  will  remain  the  parallelogram  ABEF\ 
and  if  from  the  same  quadrilateral,  we  take  away  the  equal 
triangle  BCE^  there  will  remain  the  parallelogram  ABCD. 
Hence,  any  two  parallelograms,  which  have  equal  bases  and 
equal  altitudes,  are  equivalent. 

Scholium.  Since  the  rectangle  and  square  are  parallelo¬ 
grams  (b.  I.,  D.  25),  it  follows  that  either  is  equivalent  to 
any  parallelogram  having  an  equal  base  and.  an  equal 
altitude.  And  generally,  whatever  property  is  proved  as 
belonging  to  a  parallelogram,  belongs  equally  to  every 
variety  of  parallelogram. 

PROPOSITION  II.  THEOREM. 

V 

If  a  triangle  and  a  parallelogram  have  equal  bases  and  equai 
altitudes^  the  triangle  will  he  equivalent  to  half  the  par- 
allelogram. 

Place  the  base  of  the  triangle  on  that  of  the  parallelo¬ 
gram  ABED:  then  will  they  have  a  common  base  AB. 

Now,  since  the  triangle  and  the  y)  F  E  C 
parallelogram  have  equal  altitudes,  \ 
the  vertex  (7,  of  the  triangle,  will  \  / 

be  in  the  upper  base  of  the  par- 
allelogram,  or  in  that  base  pro-  A  B 

longed  (b.  i.,  p.  23).  Through  A,  draw  AE  parallel  to 
forming  the  parallelogram  ABCE. 

Now,  the  parallelograms  ABED,  ABCE,  are  equivalent, 
having  the  same  base  and  the  same  altitude  (p.  1).  But  the 
triangle  ABC  is  half  the  parallelogram  BE  I.,  P.  28,  c.  1). 
therefore,  it  is  equivalent  to  half  the  parallelogram  BB 

(A.  7). 

Cor.  All  triangles  which  have  equal  bases  and  equal 
altitudes  are  equivalent,  being  halves  of  equivalent  paral¬ 
lelograms. 
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PROPOSITION  III.  THEOREM. 

Tivo  rectangles  having  equal  altitudes  are  to  each  other  as  their 

bases. 


Let  ABCD^  AEFD^  be  two  rectangles  having  tlie  com 
mon  altitude  AD:  they  are  to  each  other  as  their  bases 
AB,  AB. 

First.  Suppose  that  the  bases 
are  commensurable,  and  are  to 
each  other,  for  example,  as  the 
numbers  7  and  4.  If  AB  be  di¬ 
vided  into  7  equal  parts,  AE 
will  contain  4  of  those  parts.  At  each  point  of  division 
erect  a  perpendicular  to  the  base ;  seven  partial  rectangles 
will  thus  be  formed,  all  equal  to  each  other,  because  they 
have  equal  bases  and  the  same  altitude  (p.  1,  s).  The  rec¬ 
tangle  ABCD  will  contain  seven  partial  rectangles,  while 
AEFD  will  contain  four:  hence,  the  rectangle 

ABCD  :  AEFD  :  :  7  :  4,  or  as  AB  :  AE. 


D  F  0 

.  ■  '  .  r'~~  '  »  '  * 

i  I  :  j  I 

I  i  i  11 

i  i  I  i 

I  -I  i  I  I  !  !  I 

A  E  B 


The  same  reasoning  may  be  applied  to  any  other  ratio 
equally  with  that  of  7  to  4 :  hence,  whatever  be  the  ratio, 
we  have,  when  its  terms  are  commensurable. 


ABCD  :  AEFD  :  :  AB  :  AE. 


AEj  are  incommensurable :  we  shall  still 
have 


ABCD  :  AEFD 


AB  :  AE. 


D 

F] 

K  C 

A 

E] 

[OB 

For,  if  the  rectangles  are  not  to  each 
other  in  the  ratio  of  AB  to  AE^  they  are  to  each  other  in 
a  ratio  greater  or  less:  that  is,  the  fourth  term  must  be 
greater  or  less  than  AE.  Suppose  it  to  be  greater,  and 
that  we  have 


ABCD  :  AEFD  :  :  AB  :  AO. 

\ 

Divide  the  line  AB  into  equal  parts,  each  less  than  EO. 
There  will  be  at  least  one  point  I  of  division  between  E 
and  0:  from  this  point  draw  IK  perpendicular  to  AT, 
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forming  the  new  rectangle  AK :  then,  since  the  bases  AB^ 
AI^  are  commensurable,  we  have, 

ABGD  :  AIKD  :  :  AB  :  AL 

But  by  hypothesis  we  have 

ABCD  :  AEFD  :  :  AB  :  AO. 

In  these  two  proportions  the  antecedents  are  equal ; 
hence,  the  consequents  are  proportional  (b.  ii.,  P.  4),  that  is, 

AIKJJ  :  AEFD  :  :  AI  \  AO. 

But  AO  is  greater  than  AI ;  which  requires  that  the 
rectangle  AEFD  be  greater  than  AIKD :  on  the  contrary, 
however,  it  is  less  (a.  8) ;  hence,  the  proportion  is  not  true ; 
therefore  ABGD  cannot  be  to  AEFD^  as  AB  is  to  a  line 
greater  than  AE. 

In  the  same  manner,  it  may  be  shown  that  the  fourth 
term  of  the  proportion  cannot  be  less  than  AE\  therefore, 
being  neither  greater  nor  less,  it  is  equal  to  AE.  Hence, 
any  two  rectangles  having  equal  altitudes,  are  to  each  other 
as  their  bases. 


PKOPOSmON  IV.  THEOEEM. 

Any  two  rectangles  are  to  each  other  as  the  products  of  their 

bases  and  altitudes. 

Let  ABGDj  AEGF^  be  two  rectangles;  then  will  the 
rectangle, 

ABGD  :  AEGF  ::  ABxAD  :  AExAF. 

Having  placed  the  two  rect¬ 
angles,  so  that  the  angles  at  A 
are  opposite,  produce  the  sides 
GE^  GD^  till  they  meet  in  H. 

Then,  the  two  rectangles  ABGD^ 

AEHD^  having  the  same  altitude 
AD^  are  to  each  other  as  their  bases  AB^  AE :  in  like 
manner  the  two  rectangles  AEHD^  AEGF^  having  the  same 
altitude  AE^  are  to  each  other  as  their  bases  AD^  AF  • 
thus  we  have, 

ABGD  :  AEHD  :  :  AB  :  AE, 

AEHD  :  AEGF  ::  AD  :  AE. 
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Multiplying  the  corresponding  terms  of  these  propor¬ 
tions  together  (b.  ii.,  p.  13),  and  omitting  the  factor  AEHD^ 
which  is  common  to  both  the  antecedent  and  consequent 
(b.  II.,  p.  7),  we  have 

ABCD  :  AEGF  :  :  ABxAD  :  AExAF, 

Scholium  1.  If  we  take  a  line  of  a  given  length,  as  one 
inch,  one  foot,  one  yard,  &c.,  and  regard  it  as  the  linear 
unit  of  measure,  and  find  how  many  times  this  unit  is 
contained  in  the  base  of  any  rectangle,  and  also,  how  many 
times  it  is  contained  in  the  altitude  :  then,  the  product  of 
these  two  ratios  may  be  assumed  as  the  measure  of  the 
rectangle. 

For  example,  if  the  base 
of  the  rectangle  A  contains 
ten  units  and  its  altitude  three, 
the  rectangle  will  be  repre¬ 
sented  by  the  number  10x3 
=30 ;  a  number  which  is  entirely  abstract,  so  long  as  we  ' 
regard  the  numbers  10  and  3  as  ratios. 

But  if  we  assume  the  square  constructed  on  the  linear 
unit,  as  the  unit  of  surface,  then,  the  product  will  give 
the  number  of  superficial  units  in  the  surface ;  because,  for 
one  unit  in  height,  there  are  as  many  superficial  units  as 
there  are  linear  units  in  the  base;  for  two  units  in  height, 
twice  as  many ;  for  three  units  in  height,  three  times  as 
many,  ko,. 

In  this  case,  the  measurement  which  before  was  merely 
relative,  becomes  absolute :  the  number  30,  for  example, 
by  which  the  rectangle  was  measured,  now  represents  30 
superficial  units,  or  30  of  those  equal  squares  described  on 
the  unit  of  linear  measure :  this  is  called  the  Area  of  the 
rectangle. 

Scholium  2.  In  geometry,  the  product  of  two  lines  fre¬ 
quently  means  the  same  thing  as  their  rectangle^  and  this 
expression  has  passed  into  arithmetic,  where  it  serves  to 
designate  the  product  of  two  unequal  numbers.  The  term 
square  is  employed  to  designate  the  product  of  a  numbei 
multiplied  by  itself. 
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The  squares  of  the  numbers  1,  2,  3, 
&c.;  are  1,  4,  9,  &c.  So  likewise,  the 
geometrical  square  constructed  on  a 
double  line  is  evidently  four  times  as 
great  as  the  square  on  a  single  one ;  on 
a  triple  line  it  is  nine  times  as  great, 

&c. 
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PEOPOSITION  V.  THEOEEM. 

The  area  of  a  parallelogram  is  equal  to  the  product  of  its  base 

and  altitude.  ^ 

Let  ABCD  be  any  parallelogram,  and  BE  its  altitude: 
then  will  its  area  be  equal  to  AB  X  BE.  Draw  BE  per¬ 
pendicular  to  AB,  and  complete  the  rectangle 

The  parallelogram  ABCD  is  equiv-  ^ — V - p 

alent  to  the  rectangle  ABEF  (p.1,s.); 
but  this  rectangle  is  measured  by  AB  X  ^ 

BE  (p.  4,  s.  1);  therefore,  ABxBE  is  a 
equal  to  the  area  of  the  parallelogram  ABCD. 

Cor.  Parallelograms  of  equal  bases  are  to  each  other  as 
their  altitudes ;  and  parallelograms  of  equal  altitudes  are  to 
each  other  as  their  bases.  For,  let  C  and  D  denote  the 
altitudes  of  two  parallelograms,  and  B  the  base  of  each : 

then,  BxC  :  BxD  :  C  i  H  (b.  ii.,  p.  7). 

If  A  and  B  are  the  bases,'  and  C  the  altitude  of  each,  we 

shall  have, 

AxC  :  BxC  ::  A  •.  B-. 

and  parallelograms,  generally,  are  to  each  other  as  the  pro¬ 
ducts  of  their  bases  and  altitudes. 


PEOPOSITION,  VI.  THEOEEM. 


The  area  of  a  triangle  is  equal  to  half  the  product  of  its  base^ 

and  altitude. 

Let  BAC  he,  &  triangle,  and  AD  perpendicular  to  the 
base:  then  wUl  its  area  be  equal  to  one-half  of  BCxAD. 
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For,  draw  CE  parallel  to  BA^  and 
AE  parallel  to  BG,  completing  the  par¬ 
allelogram  BE.  Then,  the  triangle  ABO 
is  half  the  parallelogram  ABGE,  which 
has  the  S9;me  base  BG,  and  the  same 
altitude  AB  (p.  2) ;  but  the  area  of  the  parallelogram  is 
equal  to  BOxAD  (p.  5);  hence,  that  of  the  triangle  must 
be  \BGxAD^  or  BOx\AB. 

Got.  Two  triangles  of  equal  altitudes  are  to  each  other 
as  their  bases,  and  two  triangles  of  equal  bases  are  to  each 
other  as  their  altitudes.  And  triangles  generally,  are  to 
each  ^  other,  as  the  products  of  their  bases  and  altitudes. 


PKOPOSITION  VII.  THEOKEM. 

The  area  of  a  trapezoid  is  equal  to  the  product  of  its  altitude, 
hy  half  the  sum  of  its  parallel  bases. 

Let  ABGD  be  a  trapezoid,  EF  its  altitude,  AB  and  OD 
its  parallel  bases:  then  will  its  area  be  equal  to  EFx 
{{AB  +  OD\ 

Through  I,  the  middle  point  of  the 
side  BO,  draw  KL  parallel  to  the  op¬ 
posite  side  AD]  and  produce  DO  till 
it  meets  KL. 

In  the  triangles  IBL,  lOK,  we  have 
the  side  IB—IG,  by  construction;  the  angle  LIB— OIK 
(b.  I.,  P.  4) ;  and  since  OK  and  BL  are  parallel,  the  angle 
IBL—IGK  (b.  I.,  P.  20,  c.  2) ;  hence,  the  triangles  are  equal 
(b.  I.,  P.  6) ;  therefore,  the  trapezoid  ABGD  is  equivalent  to 
the  parallelogram  ALKD,  and  consequently,  is  measured  by 
EFxAL  (p.  6). 

But  we  have  AL—DK]  and  since  the  triangles  IBL 
and  KOI  are  equal,  the  side  BL—  OK :  hence  ABA  OD— 
ALADK—2AL]  hence,  AL  is  the  half  sum  of  the  bases 
AB,  OD ;  hence,  the  area  of  the  trapezoid  ABGD,  is  equal 
to  the  altitude  EF  multiplied  by  the  half  sum  of  the  bases 
AB,  OD,  a  result  which  is  expressed  thus: 

ABAOD 
AB0D=EFx - 
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Scholium.  If  through  I,  the  middle  point  of  BC^  the 
line  IH  be  drawn  parallel  to  the  base  AB^  it  will  bisect 
AD  at  H.  For,  since  the  figure  A  LIE  is  a  parallelogram, 
as  also,  HIKD^  their  opposite  sides  are  parallel,  and  we 
have  AH—IL^  and  DH=IK',  but  since  the  triangles  LBI^ 

CKO.  are  equal,  we  have  IL=IK]  therefore,  AH=HD. 

AB  +  OD 

But  since  the  line  HI=AL^  it  is  also  equal  to - ^ - j 

hence,  the  area  of  the  trapezoid  may  also  be  expressed 
by  BFxEI]  consequently,  the  area  of  a  trapezoid  is  equal 
to  its  altitude  multiplied  hy  the  line  which  connects  the  middle 
points  of  its  inclined  sides. 


PKOPOSITION  VIII.  THEOREM. 


The  square  described  on  the  sum  of  two  lines  is  equivalent  to 
the  sum  of  the  squares  described  on  the  lines,  together  loith 
twice  the  rectangle  contained  by  the  lines. 

Let  AB,  BG,  be  any  two  lines,  and  AC  their  sum; 
then 

or  {ABABGf  o  AB^  +  ^  +  2^5  X  BO. 

On  AG  describe  the  square  ACDE ;  take  AF=AB, 
draw  FO  parallel  to  AG,  and  BE  parallel  to  AE. 

The  square  AGDE  is  made  up  of 
four  parts ;  the  first  ABIF  is  the  square 
described  on  AB,  since  we  made  AF  = 

AB:  the  second  IGDE  is  the  square 
described  on  IG,  or  BO ',  for,  since  we 
have  A  G  —AE  and  AB  =AF,  the  dif¬ 
ference,  AG — AB  must  be  equal  to  the 
difierence  AE-AF,  gives  BG  =  EF',  but  IG  is 

equal  to  BG,  and  DG  io  EF,  because  of  the  parallels; 
therefore,  IGDE  is  equal  to  a  square  described  on  BG. 
Kow,  if  these  two  squares  be  taken  away  from  the  large 
square,  there  will  remain  the  two  rectangles  BGGI, 
FIEE,  each  of  which  is  measured  by  ABxBG:  hence, 
the  square  on  the  sum  of  two  lines  is  equivalent  to 
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the  sum  of  the  squares  on  the  lines,  together  with  twice 
the  rectangle  contained  bj  the  lines. 

Cor.  If  the  line  AC  were  divided  into  two  equal  parts, 
the  two  rectangles  FH,  BO^  would  become  squares,  and  the 
square  described  on  the  whole  line  would  be  equivalent  to 
four  times  the  square  described  on  half  the  line. 

Scholium.  This  property  is  the  same  as  the  property 
demonstrated  in  algebra,  in  obtaining  the  square  of  a 
binomial ;  which  is  expressed  thus : 


PKOPOSITION  IX.  THEOKEM. 

The  square  described  on  the  difference  of  two  lines^  is  equivalent 
to  the  sum  of  the  squares  described  on  the  lines^  diminished 
by  twice  the  rectangle  contained  by  the  lines. 

Let  AB^  BC^  be  two  lines,  and  AC  their  difference; 
then,  10“  or  (AB-BCf 
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On  AB  describe’ the  square  ABIF\ 
take  AF—AC\  through  C  draw  CG 
parallel  to  Bf  and  through  E  draw 
EH  parallel  to  AB^  and  prolong  it 
to  If  making  EK=CB^  and  then 
complete  the  square  KEFL. 

Since  KD—AB^  and  BC=KL^  the 
two  rectangles  Cf  KG,  are  each  measured  by  ABxBC: 

the  whole  figure  ABILKEA,  is  equivalent  to  AB'' ABC' ; 
take  from  each  the  two  rectangles  Cl,  KG,  and  there  will 

remain  the  square  ACDE,  equivalent  to  AB^ A BC"^  dimin¬ 
ished  by  twice  the  rectangle  of  ABxBC. 

Scholium.  This  property  is  expressed  by  the  algebraical 
formula, 

(a—bf— a^— 2abAb^, 
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PROPOSITION  X.  THEOREM. 


The  rectangle  contained  hy  the  sum  and  the  difference  of  two 
lines,  is  equivalent  to  the  difference  of  their  squares. 

Let  AB,  BO,  be  two  lines;  then 

{AB  ABC)  X  {AB-BC)o=  AB'-'W. 

Upon  AB  and  AG,  describe  the 
squares  ABIF,  ACI)E\  prolong  AB 
till  BK  is  equal  to  BC\  and  com¬ 
plete  the  rectangle  AKLE,  and  pro¬ 
long  CD  to  Gr. 

The  base  AK  of  the  rectangle 
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AL  is  the  sum  of  the  two  lines  AB  ^ 

BG]  and  its  altitude  AE  is  their  difference;  therefore,  the 
rectangle  AKLE  is  equivalent  to 

{AB+BC)X{AB-BG). 

Again,  DIIIG  is  equal  to  a  square  described  on  GB ; 
and  since  BH  is  equal  to  ED,  and  BK  to  EF,  the  rect¬ 
angle  BL  is  equal  to  the  rectangle  EG:  hence,  the  rect¬ 
angle  AKLE  is  equivalent  to  ABHE  plus  EDGE,  which 
is  precisely  the  difference  between  the  two  squares  AL  and 
DL  described  on  the  lines  AB,  GB:  hence,  we  have  (a.  1.), 

{AB  ABG)x{AB -BC)o  AB'-BG\ 

Scholium.  This  property  is  expressed  by  the  algebraical 
formula, 

{a-{-h)X{a—h)=c?—h^. 


PROPOSITION  XL  THEOREM. 

The  square  described  on  the  hypothenuse  of  a  right-angled  tri¬ 
angle  is  equivalent  to  the  sum  of  the  squares  described  on  the 
other  two  sides. 

Let  BGA  be  a  right-angled  triangle,  right-angled  at  A : 
then  will  the  square  described  on  the  hypothenuse  BG  be 
equivalent  to  the  sum  of  the  squares  described  on  the  other 
two  sides,  BA,  AG. 
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Having  described  a  square 
on  each  of  the  three  sides, 
let  fall  from  A,  on  the  hy- 
pothenuse,  the  perpendicular 
A  D,  and  prolong  it  to 
and  draw  the  diagonals  AF, 

CIL 

The  angle  ABF  is  made 
up  of  the  angle  ABC,  to¬ 
gether  with  the  right  angle 
CBF]  the  angle  GBHi^  made 
up  of  the  same  angle  ABC, 
together  with  the  right-angle  ABU',  hence,  the  angle  ABF  is 
equal  to  HBG  (a.  2).  But  we  have  AB—BH,  being  sides  of 
the  same  square  ;  and  BF=BG,  for  the  same  reason :  there¬ 
fore,  the  triangles  ABF,  HBG,  have  two  sides  and  the  in¬ 
cluded  angle  equal,  each  to  each ;  therefore,  they  are  them¬ 
selves  equal  (b.  i.,  p.  5). 

But  the  triangle  ABF  is  equivalent  to  half  the  rectangle 
BE,  because  they  have  the  same  base  BF,  and  the  same 
altitude  BD  (p.  2).  The  triangle  HBG,  in  like  manner  is 
equivalent  to  half  the  square  AH\  for,  the  angles  BAG, 
BAL,  being  both  right  angles,  AG  and  AL  form  one  and 
'  the  same  straight  line  parallel  to  HB  (b.  i.,  P.  8) ;  hence, 
the  triangle  and  square  have  equal  altitudes  (b.  i.,  p.  23) ; 
they  also  have  the  common  base  BH’,  consequently,  the 
triangle  is  half  the  square  (p.  2). 

The  triangle  ABF  has  already  been  proved  equal  to  the 
triangle  iZE (7;  hence,  the  rectangle  BDEF,  which  is  double 
the  triangle  ABF,  must  be  equivalent  to  the  square  AH, 
which  is  double  the  equal  triangle  HBG.  In  the  same 
manner  it  may  be  proved,  that  the  rectangle  EGGD  is  equiva¬ 
lent  to  the  square  AL  But  the  two  rectangles  EEDB,  EGGD, 
taken  together,  make  up  the  square  EG  GB :  therefore,  the 
square  FGCB,  described  on  the  hypothenuse,  is  equivalent 
to  the  sum  of  the  squares  BALL!,  GIKA,  described  on  the 
two  other  sides ;  that  is, 

BG'o^Iff^AG-. 

Cor.  1.  Hence,  the  square  of  one  of  the  sides  of  a  right- 
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angled  triangle  is  equivalent  to  tlie  square  of  the  hypothe- 
nuse  diminished  by  the  square  of  the  other  side ;  thus, 

Cor.  2.  If  from  the  vertex  of  the  right  angle,  a  perpen 
iicular  be  let  fall  on  the  hypothenuse,  the  parts  of  thQ 
hj^pothenuse  are  called  segments:  we  shall  then  have. 

The  square  of  the  hypothenuse  is  to  the  square  of  either  side 
about  the  right  angle^  as  the  hypothenuse  to  tl^ie  segment  adjacent 
to  that  side. 

For,  by  reason  of  the  common  altitude  BF^  the  square 
BG  is  to  the  rectangle  BE,  as  BG  to  BD  (p.  3) :  but  the 
square  BL  is  equivalent  to  the  rectangle  BE:  hence 

BG^^  :  BA^  :  :  BG  :  BD. 

We  may  show,  in  like  manner,  that 

BO^  :  AG^  :  :  BG  : .  DG. 

Cor.  3.  The  squares  of  the  two  sides  containing  the  right 
angle,  are  to  each  other  as  the  adjacent  segments  of  the  hypothe- 
nuse. 

For,  the  rectangles  BDEF,  DCQE,  having  the  same 
altitude,  are  to  each  other  as  their  bases  BD,  CD  (p.  3). 
But  these  rectangles  are  equivalent  to  the  squares  AH,  AT] 
therefore,  we  have 

AJ?  :  AH^  ::  BD  :  DG. 

Cor.  4.  The  square  described  on  the  diagonal  of  a  square 
is  equivalent  to  double  the  square  described  on  a  side. 

Let  ABGD  be  a  square  described  on  H  D  Gr 
AB,  and  EFGII  a  square  described  on 
the  diagonal  AG.  The  triangle  ABG 
being  right-angled  and  isosceles,  we  shall 
have 

AH^=c^  AB\^=o^  2AB\ 

It  is  plain,  that  of  the  eight  equal  right-angled  triangles 
which  compose  the  square  EG,  four  will  lie  without  the 
scjuare  ABGD,  and  four  within  it :  hence,  the  square  on  the 
diagonal  is  equivalent  to  double  the  square  on  the  side. 
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Cor,  5.  Bj  tlie  last  corollary,  we  liave 

AG^  :  Zb"  ::  2  :  1; 

hence,  by  extracting  the  square  root  (b.  ii.,  p.  12,  a), 

AG  :  AB  -y/2  :  1: 

that  is,  the  diagonal  of  a  square  is  to  the  side  as  the  square 
root  of  two  to  one :  consequently,  the  diagonal  and  side  of  a 
square  are  incommensuraJble, 

PEOPOSITION  XII.  THEOKEM. 

In  any  triangle^  the  square  of  a  side  opq^osite  an  acute  angle  is 
equivalent  to  the  sum  of  the  squares  of  the  base  and  the 
other  side,  diminished  hy  twice  the  rectangle  contained  hy  the 
base  and  the  distance  from  the  vertex  of  the  acute  angle  to 
the  foot  of  the  perpendicular  let  fall  from  the  vertex  of  the 
opposite  angle  on  the  base^  or  on  the  base  produced. 

Let  ABG  be  a  triangle,  Q  one  of  the  acute  angles,  and 
AB  perpendicular  to  the  base  i?(7;  then  will 

ZB"o5(7"+Z^-2i?0'x  CD. 

First.  When  the  perpendicular  falls 
within  the  triangle  ABC^  we  have  BB= 

BG—CD^  and  consequently, 

Blfc^B(f+Clf-2BCx  CD  (p.  9). 

Adding  Alf  to  each,  and  observing  that 
the  right-angled  triangles  ABD^  ADG^  ^  DC 

give  Alf+Bff=oAB^,  and  Al?AGff<>AG'^^ 

we  have  AB"=c>=BG'^-\-A^-2BGx  GD. 

Secondly.  When  the  perpendicular  AD 
falls  without  the  triangle  ABG,  we  have 
BD—  GD—BG ;  and  consequently, 

5Z?o  Gif  \-W-2CBxBC  (p.  9). 

Adding  AD  to  both,  we  find,  as  before, 

AB^^^mfAA^-^BGx  GD. 
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PEOPOSITION  XIII.  THEOEEM. 

/h  any  ohtuse-angled  triangle^  the  square  of  the  side  opposite  the 
obtuse  angle  is  equivalent  to  the  sum  of  the  squares  of  the 
base  and  the  other  side^  augmented  by  twice  the  rectangle 
contained  by  the  base  and  the  distance  from  the  vertex  of  the 
obtuse  angle  to  the  foot  of  the  perpendicular  let  fall  from  the 
vertex  of  the  opposite  angle  on  the  base  produced. 

Let  AOB  be  a  triangle,  0  tbe  obtuse  angle,  and  AD 
perpendicular  to  BG  produced ;  tlien 

Ib‘^Ig‘‘+B^+2BCxGD.  a 

For,  we  bave,  BB—BGAGD\ 
consequently  (p.  8), 

Cff+2BCX  CD. 

Adding  AD^  to  botb  members,  and  reducing  as  in  tbe  last 
tbeorem,  and  we  bave 

AB'oB^+AC^+iBOx  CD. 

Scholium.  Tbe  rigbt-angled  triangle  is  tbe  only  one  in 
wbicb  tbe  sum  of  tbe  squares  described  on  two  sides  is 
equivalent  to  tbe  square  described  on  tbe  third;  for,  if  tlie 
angle  contained  by  tbe  two  sides  is  acute,  tbe  sum  of  tbeir 
squares  is  greater  tban  tbe  square  of  tbe  opposite  side ;  il 
obtuse,  it  is  less. 

PEOPOSITION  XIV.  THEOEEM. 

In  any  tnangle.,  the  sum  of  the  squares  described  on  tiuo  sides 
is  equivalent  to  twice  the  square  of  half  the  third  side,  plus 
twice  the  square  of  the  line  drawn  from  the  middle  point  of 
that  side  to  the  vertex  of  the  opposite  angle. 

Let  ABC  be  any  triangle,  and  AE  a  line  drawn  to  tbe 
middle  of  tbe  base  B  C ;  then 


AB'‘+A  (f^  2BE'+2AE‘‘ 
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Eor,  on  BC^  let  fall  the  perpendic- 
\ilar  Al).  Then, 

AC'^AE^+W^-2ECxED.  (p.  12). 
And, 

AB^^<>AE^+EB'-\-2EBxED  (p.  18). 


A 


*• 

Hence,  by  adding  and  observing  that  EB  and  EG  are 
equal,  we  have 

AB^+AC-^iM'^+2AE‘. 


Cor.  1.  In  any  quadrilateral^  the  sum  of  the  squares  of  the 
four  sides  is  equivalent  to  the  sum  of  the  squares  of  the  two 
diagonals,  plus  four  times  the  square  of  the  line  joining  the 
middle  points  of  the  diagonals. 

Let  ABGD  be  a  quadrilateral,  AG, 

BD,  the  diagonals,  and  EF  a  line  join¬ 
ing  their  middle  points  E  and  F. 

From  the  theorem,  we  have 

GZJ'+  211^+2  Cir~, 

Alf+AB^ 02^+211^  ■ 
and  from  the  same  theorem,  by  multiplying  by  2, 

2CF^+2iIF'o4ZfV4^^  : 
hence,  by  addition, 

m^+CB~+Alf+AK<>‘^BP‘+4:lE‘+4:W'- : 
whence  (p.  8,  c.), 

CB-+Alf+AB^oBD~+AG\4:  EF\ 


Gor.  2.  In  the  case  of  the  parallelogram  the  points  E  and 
F  will  coincide,  and  the  sum  of  the  squares  described  on  the 
sides  will  be  equivalent  to  the  sum  of  the  squares  describ¬ 
ed  on  the  diagonals. 
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FKOPOSITION  XV.  THEOREM. 

If  in  any  triangle,  a  line  he  draivn  parallel  ^  to  the  hast,  it 
*  will  divide  the  two  other  sides  proportionally. 


Let  ABG  be  a  triangle,  and  DE  a  straight  line  drawn 

parallel  to  the  base  EC  *,  then 

ad  :  DB  ::  AE  :  EG. 

Draw  the  lines  BE  and  GD.  Then, 
the  triangles  ADE,  BDE,  having  a 
common  vertex,  E,  have  the  same  alti¬ 
tude,  and  are  to  each  other  as  their 
bases  (p.  6,  c.) ;  hence  we  have 
ADE  :  BDE  :  :  AD  :  DB. 

The  triangles  ADE,  DEG,  with  ^  ^ 

common  vertex  also  Lave  the  same  altitude,  and  are  to 

each  other  as  their  bases ;  hence,  ^ 

ADE  :  DEG  :  :  AE  :  EC. 

But  the  triangles  BDE,  DEO,  are  equivalent,  having  the 
same  base  DE,  and  their  vertices  B  and  (7  in  a  line  paral¬ 
lel  to  the  base :  and  therefore,  we  have  (b.  ii.,  p.  4,  c.) 

ad  ;  DB  AE  :  EG. 


Cor.  1.  Hence,  by  composition,  we  have  (b.  ii.,  p.  6), 
AD+DB  :  AD  : :  AE+EC  :  AE,  or  AB  :  AD  ::  AG  :  AE, 

and  also,  AB  ;  BD  •.•.  AG  .  GE. 

Oor  2  If  any  number  of  parallels  AO,  EF,  OH,  BD, 

t,  town  belwL  .wo  toigh.  AB,  CD 

strai-rht  lines  will  be  cut  proportionally,  and  we  shall  have 

Ae  :  OF  ::  EO  :  EH  :  OB  :  HD. 


Bor,  let  0  be  the  point  where  AB 
and  GD  meet.  In  the  triangle  OEF, 
the  line  AG  being  drawn  parallel  to 
the  base  EF,  we  shall  have 

OE  ■.  AE  ■.■.  OF  ■.  'CF. 

In  the  triangle  OOH,  we  shall  like- 


wise  have 
OE 


ECr 


OF  :  EH. 


O  ' 
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And,  bj  reason  of  tbe  common  ante¬ 
cedents  OE^  OF  (b.  II.,  p.  4),  we  have 

AE  \  OF  ::  EG  :  EH, 

It  may  be  proved  in  tlie  same  manner, 
bat 

EG  :  FE  ::  GB  :  HD, 

and  so  on ;  bence,  tbe  lines  AB,  CD, 
are  cut  proportionally  by  tbe  parallels 
AC,  EF,  GH,  &c. 


O 


FKOPOSITION  XVI.  TIIEOEEM. 

If  two  sides  of  a  triangle  are  cut  proportionally  by  a  straight 
line,  this  straight  line  loill  he  parallel  to  the  third  side. 


In  tbe  triangle  BA  C,  let  tbe  line  DE  be  drawn,  cutting 
'  tbe  sides  BA  and  CA  proportionally  in  tbe  points  D  and  E] 
that  is,  so  that 

BD  :  DA  ::  CE  :  EA : 


then  will  DE  be  parallel  to  BC. 

Having  drawn  tbe  lines  BE  and 
DC,  we  bave  (p.  6,  c.), 

BDE  ;  DAE  : :  BD  :  DA, 
DEC  :  DAE  ::  CE  :  EA: 
but,  by  hypothesis, 

BD  :  DA  ::  CE  :  EA: 

bence  (b.  ii.,  P.  4,  c.), 

BDE  :  DAE  :  :  DEC  :  DAE, 


A 


and  since  BDE  and  DEC  bave  tbe  same  ratio  to  DAE, 
they  bave  tbe  same  area,  and  bence  are  equivalent  (d.  4). 
They  also  bave  a  common  base  DE',  bence,  they  bave  tbe 
same  altitude  (p.  6,  c.) ;  and  consequently,  their  vertices  B 
and  C  lie  in  a  parallel  to  tbe  base  DE  (b.  i.,  p.  23) :  hence, 
DE  is  parallel  to  BC. 
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PROPOSITION  XVII.  THEOREM. 

The  line  ivhich  bisects  the  vertical  angle  of  a  triangle,  divides 

the  base  into  two  segments,  which  are  proportional  to  the 

adjacent  sides. 

In  the  triangle  ACB,  let  AD  be  drawn,  bisecting  the 
angle  CAB ;  then 

BD  :  CD  ::  AB  :  AC. 

Through  the  point  C  draw  . 

CE  parallel  to  AD,  and  prolong 
it  till  it  meets  BA  produced  in  E. 

In  the  triangle  BCE,  the  line 
AD  parallel  to  the  base  CE ; 
hence,  we  have  the  proportion 
(p.  15), 

BD  :  DC  BA  AE. 

But  the  triangle  A  CE  is  isosceles :  for,  since  AD,  CE, 
are  parallel,  we  have  the  angle  ACE —D AC,  and  the  angle 
AEC=BAD  (b.  l,  p.  20,  c.  2,  3) ;  but,  by  hypothesis,  DAC 
^DAB‘,  hence,  the  angle  ACE^AEC,  and  consequently, 
AE=AC  (b.  l,  p.  12).  In  place  of  AE  in  the  above  pro¬ 
portion,  substitute  AC,  and  we  shall  have, 

BD  :  DC  :  :  AB  :  AC. 

Cor.  If  the  line  AD  bisects  the  exterior  angle  CAE  of 
the  triangle  BAC,  we  shall  have, 

BD  ;  CD  :  AB  \  AC. 

For,  through  C  draw  CE  par¬ 
allel  to  AD. 

Then,  the  angle  CAD=ACF, 
and,  the  angle  EAD=AFC ’, 
hence,  (a.  1),  the  angle  ACF—AFC', 

consequently,  AF  is  equal  to  A  C. 

But,  since  FC  parallel  to 
the  base  AD, 

BD  :  DC  :  AB  X  AF- 

hence,  BD  x  DC  :  AB  x  AC, 
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PEOPOSITION  XVIII,  THEOEEM. 


Eciuiangular  triangles  have  their  'homologous  sides  proportional, 

and  are  similar. 


Let  BCA  and  CED  be  two  equi¬ 
angular  triangles,  having  the  angle 
BAG=^CDE,  ABO=DGE,  and  AGB 
—DEG ;  then,  the  homologous  sides 
will  be  proportional,  viz.: 

BG  :  GE  ::  BA  :  GD  : 


F 


AG  :  BE, 


Place  the  homologous  sides  BG,  GE  in  the  same  straight 
line ;  and  prolong  the  sides  BA,  ED,  till  they  meet  in  F, 

Since  BGE  is  a  straight  line,  and  the  angle  BGA  equal 
to  GED,  it  follows  that  AG  is  parallel  to  DE  (b.  i.,  p.  19, 
c.  2).  In  like  manner,  since  the  angle  ABG  is  equal  to 
DGE,  the  line  AB  is  parallel  to  DG.  Hence,  the  figure 
AGDF  is  a  parallelogram,  and  has  its  opposite  sides  equal 
(b.  l,  p.  28). 

In  the  triangle  BEE,  the  line  AG  is  parallel  to  the  base 
EE]  hence,  we  have  (p.  15,) 

BG  :  GE  ::  BA  :  AF  • 
or  putting  GD  in  the  place  of  its  equal  AF, 

BG  \  GE  ::  BA  :  CD, 

In  the  same  triangle  BEE,  GD  is  parallel  to  BE]  and 
hence, 

BO  :  GE  ::  ED  :  BE', 
or  putting  A  G  in  the  place  of  its  equal  ED, 


BG 


GE  ::  AG 


DE, 


And  finally,  since  both  these  proportions  have  an  ante¬ 
cedent  and  consequent  common,  we  have  (b.  ii.,  p.  4,  c.), 


BA 


GD  ::  AG 


DE, 


Thus,  the  equiangular  triangles  GAB,  GED,  have  their 
homologous  sides  proportional.  But  two  figures  are  similar 
when  they  have  their  angles  equal,  each  to  each,  and  their 
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homologous  sides  proportional  (d.  1,  2);  consequently,  the 
two  equiangular  triangles  BAG^  CED^  are  similar  figures. 

Cor.  Two  triangles  which  have  two  angles  of  the  one 
equal  to  two  angles  of  the  other,  are  similar  j  for,  the  thiid 
angles  are  then  equal,  and  the  tAVO  triangles  are  equian 
gular  (b.  l,  p.  25;  C.  2.) 

Scholium.  Observe,  that  in  similar  triangles,  the  homolo¬ 
gous  sides  in  each  are  opposite  to  the  equal  angles;  thus, 
the  angle  BCA  being  equal  to  CEE^  the  side  AB  is  homo 
logous  to  DC‘,  in  like  manner  AG  and  BE  are  homologous, 
because  opposite  to  the  equal  angles  ABC^  BGE. 

PKOPOSITION  XIX.  THEOKEM. 

Conversely :  Triangles^  vjliicli  have  their  sides  gyroportional^  are 

equiangular  and  similar. 

If,  in  the  two  triangles  BAG,  EDE,  Ave  have, 

BG  \  EE  ::  BA  :  ED  ::  AG  :  BE] 

then  will  the  triangles  BA  G,  EDF,  have  their  angles  equal, 

namely,  ^ 

A^B,  B=E,  C=F. 

At  the  point  E,  make  the  angle 
FEG= B,  and  at  F,  the  angle  EEC 
—  G ;  the  third  angle  G  Avill  then 
be  equal  to  the  third  angle  A  (b. 

L,  P.  25,  C.  2).  Therefore,  by  the 
last  theorem,  we  shall  have 

BG  :  EE  :  :  AB  \  EG: 

but,  by  hypothesis,  we  have 

BG  :  EE  :  :  AB  :  BE] 

hence,  EG— BE.  By  the  same  theorem,  we  shall  also  have 

BG  :  EE  ::  AG  :  EG] 

and'  by  hypothesis,  we  haA^e 

BG  :  EF  ::  AG  :  BE • 

hence,  EG— BE.  Hence,  the  triangles  EGE,  EEB,  having 


X 


(I  KOM  K'lMtV. 


I  OH 

tluMr  iJlH'/f)  MmO'M  (UK'ji  to 

lu't)  tli<;inH<?lv«iM  (m.  I., 

I*.  10).  Hut,  by  <',ouMtruutIoii,  tlio 

luul  A  HO  nrn  <v|in- 
ji,uf/iil/i,r :  luui<',n,  hhJH  n,n<l  A  h(J 
nr»<  hImo  urjiiln,up^iiln,r  luul  Hiuiihu’ 

(a.  I). 

iK'litiUnvh  I,  Hy  tliu  1/iMt  two  propoMltlouH,  It  uppoiirH  that 
tt'Ifiiif/h'M  wlilf’li  n,rc,  I II  Id, Ilf/ll  hi, r  ai'u  Himllar;  and  con  vurwdy  : 
if  h'hintdcM  have  tlnni*  mIOcm  proportional,  tla^y  n,rc  (apilangu- 
hi,r,  and  (•oiiMcipicntly,  Hiniilar, 

'I’ln^  (’,aMo  1m  dlllnr^'iit  with  n‘p;ard  to  /bpircH  of  jnon^  than 
tlinuj  nidcM ;  cvini  In  ipiadrllati'ridH,  the  proportion  b(itw(HiM 
tln^  iihh^H  may  be  jdte.red  witliont  <'/hangIn/jj  the  aiigle.H,  or 
tin?  aiipIi'M  may  be  ehanp;<:d  without  alhn'Inp^  th(<  pi’oporthjii 
between  the  iddeM.  'I'hiin,  In  pnadrIIat(*ndH,  eipndlty  la‘twcem 
the  e,orreHpondIn/r  an|/leH  dor'M  not  IiiHure  proportionality 
anion^';  the  nlde.H ;  and  r<*eIproe,ally :  proportloindity  among 
the  nldeH  doeM  not  IiiHure  eipnilll.y  among  the  (ujn’c-Hpondlng 
/ingleH,  It  Ih  evident/,  fn*  i^xamph^,  that 
If  In  I/he  (piadiilaterid  AlKUiy  we  draw 
A/'/f  paralli!!  to  ll(\  the  iingle.H  of*  tlni 
(piadrlhilerid  AhUO),  an^  made  eipnd  to 
tlioMe  of  A  11(0)  \  though  the  jiroportlon 
be,tw(Mm  l/heir  indeM  Ih  dlHeriint;  and  In 
III{(i  manner,  without  elianglng  the  foni* 
nldi'M  /I //,  ll(\  (0>^  AD^  ('.an  ('.liaiigc!  the  angles  by 
iiniking  tln^  point  H  approae,h  to  />,  or  I’eeiMle  from  it. 

iOrlii)litinL  ih  d’he  two  pr(U',(‘,d Ing  propoHltions,  arci  In  Htrict- 
nesM  but  OIK',  and  theH<*,  togelln'i'  with  that  rcdatlng  to  the 
Mpnari^  of  the  hy pothemiHe,  ar(^  tln^  nioHt  important  and 
fertlh^  in  reHnIlH  of  any  In  gvometry.  TlKy  ai’(^  almost 
Hidlielent  of  theiiiHelveH  foi’  (jvery  application  t/O  subseipjcmt 
re.iiMoiiIiig,  and  for  solving  e.viny  probhnn.  'J'he  reason  is, 
l,hat  nil  figiires  may  be  dlvl<l(‘d  Into  triangli's,  and  any  ti’i- 
jMigh^  into  two  I’lghtningled  trlangh's.  Mdins,  the  jiropei’ties 
of  trlniigles  inelmh',  by  implie.ation,  those  of  all  Jiguri^s. 


nooK  rv. 
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'rnjo  v}hv'Ji,  luivf’  o/n,  awjh'  of  tkfi  (jufi  r/jy/d  !/>  an  av/jl/i 

(f  the,  othr/r,  and  iJhn  nldnH  (mda/ininj  Unm  awjbiH  'jyroporlional^ 
arn  HVfrdbir, 

\i('X  A  li(J,  bo  two  triarip^loH,  liaving  tlio  anglo  A 

c/juul  t/;  l)\  Uiori,  if 

Mi  :  DN  ::  A(J 

tbo  two  triarigh'.H  will  bo  Hirnilar. 

Mako  A(}  and  draw  (lH 

j^aralk'/l  to  li(J.  dda*/  anglo  AflU  will 
bo.  <u\\iu,\  io  tlio.  aoglo  A/i(J(v..  i.,  i\ 

20;  0.  and  tlio  triangloH  AdH^ 

Ali(\  will  bo  oquiangular:  lio.noo,  wo 
»ball  liavo, 

AH  \  Ad  \  AO 

I'ut,  by  liyr^otfjo.HiH,  wo  liavo, 

AH  :  HH  ::  AO 

and  })y  ooriHtruotion,  A(i  l»or)o.o  AH  HH.  d’lio.ni- 

foro,  tho  two  triangloH  l)Hh\  liavo  two  HidoH  and  tlio 

ino.lndod  anglo.  of'  tli#;  ono  (j^jual  to  two  Hid(5H  and  tbo  in- 
olndod  anpdo.  of  tlio  otbor:  Inaio.f;;  tboy  aro  oqual  (i{.  i.,  I'.O) ; 
but  tbo  ti'ianglo  AOH  in  nirnilar  to  A  HO  \  tboroJbnj,  HICH 
in  alw^”;  nirnilar  to  A  H(J. 


AH. 

I>F\ 


\) 
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Ty)0  Iryiwjhh^  vddrJu  ham  ih/dr  Hd<iH^  Iwa  ami  tv)o^  dlJmr  par- 
aib'X  (/r  parpf’/fidicubir  la  (lacji  arfi  Hi/in/dar. 

[/•.t  HA  0^  Hl)h\  bo  two  triarigloH;  having  tlnar  nidoH  rfj- 
Hj^J^^tivoly  paralbd  to  on/di  otbor;  tbon  will  tlioy  ];o  Hirnilar. 

lOfHt.  If  tbo.  nido  HA  in  jiaralbd  to 
AVZ,  arnl  HO  1/r  h:h\  tbo.  angb*.  A  HO 
iM  o/;nal  to  HHH  i'.  24):  if  OA 
iH  parallol  hl)^  tbo.  anglo  HdlA 
in  o/|iial  U)  hjfO)^  and  al-to,  HA  0  to 
IChh'-^  bora'.o.^  ilio  tr-iangloH  67//1, 
hlH),  aro.  r'qniangnlar  ;  oonHoquontly 
tboy  aro  nirnilar  (j'.  18). 
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Secondly.  If  the  side  BE  is  per-  a 

pendicular  to  JBA^  and  the  side  ED 
to  CA^  the  two  angles  I  and  H 
of  the  quadrilateral  BEAT  are  right 
angles  5  and  since  all  the  four  angles 
are  together  equal  to  four  right 
angles  (b.  l,  p.  26,  c.  1),  the  remain¬ 
ing  two  lAH^  IBB,  are  together  equal  to  two  right 
angles.  But  the  sum  of  the  angles  EBE^  IBB^  is  also  equal 
to  two  right  angles  (b.  l,  p.  1):  hence,  the  angle  EBFi^  equal 
to  lAH^  or  BA  C  (a.  3).  In  like  manner,  if  the  third  side  EE 
is  perpendicular  to  the  third  side  BC,  it  may  be  shown 
that  the  angle  BEE  is  equal  to  (7,  and  BEE  to  B:  hence, 
the  triangles  ABC^  BEE^  which  have  the  sides  of  the  one 
perpendicular  to  the  corresponding  sides  of  the  other,  are 
equiangular  and  similar  (p.  18). 

Scholium.  In  the  case  of  the  sides  being  parallel,  the 
homologous  sides  are  the  parallel  ones :  in  the  case  of  their 
being  perpendicular,  the  homologous  sides  are  the  perpen¬ 
dicular  ones.  Thus,  in  the  latter  case,  BE  is  homologous 
with  BA,  BE  with  AG,  and  EE  with  BG. 

The  case  of  the  perpendicular  sides  may  present  a  rela¬ 
tive  position  of  the  two  triangles  different  from  that  exhi¬ 
bited  in  the  diagram.  But  we  can  always  conceive  a  tri¬ 
angle  EEB  to  be  constructed  within  the  triangle  ABG,  and 
such  that  its  sides  shall  be  parallel  to  those  of  the  triangle 
compared  with  BA  G ;  and  then  the  demonstration  given  in 
the  text  will  apply. 


PEOPOSITION  XXII.  TIIEOEEM. 

In  any  triangle,  if  a  line  he  drawn  parallel  to  the  base,  all 
lines  drawn  from  the  vertex  will  divide  the  hose  and  the 
parallel  into  proportional  parts. 

Let  BAG  be  a  triangle,  BE  parallel  to  the  base  BG, 
and  the  other  lines  drawn  as  in  the  figure;  then 

BI  :‘BE  ::  IK  x  EG  ::  KL  :  GH. 
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For,  since  DI  is  parallel  to  BF^ 
tlie  triangles  IDA  and  FBA  are 
equiangular ;  and  we  have 

DI  :  BF  AI  :  AF ; 

and,  since  IK  is  parallel  to  FG^ 
we  have,  in  like  manner, 

AI  :  AF  ::  IK  :  FG 

hence  (b.  ii.,  P.  4,  c.),  DI  :  BF  :  :  IK  :  FG. 

In  the  same  manner,  we  may  prove  that 

IK  \  FG  \\  KL  \  GH\ 

and  so  with  the  other  segments:  hence,  the  line  DE  is 

divided  at  the  points  ^  Y,  in  the  same  proportion,  as 

the  base  i?(7  is  divided,  at  the  points  F^  (r,  H. 

Cor.  Therefore,  A  BC  were  divided  into  equal  parts  at 

the  points  F,  G,  H,  the  parallel  DE  would  be  divided  also 
into  equal  parts  at  the  points  I^  K^  L, 

PKOPOSITION  XXIII.  THEOKEM. 

In  a  right-angled  triangle^  if  a  perpendicular  is  drawn  frorti 
the  vertex  of  the  right  angle  to  the  hypothenuse. 
l5^.  The  triangles  on  each  side  of  the  perpendicular  are  similar 
to  the  given  triangle^  and  to  each  other: 

2d.  Either  side  about  the  right  angle  is  a  mean  proportional 
between  the  hypothenuse  and  the  adjacent  segment: 

Zd.  The  perpendicular  is  a  mean  proportional  between  the  seg¬ 
ments  of  the  hypothenuse. 

Let  BAG  be  a  right-angled  triangle,  and  AD  perpen¬ 
dicular  to  the  hypothenuse  BC. 

First.  The  triangles  BAD  and 
BAG  have  the  common  angle 
the  right  angle  BDA  =  BAG,  and 
therefore,  the  third  angle  BAD  of 
the  one,  equal  to  the  third  angle 
G,  of  the  other  (b.  i.,  P.  25,  c.  2) : 
hence,  these  two  triangles  are  similar  (p.  18).  In  the  same 


A 


A 
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manner  it  may  be  shown  that  the 
trian2:les  DAQ  and  BAG  are  simi- 

O 

lar ;  hence,  the  three  triangles  are 
all  equiangular  and  similar. 

Secondly.  The  triangles  BAD^ 
BAG,  being  similar,  their  homolo- 


A 


gous  sides  are  proportional.  But  BD  in  the  small  triangle, 
and  BA  in  the  large  one,  are  homologous  sides,  because 
they  lie  opposite  the  equal  angles  BAD^  BGA  (p.  18,  s.) ;  the 
hj^pothenuse  BA  of  the  small  triangle  is  homologous  with  the 
hyjDothenuse  BG  oi  the  large  triangle:  hence,  the  proportion. 


BD  :  BA  :  :  BA  :  BG. 

By  the  same  reasoning  we  have 

DG  :  AG  ::  AG  \  BG] 

hence,  each  of  the  sides  AB^  AG,  is  a  mean  proportional 
between  the  hypothenuse  and  the  adjacent  segment. 

Thirdly.  Since  the  triangles  DBA,  DAG,  are  similar,  we 
have,  by  comparing  their  homologous  sides, 

BD  \  AD  ::  AD  \  DG] 

hence,  the  perpendicular  AD  is  a  mean  proportional  between 
the  segments  BD,  DG,  of  the  hypothenuse. 


Scholium.  Since  BD  :  AB  :  :  AB  :  BG, 
we  have  (b.  ii.,  p.  1,  c.),  AB  =o BDxBG. 

For  a  like  reason,  AG^oDGxBG] 

therefore,  AB^’\-AG^oBDxBG -^-DGxBGo^iJdD-^-DG^X 

BGo^BGxBG^Wr  ] 


that  is,  the  square  described  on  the  hypothenuse  BG  is  equiva¬ 
lent  to  the  sum  of  the  squares  described  on  the  two  sides  BA,  AG. 
Thus,  we  again  arrive  at  this  property  of  the  right-angled 
triangle,  and  by  a  path  very  different  from  that  which  for¬ 
merly  conducted  us  to  it :  and  thus  it  appears  that,  strictly 
speaking,  this  property  is  a  consequence  of  the  more  gen¬ 
eral  property,  that  the  sides  of  equiangular  triangles  are 
proportional.  Thus,  the  fundamental  propositions  of  geom¬ 
etry  are  reduced,  as  it  were,  to  this  single  one,  that  equi¬ 
angular  triangles  have  their  homologous  sides  proportional. 
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It  happens  frequently,  as  in  this  instanee,  that  by 
deducing  consequences  from  one  or  more  propositions,  we 
are  led  back  to  some  proposition  already  proved.  In  fact, 
the  chief  characteristic  of  geometrical  theorems,  and  one 
indubitable  proof  of  their  certainty  is,  that,  however  Ave 
combine  them  together,  provided  that  our  reasoning  be 
correct,  the  results  Ave  obtain  alwavs  agree  Avith  each  other. 
The  case  Avould  be  different,  if  any  proposition  Avere  false 
or  only  approximately  true :  it  Avould  frequently  happen 
that  on  combining  the  propositions  together,  the  error 
Avould  increase  and  become  perceptible.  Examples  in  Avhich 
the  conclusions  do  not  agree  Avith  each  other,  are  to  be  seen 
in  all  the  demonstrations,  in  which  the  reductio  ad  ahsurdum 
is  employed.  In  such  demonstrations,  if  the  hypothesis  is 
untrue,  a  train  of  accurate  reasoning  leads  to  a  manifest 
absurdity  :  that  is,  to  a  conclusion  in  contradiction  to  a 
principle  previously  established :  and  from  this  we  conclude 
that  the  hypothesis  is  false. 

Cor.  If  from  the  point  JL,  in  the 
circumference  of  a  circle,  tAvo  chords 
BA^  AC^  be  draAvn  to  the  extremi¬ 
ties  of  a  diameter  BO^  the  triangle 
BAG  Avill  be  right-angled  at  A  (b. 

III.,  P.  18,  C.  2) ;  hence,  first,  the  loerj^endicular  AD  is  a  mean 
proportional  between  the  two  segments  BD^  DC^  of  the  diameter^ 

hence,  AD  =o=  BDxDC. 

Furthermore,  by  the  proposition,  the  chord  BA  is  a  mean 
proportional  between  the  diameter  BC^  and  the  adjacent  segment 
BDj  that  is, 

BAl  o^BCxBD.^  and  AC^  =oBCxCD. 

PKOPOSITION  XXIV.  TIIEOKEM. 

Two  triangles  having  an  angle  in  each  equals  are  to  each  other 
as  the  rectangles  of  the  adjacent  sides. 

Let  ABC^  ADE^  be  tAVO  triangles  having  the  equal  angles 

placed,  the  one  on  the  other;  then  the  triangle 

ABO  :  ADE  ::  ABxAG  :  ADxAE, 

8 


114 


GEOMETEY. 


Draw  BE.  Then,  the  triangles  ABE^ 
ADE^  having  the  common  vertex  E.  and 
their  bases  in  the  same  straight  line,  are  to 
each  other  as  their  bases,  (p.  6,  c.)  that  is 

BAE  :  DAE  ::  BA  :  DA. 

In  like  manner,  since  ^  is  a  common 
vertex,  the  triangle 


A 


BAG  :  BAE  ::  AO  :  AE. 


Multiply  together  the  corresponding  terms  of  these  propor¬ 
tions,  omitting  the  common  factor  jBA A';  and  we  have  (b.  ii., 
P.  13), 

BAG  :  DAE  :  BAxAG  :  ADxAE. 


Oor.  If  the  two  triangles  are  equiva¬ 
lent,  we  have, 

BAxAO=^DAxAE\ 

hence  (b.  ii.,  p.  2), 

BA  :  DA  :  AE'  :  AO\ 

consequently,  DO  and  BE  are  parallel 
(p.16). 


A 


PROPOSITION  XXV.  THEOREM. 


Similar  triangles  are  to  each  other  as  the  squares  described  on 

their  homologous  sides. 


Let  ABO^  DEF^  be  two  similar  triangles,  having  the 
angle  A  equal  to  D,  and  the  angle  B—E:  then  will  the 
triangle  BAG  be  to  the  triangle  EDF^  as  a  square  describ¬ 
ed  on  any  side  of  BAG  to  a  square  described  on  the 
homologous  side  of  EDF. 


First,  by  reason  of  the  equal  an¬ 
gles  A  and  -D,  we  have  (p.  24), 

BAG  :  DEF  :  :  BAxAO  ;  DExDF. 

Also,  because  the  triangles  are  similar 
,(p.  18), 

BA  ■.  DE  AC  ■.  BE, 


D 
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And  multipljdng  tlie  terms  of  this  proportion  by  the 
corresponding  terms  of  the  identical  proportion, 

AG  :  DF  ::  AG  :  BF, 
there  will  result 

BAxAC  :  DExDF  AC'’  : 

Consequently  (b.  ii.,  p.  4,  c.), 

BAG  :  BEF  :  :  A(f  :  BP"-: 

Therefore,  the  similar  triangles  BAG^  EDF^  are  to  each 
other  as  the  squares  described  on  their  homologous  sides 
AG,  BF,  or  as  the  squares  described  on  any  other  two 
homologous  sides. 

PKOPOSITION  XXVI.  THEOKEM. 

Two  similar  polygons  may  he  divided  into  the  same  number  of 
triangles,  similar  each  to  each,  and  similarly  placed. 


Let  AEBGB,  FKIHG,  be  two  similar  polygons. 

From  the  vertex  of 
any  angle  A,  in  the  poly¬ 
gon  AEBGB,  draw  di¬ 
agonals,  AB,  A  G.  From 
the  vertex  of  the  homo¬ 
logous  angle  F,  in  the 
other  polygon,  draw  the 
diagonals  FI,  FH,  to  the  vertices  of  the  other  angles. 

The  polygons  being  similar,  the  homologous  angles, 
ABG,  FGII,  are  equal,  and  the  sides  AB,  BG,  proportional 
to  FG,  GH,  that  is, 

AB  :  FG  :  :  BG  :  GH  (d.  1). 

Wherefore,  the  triangles  ABG,  FGII,  have  an  angle  in  each 
equal,  and  the  adjacent  sides  proportional :  hence,  they  are 
similar  (p.  20) ;  consequently,  the  angle  BGA  is  equal  to 
GIIF.  Taking  away  these  equal  angles  fi*om  the  equal 
ajigles  BGB,  GHI,  and  there  remains  AGB—FHL  But 
since  the  triangles  ABG,  FGII,  are  similar,  we  have  • 

■  AG  \  FII  ::  BG  :  GH\ 

and  since  the  polygons  are  similar, 
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BC  \  GH  ::  CD  :  ///; 
lienee,  AC  :  FH  :  :  CD  x  HI. 

The  angle  ACD^  we  already  know,  is  equal  to  F11I\ 
hence,  the  triangles  A  CD,  Fill,  are  similar  (p.  20).  In  the 
same  manner,  it  may  be  shown  that  all  the  remaining  tri¬ 
angles  are  similar,  whatever  be  the  number  /)f  sides  in  tlie 
polygons  i^i’oposed:  therefore,  two  similar  polygons  may  be 
divided  into  the  same  number  of  triangles,  similar,  and 
similarly  placed. 

Scholium.  The  converse  of  the  proposition  is  equally 
true:  If  two  'polygons  are  composed  of  the  same  number  of 
triangles  similar  and  similarly  situated,  the  two  polygons  are 
similar. 

For,  the  similarity  of  the  respective  triangles  will  give 
the  -angles, 

ABC=FGH,  BCA=GHF,  AGD=FHI: 
hence,  BCD^GIIf  likewise,  CDE=HIK,  kc. 

Moreover,  we  have, 

AB  :  FG  ::  BC  :  GH  ::  CD  :  HI  ::  DF  :  IK,  &c.  i 

hence,  the  two  polygons  have  their  angles  equal  each  to  each, 
and  their  sides  proportional;  consequently,  they  are  similar. 


PEOPOSITION  XXVII.  TIIEOKEM. 


The  perimeters  of  similar  polygons  are  to  each  other  as  their 
homologous  sides :  and  the  polygons  are  to  each  other  as  the 
squares  described  on  these  sides. 


Let  AEDCB  and  FKIHG,  be  two  similar  polygons: 
then 


per.  AEDCB  : 

First.  Since  the  fig¬ 
ures  are  similar,  we 
have 

AB  :  FG  ::  BC  : 
GH  : :  CD  x  HI,  ko., 

hence,  the  sum  of  the 
antecedents  AB  +  BC+ 


per.  FKIHG  x  x  AE  x  FK. 


A 
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CD^  kc.j  wliicli  makes  up  the  perimeter  of  the  first  poly¬ 
gon,  is  to  tlie  sum  of  the  consequents  &c., 

■which  makes  up  the  perimeter  of  the  second  polygon,  as 
any  one  antecedent  is  to  its  consequent  (b.  ii.^  p.  10);  that 
is,  as  AB  to  FG^  or  as  any  other  two  homologous  sides. 

Secondly.  Since  the  triangles  ABC,  FGII,  are  similar, 
we  have  (p.  25), 

ABC*:  FGH  :  :  Za"  :  Flf] 
and  from  the  similar  triangles  ACD,  FHI, 

ACD  :  FBI  ::  ic"  :  ■, 

therefore,  by  reason  of  the  common  ratio,  AC^  to  FIF,  we 
have  (b.  ii.,  p.  4,  c.) 

ABC  :  FGII  ;  :  ACD  :  FHL 
By  the  same  reasoning,  we  should  find 

ACD  :  Fill  ::  ADE  :  FIK] 

and  so  on,  if  there  were  more  triangles.  And  from  this 
series  of  equal  ratios,  we  conclude  that  the  sum  of  the 
antecedents  ABC  A  A  CD  A  ADE,  which  makes  up  the  poly¬ 
gon  AEDCB,  is  to  the  sum  of  the  consequents  FGH  A 
FHIAFIK,  which  makes  up  the  polygon  FKIHG,  as  one 
antecedent  ABC,  is  to  its  consequent  FGII  (b.  ii.,  p.  10),  or 
as  AB'^  is  to  FG“  (p.  25);  hence,  similar  jyohjyo'iis  are  to 
each  other  as  the  squares  described  on  their  homologous  sides. 

Cor.  If  three  similar  figures  are  described  on  the  three 
sides  of  a  right-angled  triangle,  the  figure  on  the  hypoihenuse  is 
equivalent  to  the  sum  of  the  other  two. 

Let  A,  B,  C,  denote  three  similar  figures  described  on 
the  hypothenuse  and  sides  of  a  right-angled  triangle,  and  a, 
h,  c,  the  corresponding  squares;  then, 

A  :  B  :  C  ::  a  :  h  :  c  ] 
and,  A  :  BA  C  :  :  a  :  5-fc  (b.  ii.,  p.  9) ; 
but,  a  is  equivalent  to  bAc  (p.  11); 

hence,  A  is  equivalent  BAC. 
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PROPOSITION  XXVIII.  THEOREM. 

Ij  two  chords  intersect  each  other  in  a  circle,  the  segments  are 

ixciprocallg  proportional. 

Let  the  chords  AB  and  CD  intersect  at  0 :  then 
AO  \  DO  OC  :  OB. 

Draw  AC  and  BD.  In  the  triangles 
AOC^  DOB^  the  angles  at  0  are  equal, 
being  vertical  angles  (b.  i.,  p.  4) :  the  angle 
A  is  equal  to  the  angle  D,  because  both  are 
inscribed  in  the  same  segment  (b.  hi.,  p.  18, 

C.  1) ;  for  the  same  reason  the  angle  C—B\ 
the  triangles  are  therefore  similar  (p.  18),  and  the  homologous 
sides  give  the  proportion 

AO  :  DO  ::  CD  :  OB. 

Cor.  Therefore, 

AOxOB=c^DOxCO: 

hence,  the  rectangle  of  the  two  segments  of  one  chord  is 
equivalent  to  the  rectangle  of  the  two  segments  of  the 
other. 

PROPOSITION  XXIX.  THEOREM. 

from  a  point  without  a  circle,  two  secants  he  drawn  termi¬ 
nating  in  the  concave  arc,  the  whole  secants  will  he  recipro¬ 
cally  proportional  to  their  exteimal  segments. 


Let  the  secants  OB,  OC,  be  drawn  from  the  point  0\ 
then 


OB 


OC  ::  OD 


OA. 


For,  drawing  AC,  BD,  the  triangles 
AOC,  BOD  have  the  angle  0  common; 
likewise  the  angle  B=C  (b.  hi.,  p.  18,  c.  1) ; 
these  triangles  are  therefore  similar  (p.  18), 
and  their  ^  homologous  sides  give  the  pro¬ 
portion, 

OB  :  OC  ::  OD  :  OA. 

Cor.  Ilence,  the  rectangle 

OBxOAoOCxOD. 


O 
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Scholium.  This  proposition,  it  may  be  observed,  bears  a 
close  analogy  to  the  preceding,  and  differs  from  it  only  as 
the  two  chords  AB^  CD,  instead  of  intersecting  each  other 
within,  cut  each  other  without  the  circle.  The  following 
proposition  may  be  regarded  as  a  particular  case  of  the 
proposition  just  demonstrated. 

FEOPOSITION  XXX.  THEOEEM. 

If  from  a  point  without  a  circle,  a  tangent  and  a  secant  he 
drawn,  the  tangent  will  he  a  ^nnean  proportional  between  the 
secant  and  its  external  segment. 

From  the  point  0,  let  the  tangent  OA,  and  the  secant 
0(7  be  drawn,  then 

DC  :  -OA  ::  OA  :  OD, 

or,  OTCo  OCX  OD. 

For,  drawing  AD  and  AC,  the  trian¬ 
gles  DA  0,  CA  0,'  have  the  angle  0  com¬ 
mon  ;  also,  the  angle  GAD,  formed  by  a 
tangent  and  a  chord,  is  measured  by  half 
the  arc  AD  (b.  iil,  p.  21) ;  and  the  an¬ 
gle  C  has  the  same  measure  (b.  hi.,  p.  18); 
hence,  the  angle  0AD=  C  (a.  1) :  there¬ 
fore,  the  two  triangles  are  similar,  and 
we  have  the  proportion 

OC  :  OA  OA  i  OD. 

which  gives  OA  o  0  (7  X  OD. 

PEOPOSITION  XXXI.  THEOEEM. 

If  either  angle  of  a  triangle  is  bisected  by  a  line  terminating  in 
the  opjpjosite  side,  the  rectangle  of  the  sides  about  the  bisected 
angle,  is  equivalent  to  the  square  of  the  bisecting  line,  together 
with  the  rectangle  contained  by  the  segments  of  the  third 

side. 

In  the  triangle  BAC,  let  AD  bisect  the  angle  A\  then 
ABy.ACoAlf-\-BDy.DC. 
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Describe  a  circle  tbrougli  the  three 
points  A,B,G  (b.  iil,  prob.  13,  s.) ;  jDrolong 
AB  till  it  meets  the  circumference  in  E, 
and  draw  GE. 

The  trian’^le  BAD  is  similar  to  the 
triangle  EA  G ;  for,  by  hypothesis,  the 
angle  BAD—EAG ;  also,  the  angle  B—E^ 
since  they  are  both  measured  by  half  the  arc  A  G  (b.  hi.,  p. 
18) ;  hence,  these  triangles  are  similar,  and  the  homolo¬ 
gous  sides  give  the  proportion 

BA  :  AE  ::  AD  :  AG] 
hence,  BAxAGoAExAD]  but  AE=AD-\-DE^ 
and  multiplying  each  of  these  equals  by  AD,  we  have 


AE  X  AD  =o^Alf  -^ADxDE ; 
now  (p.  28,  c.),  ADxDEoBDxDG] 

hence,  finally,  BAxAG=c^AD^-\-BDxDG. 


PROPOSITION  XXXII.  THEOREM. 


In  any  triangle,  the  rectangle  contained  hy  two  sides  is  equiva¬ 
lent  to  the  rectangle  contained  hy  the  diameter  of  the  circum¬ 
scribed  circle,  and  the  perpendicular  let  fall  on  the.  third  side. 


In  the  triangle  BAG,  let  AD  be  drawn  perpendicular  fo 
BG ;  and  let  EG  be  the  diameter  of  the  circumscribed 
circle :  then  will 


ABxAGoADxGE. 


Eor,  draAving  AE,  the  triangles 
DBA,  GAE,  are  right-angled,  the  one 
at  D,  the  other  at  li  :  also,  the  angle 
B=E  (b.  III.,  P.18,  C.  1);  these  tri¬ 
angles  are  therefore  similar,  and  we 
have 

AB  \  GE  ::  AD  : 


and  hence,  AB  X  A  G=c>=  GE  X  AD. 


Gor.  If  these  equal  quantities  be  multiplied  by  BG,  there 
will  result 

ABxAGxBG^GExADxBG] 
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now,  ADXBC  double  the  area  of  the  triangle  (p.  6); 
therefore,  the  2^^'oduct  of  the  three  sides  of  ci  triangle  is  equal 
to  its  area .  multtflied  hy  twice  the  diameter  of  the  circumscribed 
circle. 

The  product  of  three  lines  is  sometimes  represented 
by  a  solid,  for  a  reason  that  will  be  seen  hereafter.  Its 
value  is  easily  conceived,  by  supposing  the  lines  to  be 
reduced  to  numbers,  and  then  multiplying  these  numbers 
together. 

Scholium.  It  may  also  be  demonstrated,  that  the  area  of 
a  triangle  is  equal  to  its  perimeter  multiplied  hy  half  the  radius 
of  the  inscribed  circle. 

For,  the  triangles  A  OB^ 

BOC.  AOC,  which  have  a 
common  vertex  at  0,  have 
for  their  common  altitude  the 
radius  of  the  inscribed  circle; 
hence,  the  sum  of  these  tri¬ 
angles  will  be  equal  to  the 
sum  of  the  bases  AB^  BO^  AC^  multiplied  by  half  the 
radius  0B‘^  hence,  the  area  of  the  triangle  ABQ  is  equal 
to  its  perimeter  multiplied  hy  half  the  radius  of  the  inscribed 
circle. 

PROrOSITION  XXXIII.  TIIEOKEM. 

In  every  quadrilateral  inscribed  in  a  circle^  the  rectangle  of  the 

two  diagonals  is  equivalent  to  the  sum  of  the  rectangles  of 

the  opposite  sides.  ^ 

Let  ABCD  be  a  quadrilateral  inscribed  in  a  circle,  and 
AC^  BD^  its  diagonals:  then  we  shall  have 

ACxBDoABxCD+ADxBC. 

Take  the  arc  C0=AD,  and  draw 
j50,  meeting  the  diagonal  AG  in  /. 

The  angle  ABD=  CBf  since  the 
one  has  for  its  measure  half  of  the  arc 
AD  (b.  III.,  P.  18),  and  the  other,  half 
of  CO^  equal  io  AD  \  the  angle  ADB 
=zBCI,  because  they  are  subtended  by 
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the  same  arc  ;  hence,  the  triangle 
ABD  is  similar  to  the  triangle  IBC^ 
and  we  have  the  proportion 

AD  \  Cl  \  \  BD  \  BG-; 

and  consequently, 

ADxBC^ClxBD. 

Again,  the  triangle  ABI  is  similar  to  the  triangle  BDC\ 
for  the  arc  AD  being  equal  to  CO,  if  OD  be  added  to 
each  of  them,  we  shall  have  the  arc  AO—DG\  hence,  the 
angle  ABI  is  equal  to  DBG',  also,  the  angle  iM/  to  BDC, 
because  they  stand  on  the  same  arc;  hence,  the  triangles 
AIB,  DBG,  are  similar,  and  the  homologous  sides  give  the 
proportion 

AB  :  BD  ::  AI  :  CD', 
hence,  AB  X  CD  o  AI X  BD. 

Adding  the  two  results  obtained,  and  observing  that 
AI  X  BD+ Cl  X  BD=^  {AI  A  Cl)  x  BD=A  G  X  BD, 
we  shall  have 

ADxBGAABx  GDoACxBD, 


PROBLEMS 

RELATING  TO  THE  FOURTH  BOOK. 


PEOBLEM  I. 

h 


To  divide  a  given  straight  line  into  any  number  of  equal  parts, 
or  into  parts  proportional  to  given  lines. 


First.  Let  it  be  proposed  to  divide  the 
line  AB  into  five  equal  parts.  Through 
the  extremity  A,  draw  the  indefinite  straight 
line  AG:  take  AG  oi  any  magnitude,  and 
apply  it  five  times  upon  A  G';  join  the  last 
point  of  division  G,  and  the  extremity  B 
of  the  given  line,  by  the  straight  line  GB', 
then  through  C,  draw  Cl  parallel  to  GB: 


A 
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A1  will  be  tlie  fifth  part  of  the  line  AB ;  and  by  apply¬ 
ing  AI  five  times  upon  AB^  the  line  AB  will  be  divided 
into  five  equal  parts. 

For,  since  GI  is  -parallel  to  GB^  the  sides  AG^  AB^ 
are  cut  proportionally  in  C  and  I  (p.  15).  But  AO  is 
the  fifth  part  of  AG^  hence,  AI  is  the  fifth  part  of  AB, 

Secondly,  Let  it  be  I  F  B 

proposed  to  divide  the  ^ 

line  AB  into  parts  pro¬ 
portional  to  the  given 
lines  P,  Q,  R.  Through  Q'  ' 

A,  draw  the  indefinite  ' 


line  A  G ;  make  A  0 =P, 


CD=  Q,  DE=R\  join  the 

extremities  E  and  B ;  and  through  the  points  0  and  P, 
draw  CI^  1)F^  parallel  to  EB ;  the  line  AB  will  be  divided 
into  parts  AI,  IF,  FB,  proportional  to  the  given  lines  P,  Q,  R, 
For,  by  reason  of  the  parallels  Cl,  BF,  EB,  the  parts 
AI,  IF,  FB,  are  proportional  to  the  parts  AC,  CD,  DE  (p. 
15,  c.  2) ;  and  by  construction,  these  are  equal  to  the  given 
lines  P,  Q,  R. 


PEOBLEM  II. 

To  find  ^  fourth  proportional  to  three  given  lines,  A,  B,  0, 


Draw  the  two  indefi¬ 
nite  lines  DE,  DF,  form¬ 
ing  any  angle  with  each 
other.  Upon  DE  take 
DA=A,  and  DB=^B] 


D 


upon  DF  take  DC=G,  jT  \ 

draw  A  C ;  and  through  ^  ^ 

the  point  B,  draw  BX  parallel  to  AO ',  and  DX  will  be 

the  fourth  proportional  required.  For,  since  BX  is  parallel 

to  AG,  we  have  the  proportion  (p,  15,  C.  1), 


now,  the  first  three  terms  of  this  proportion  are  equal  to 
the  three  given  lines :  consequently,  DX  is  the  fourth  pro¬ 


portional  required. 
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Cor.  A  third  proportional  to  two  given  lines,  A,  may 
be  found  in  the  same  manner,  for  it  will  be  the  same  as  a 
fourth  proportional  to  the  three  lines.  A,  B. 


PROBLEM  III. 

To  find  a  mean  proportional  between  two  given  lines  A  and  B. 

Upon  the  indefinite  line  DF^ 
take  BE—A^  and  EF=B\  and 
upon  the  whole  line  DF<,  as  a 
diameter,  describe  the  semicircum¬ 
ference  BGF  \  at  the  point  E^ 
erect,  upon  the  diameter,  the  per¬ 
pendicular  EG  meeting  the  semicircumference  in  G\  EG 
will  be  the  mean  proportional  required. 

For,  the  perpendicular  EG^  let  fall  from  a  point  in  the 
circumferenice  upon  the  diameter,  is  a  mean  proportional 
between  the  two  segments  of  the  diameter  DE^  EF  (p.  23, 
c.) ;  and  these  segments  are  equal  to  the  given  lines  A  and  B, 


Ai - 1 


PROBLEM  IV. 

To  divide  a  given  line  into  two  such  parts,  that  the  greater 
part  shall  he  a  mean  proportional  between  the  whole  line 
and  the  other  part. 


Let  AB  be  the  given  line. 

At  the  extremity  B,  erect  the 
perpendicular  BG,  equal  to  the 
half  of  AB ;  from  the  point  C, 
as  a  centre,  with  the  radius  CB, 
describe  a  semicircle  ;  draw  A  C 
cutting  the  circumference  in  i); 
and  take  AF—AD\  then  F  will 
and  we  shalUhave, 


AB  :  AF  AF  :  FB. 

For,  AB  being  perpendicular  to  the  radius  at  its  ex¬ 
tremity,  is  a  tangent  (b.  iii.,  P.  9) ;  and  ii  AG  be  prolonged 
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till  it  again  meets  the  circumference,  in  E,  we  shall  have 
(p.  80), 

AF,  :  AB  AB  ■.  AD-, 

hence,  by  division, 

AE-AB  :  AB  ::  AB-AD  :  AD. 

But,  since  the  radius  is  the  half  of  AB,  the  diameter  DE 
is  equal  to  AB,  and  consequently,  AE—AB=AD=AF; 
also,  because  AF—AD,  we  have  AB  AD=FB\  hence, 

AF  AB  FB  :  AD,ot:AF-,  ' 

whence,  by  inversion, 

AB  AF  AF  ■.  FB. 

Scholium.  This  sort  of  division  of  the  line  AB,  viz.,  50 
that  the  whole  line  shall  he  to  the  greater  part  as  the  greater  part 
is  to  the  less,  is  called  division  in  extreme  and  mean  ratio. 
It  may  further  be  observed,  that  the  secant  AE  is  divided 
in  extreme  and  mean  ratio  at  the  point  D  5  for,  since  AB  — 
DE,  we  have, 

AE  :  DE  ::  DE  :  AD. 

PKOBLEM  V. 

Through  a  given  point,  in  a  given  angle,  to  draw  a  line  so 
that  the  segments  comprehended  between  the  point  and  the 
two  sides  of  the  angle,  shcdl  he  equal 

Let  BCD  be  the  given  angle,  and  A  the  given  point. 
Through  the  point  A,  draw  AE 
parallel  to  CD,  make  BE=  CE,  and 
through  the  points  B  and  A,  draw 
BAD  ;  this  will  be  the  line  required. 

For,  AE  being  parallel  to  CD,  we 
have, 

BE  i  EC  ::  BA  :  AD] 
but  BE=EC]  therefore,  BA=AD. 
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PKOBLEM  VI. 

To  describe  a  square  that  shall  he  equivalent  to  a  given  parol- 

Mogram,  or  to  a  given  triangle. 

First.  Let  A  BCD  be 
tlie  given  parallelogram, 

AD  its  base,  and  DE 
its  altitude :  between  AB 
and  DE  find  a  mean 
proportional  XY ;  then 
will  the  square  described  upon  XY  be  equivalent  to  the 
parallelogTam  ABCD. 

For,  by  construction, 

AB  :  XY  ::  XY  :  DE] 
therefore,  XT'"  ^ABxDE] 

but  ABxDE  is  the  measure  of  the  parallelogram  (p.  5), 
and  XY  that  of  the  square;  consequently^  they  are  equiv¬ 
alent. 

Secondly.  Let  BA  C 
be  the  given  triangle, 

BC  its  base,  AD  its  al¬ 
titude  :  find  a  mean  pro¬ 
portional  between  BG 
and  the  half  of  AD^  and 
let  XY  be  that  mean  ; 
will  be  equivalent  to  the  triangle  ABO. 

For,  since 

BO  :  XY  ::  XY  :  \AD, 
it  follows,  that 

Ty^^c^BCx\AD-, 

hence,  the  square  described  upon  JCY  is  equivalent  to  the 
triangle  BAO. 

PEOBLEM  VII. 

Upon  a  given  line,  to  describe  a  rectangle  that  shall  be  equiva* 

lent  to  a  given  rectangle. 

Let  AD  be  the  line,  and  ABFG  the  given  rectangle. 


A 


the  square  described  upon  XY 
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X 


E 


B 

A  T 

Find  a  fourtli  pro¬ 
portional  to  the  three 
lines,  AD^  AB^  AQ^  and 
let  AX  be  that  fourth 
proportional  ;  a  rectan¬ 
gle  constructed  with  the 

sides  AD  and  AX  will  be  equivalent  to  tbe  rectangle  ABFC. 
For,  since 

AD  :  AB  ;  :  AC  :  AX, 


it  follows,  that  AD'kAXoABxAG] 

hence,  the  rectangle  AD  EX  is  e(^ui  valent  to  the  rectangle 

ABFC, 


PEOBLEM  VIII. 

To  find  two  lines  whose  Tcttio  sJictll  he  the  scrnne  as  the  Tdtio  of 
two  rectangles  contained  by  given  lines. 

Let  AxB,  CxD,  be  the  rectangles  contained  by  the 

given  lines  A,  B,  G,  and  D, 

Find  X,  a  fourth  proportional  to  the  _  ^ 

three  lines,  B,  G,  D\  then  will  the  two  ^ , 
lines  A  and  X  have  the  same  ratio  to  , 

each  other  as  the  rectangles  AxB  and  - : — , 

GxD.  Xi - • 

For  since, 

B  \  G  :  :  D  :  X, 

it  follows  that  CxDoBxX]  hence, 

AxB  :  GxD  ::  AxB  :  BxX  ::  A  :  X. 

Cor.  Hence,  to  obtain  the  ratio  of  the  squares  described 
upon  the  given  lines  A  and  (7,  find  a  third  proportional  X, 
to  tlie  lines  A  and  (7,  so  that 

A  :  G  :  :  C  :  X; 

you  will  then  have 

or  ^\X=o=AxC'°;  bence, 

X"  :  C'‘  ::  A  :  X. 
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PEOBLEM  IX. 


To  find  a  triangle  that  shall  he  equivalent  to  a  given  jpohjgo^i. 


C 


Let  AEDCB  be  the  given  polygon. 

First  Draw  the  diagonal  CE 
cutting  off  the  triangle  CDE\ 
throngh  the  point  D,  draw  DF 
parallel  to  CE,  meeting  AE  pro¬ 
longed,  in  F\  draw  CF\  the  poly¬ 
gon  AEDCB  is  equivalent  to 
the  polygon  AFCB,  whicb  has  one  side  less  than  the 

given  polygon. 

For  the  triangles  CDE,  CFE,  have  the  base  CE  com¬ 
mon,  they  have  also  equal  altitudes,  since  their  vertices  D 
and  F,  are  situated  in  a  line  DF  parallel  to  the  base: 
these  triangles  are  therefore  equivalent  (p.  2,  c.)  Add  to 
each  of  them  the  figure  AECB,  and  there  will  lesult  the 
polygon  AEDCB,  equivalent  to  the  polygon  AdCB. 

The  angle  B  may  in  like  manner  be  cut  off,  by  sub¬ 
stituting  for  the  triangle  ABC,  the  equivalent  triangle  A  (x  (7, 
and  thus  the  pentagon  AEDCB  will  be  changed  into  an 
equivalent  triangle  GCF. 

The  same  process  may  be  applied  to  every  other  figure  j 
for,  by  successively  diminishing  the  number  of  its  sides, 
one  being  retrenched  at  each  step  of  the  process,  the  equiv¬ 
alent  triangle  will  at  last  be  found. 

Scholium,  We  have  already  seen  that  every  triangle  may 
be  changed  into  an  equivalent  square  (peob.  6) ,  and  thus 
a  square  may  always  be  found  equivalent  to  a  given  recti¬ 
lineal  figure,  which  operation  is  called  squaring  the  recti 

lineal  figure,  or  the  quadrature  of  it. 

The  problem  of  the  quadrature  of  the  circle  consists  in 
finding  a  square  equivalent  to  a  circle  whose  diameter  is 
given. 
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PEOBLEM  X. 

To  find  the  side  of  a  square  which  shall  he  equivalent  to  the 
sum  or  the  difference  of  two  given  squares. 

Let  A  and  B  be  the  sides  of  the  given  squares. 

First.  If  it  is  required  to  find 
a  square  equivalent  to  tbe  sum 
of  these  squares,  draw  the  two 
indefinite  lines,  FD^  EF,  at  right 
angles  to  each  other ;  take  ED= 

and  EG=B  ]  and  draw  DG\ 
this  will  be  the  required  side  of  the  square. 

For  the  triangle  DEG  being  right-angled^  the  square 
described  upon  the  hypothenuse  DG^  is  equivalent  to  the 
sum  of  the  squares  upon  ED  and  EG  (p.  11). 

Secondly.  If  it  is  required  to  find  a  square  equivalent 
to  the  difference  of  the  given  squares,  form,  as  before, 
the  right  angle  FEE ;  take  GE  equal  to  the  shorter 
of  the  sides  A  and  B]  from  the  point  6^  as  a  centre,  with 
a  radius  GH^  equal  to  the  other  side,  describe  an  arc 
cutting  EH  in  H :  the  square  described  upon  EH  will  be 
equivalent  to  the  difference  of  the  squares  described  upon 
the  lines  A  and  B. 

For,  the  triangle  GEH  is  right-angled,  the  hypothenuse 
GH=A^  and  the  side  GE—B\  hence,  the  square  described 
upon  Edf  is  equivalent  to  the  difference  of  the  squares  A 
and  B  (p.  11,  c.  1). 

Scholium.  A  square  may  thus  be  found,  equivalent  to  the 
sum  of  any  number  of  squares ;  for  a  construction  similar 
to  that  which  reduces  two  of  them  to  one,  will  reduce 
three  of  them  to  two,  and  these  two  to  one,  and  so  of 
others.  It  would  be  the  same,  if  any  of  the  squares  were 
to  be  subtracted  from  the  sum  of  the  others. 
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PROBLEM  XT. 

Tc  find  a  square  which  shall  he  to  a  given  square  as  one  given 

line  is  to  another  given  line. 

Let  AG  ho  tlie  given  square,  and  M  and  N  tlie  given 
lines. 

Upon  tlie  indefi¬ 
nite  line  EO^  take  EE 
==ii;  andi^(7=iV;  up¬ 
on  EG  as  a  diameter 
describe  a  semicircum¬ 
ference,  and  at  the 
point  F  erect  the  per¬ 
pendicular  EH.  From  the  point  H,  draw  the  chords  HO, 
HE,  which  produce  indefinitely:  upon  the  first,  take  HK 
equal  to  the  side  AB  of  the  given  square,  and  through  the 
point  E  draw  KI  parallel  to  EG  5  HI  will  be  the  side  of 
the  required  square. 

For,  by  reason  of  the  parallels  KI,  GE,  we  have 

HI  :  HK  :  :  HE  :  HG ; 

hence,  HI  :  HK  :  :  HE  :  HG  : 

but  in  the  right-angled  triangle  GHE,  the  square  of  HE 
is  to  the  square  of  HG  as  the  segment  EF  is  to  the  seg¬ 
ment  EG  (P.  11,  c.  8),  or  as  M  is  to  N]  hence, 

Hl^  :  HK"  ::  M  \  K. 

But  HK=AB ;  therefore,  the  square  described  upon  HI  is 
to  the  square  described  upon  AB  as  1/  is  to  iV. 

PROBLEM  XII. 

Ujpon  a  given  line,  to  describe  a  polygon  similar  to  a  given 

polygon. 

Let  FQ  be  the  given  line,  and  AEBCB  the  given 
polygon. 
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In  the  given  poly- 
[  gon,  draw  the  diago- 
(  nals  AO^  AD]  at  the 
[  point  F  make  the  angle 
[  OFH  =  BA  G,  and  at  the 
point  (7,  the  angle  FGH 
=ABO  ]  the  lines  FH^ 

GH  will  intersect  each  other  in  and  the  triangle  FGH 
will  be  similar  to  ABQ  (p.  18).  In  the  same  manner  upon 
'  FH^  homologous  to  AG^  describe  the  triangle  FIH  similar 
\to  ADG]  and  upon  FI^  homologous  to  AD^  describe  the 
triangle  FIK  similar  to  ABF.  The  polygon  FGHIK  will 
be  similar  to  ABGDE^  as  required. 

For,  these  two  polygons  are  composed  of  the  same 
number  of  similar  triangles,  similarly  placed  (p.  26,  s.) 


PKOBLEM  XIII. 


Two  similar  figures  heing  given^  to  describe  a  similar  figure 
which  shall  he  equivalent  to  their  sum  or  difference, 

N 

Let  A  and  B  be  homologous  sides  of  the  given  figures. 

Find  a  square  equivalent 
to  the  sum  or  difference  of 
the  squares  described  upon  A 
and  B  ]  let  X  be  the  side  of 
that  square ;  then  will  X  be 
that  side  in  the  figure  required, 
which  is  homologous  to  the 
sides  A  and  B  in  the  given  figures.  Let  the  figure  itself, 
then,  be  constructed  on  the  side  X^  as  in  the  last  problem. 
This  figure  will  be  equivalent  to  the  sum  or  difference  of 
the  figures  described  on  A  and  B  (p.  27,  c.) 


PEOBLEM  XIV. 

To  describe  a  figure  similar  to  a  given  figure,  and  bearing  to 

it  the  given  ratio  of  M  to  X. 

Let  7L  be  a  side  of  the  given  figure,  X  the  homologous 
side  of  the  required  figure. 
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Find  the  value  of  X,  sucli,  that  its 
square  sliall  be  to  the  square  of  as  M  to 
N  (PROB.  11).  Then  upon  X  describe  a  fig¬ 
ure  similar  to  the  given  figure  (prob.  12) . 
this  will  be  the  figure  required. 


PROBLEM  XV. 


To  construct  a  figure  similar  to  the  figure  P,  and  equivalent  to 

the  figure  Q. 


Find  i/J  the  side  of  a 
square  equivalent  to  the  fig¬ 
ure  Pj  and  N  the  side  of  a 
square  equivalent  to  the  figure 
Q  (prob.  9,  s.)  Let  X  be  a 


fourth  proportional  to  the 

three  given  lines,  M,  N,  AB  ;  upon  the  side  X,  homologous 
to  AB^  describe  a  figure  similar  to  the  figure  P ;  it  will  also 

be  equivalent  to  the  figure  Q. 

For,  onlUTig  Y  the  figure  described  upon  the  side  X, 

we  have,  _  ^ 

P  :  Y  ::  AB  :  X" ; 


but  by  construction, 

AB  :  X  ::  M  :  X,  or,  AB'  X' 
hence,  P  :  Y  :  :  X . 

But,  by  construction  also, 

if^oP,  and  N^oQ’ 

therefore,  P  :  Y  :  :  P  Q] 

consequently,  YoQ-,  hence,  the  figure  Y  is  similar  to 

the  figure  P,  and  equivalent  to  the  figure  Q. 


PROBLEM  XVI. 

To  construct  a  rectangle  equivalent  to  a  given  square^  and  hav¬ 
ing  the  sum  of  its  adjacent  sides  equal  to  a  given  line. 

Let  0  be  the  square,  and  the  line  AB  equal  to  the 
sum  of  the  sides  of  the  required  rectangle. 
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Upon  AB  as  a  diam¬ 
eter,  describe  a  semicir¬ 
cumference  ;  at  J.,  draw 
AD  perpendicular  to  AB^ 
and  make  it  equal  to  tlie 
side  of  tke  square  C ; 
then  draw  the  line  DE  parallel  to  the  diameter  AB ;  from  the 
point  E^  where  the  parallel  cuts  the  circumference,  draw 
EF  perpendicular  to  the  diameter ;  AF  and  FB  will  be 
the  sides  of  the  required  rectangle. 

For,  their  sum  is  equal  to  AB ;  and  their  rectangle 
AF  X  FB  is  equivalent  to  the  square  of  EF^  or  to  the  square 
of  AD ;  hence,  this  rectangle  is  equivalent  to  the  given 
square  G, 

Scholium.  The  problem  is  impossible,  if  the  distance  AB 
exceeds  the  radius ;  that  is,  the  side  of  the  square  0  must 
not  exceed  half  the  line  AB. 


PROBLEM  XVII. 


To  construct  a  rectangle  that  shall  he  equivalent  to.  a  given 
square^  and  the  difference  of  lohose  adjacent  sides  shall  he 
equal  to  a  given  line. 

Lef  0  denote  the  given  square,  and  AB  the  difference 
of  the  sides  of  the  rectangle. 

Upon  the  given  line  AB^  as  a  D 
diameter,  describe  a  circumference. 

At  the  extremity  of  the  diameter, 
draAV  the  tangent  AD^  and  make  it 
equal  to  the  side  of  the  square  (7; 

through  the  point  D  and  the  cen-  B 

tre  0  draw  the  secant  DOF^  inter¬ 
secting  the  circumference  in  E  and 
F ;  then  will  DE  and  DF  be  the 
adjacent  sides  of  the  required  rectangle. 

For,  the  difference  of  these  lines  is  equal  to  the  diame 
ter  EF  or  AB]  and  the  rectangle  DE,  DF  is  equivalent  tc 
Aff  (P.  30);  hence,  the  rectangle  DFxDF,  is  equivalent 
to  the  given  square  C 
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PROBLEM  XVIII. 

To  find  the  common  measure^  betwee^i  the  side  and  diagonal  of 

a  square. 

Let  ABCG  be  any  square,  and  AC  its  diagonal. 

We  first  apply  GB  npon  GA.  E 

For  tbis  purpose  let  tlie  semicir- 
ciimference  DBE  be  described,  from 
the  centre  G,  with  tbe  radius  CB^ 
and  produce  AG  to  B.  It  is  evident 
that  GB  is  contained  once  in  AG, 
with  tbe  remainder  AD.  Tbe  result 
of  tbe  first  operation  is,  tberefore,  a 
quotient  1,  with  tbe  remainder  AD. 

Tbis  remainder  must  now  be  compared  witb  BG,  or  its  equal 

AB. 

Since  tbe  angle  ABC  is  a  right  angle,  AB  is  a  tangent, 
and  since  AE  is  a  secant  drawn  from  tbe  same  point,  we 
bave  (p.  30), 

AD  :  AB  \\  AB  \  AE. 

Hence,  in  tbe  second  operation,  where  AD  is  compared 
witb  AB,  tbe  equal  ratio  of  AB  to  AE  may  be  taken  instead  : 
but  AB,  or  its  equal  GD,  is  contained  twice  in  AE,  witb 
tbe  remainder  AD ;  tbe  result  of  tbe  second  operation  is 
tberefore  a  quotient  2  witb  tbe  remainder  AD,  and  tbis  must 

be  again  compared  witb  AB. 

Thus,  tbe  third  operation  consists  in  comparing  again 
AD  witb  AB,  and  may  be  reduced  in  tbe  same  manner  to 
tbe  comparison  of  AB  or  its  equal  GD  witb  AE ;  from 
which  there  will  again  be  obtained  a  quotient  2,  and  tbe 
remainder  AD.  ^ 

Hence,  it  is  evident  that  tbe  process  will  never  termi¬ 
nate,  and  consequently  that  no  remainder  is  contained  in 
its  divisor  an  exact  number  of  times  ;  tberefore,  there  is 
no  common  measure  between  tbe  side  and  tbe  diagonal  of 
a  square.  Tbis  property  has  already  been  shown,  since  (p. 
11,  C.  5), 

AB  :  AG  1  :  a/2, 

but  it  acquires  a  greater  degree  of  clearness  by  tbe  geo¬ 
metrical  investigation. 
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REGULAR  POLYGONS — MEASUREMENT  OF  THE  CIRCLR 


DEFINITION. 


A  Eegular  Polygon  is  one  wLicli  is  botR  equilateral 
and  equiangular. 

A  regular  polygon  may  Rave  any  number  of  sides. 
TRe  equilateral  triangle  is  one  of  tRree  sides  5  tRe  square, 
is  one  of  four. 

PROPOSITION  I.  THEOREM. 

TlegulciT  jpolygous  of  the  saiffie  uumbeT  of  sides  dve  simiXcLT  figuves. 

Let  ABCDEF,  ahcedf  be  two  sucR  polygons. 

TRen,  eitRer  angle,  E - D  ^  ^ 

as  A,  of  tRe  polygon 
ABCDEF^  is  equal  to 
twice  as  many  rigRt  an¬ 
gles  less  four,  as  tRe  fig-  _ ^ 

ure  Ras  sides,  divided  by  A  ^ 

tRe  number  of  sides  *,  and  tRe  same  is  true  of  eitRer  angle 

of  tRe  otRer  polygon  (b.  i.,  P.  26,  c.  4) ;  Renee  (a.  1),  tRe 

angles  of  tRe  polygons  are  equal. 

Again,  since  tRe  polygons  are  regular,  tRe  sides  AB^  BG^ 
CD,  &c.,  are  equal,  and  so  likewise  tRe  sides  a5,  5c,  cd 

(d.\  &c.;  Renee 

AB  :  ah  ::  BG  :  he  ::  GD  :  cd,  kc.] 
tRerefore,  tRe  two  polygons  Rave  tReir  angles  equal,  and 
iReir  sides  taken  in  tlie  same  order  proportional ;  conse¬ 
quently,  tRey  are  similar  (b.  IV.,  D.  1). 

Gor.  1.  TRe  perimeters  of  two  regular  polygons  of  tRe 
same  number  of  sides,  are  to  each  other  as  their  homolo¬ 
gous  sides,  and  their  surfaces  are  to  each  other  as  the 
squares  of  tRose  sides  (b.  iv.,  p.  27). 
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Cor.  2.  The  angle  of  a  regular  potygon,  like  the  angle 
of  an  equiangular  polygon,  is  determined  by  the  number 
of  its  sides  (b.  l,  p.  26,  c.  4). 

PKOPOSITION  II.  THEOEEM. 

4  regular  polygon  may  he  circumscribed  by  the  circumference 
of  a  circle,  and  a  circle  may  be  inscribed  within  it. 

Let  HGFE,  kc.,  be  any  regular  polygon. 

Through  the  three  points  A,  B,  (7, 
describe  the  circumference  of  a  circle : 
the  centre  0  will  lie  in  the  line  OP, 
drawn  perpendicular  to  BG  at  the 
middle  point  P  (b.  hi.,  p.  6,  s.)  Then 
draw  OB  and  00. 

If  the  quadrilateral  OPCD  be 
placed  upon  the  quadrilateral  OPBA, 
they  will  coincide ;  for,  the  side  OP  is  common ;  the  angle 
OPC  =  OPB,  each  being  a  right  angle ;  hence,  the  side 
PC  will  apply  to  its  equal  PB,  and  the  point  C  will 
fall  on  B :  besides,  the  polygon  being  regular,  the  angle 
PCB—PBA  (d.)  ;  hence,  CD  will  take  the  direction  BA ; 
and  since  CD— BA,  the  point  D  will  fall  on  A,  and  the 
two  quadrilaterals  will  coincide.  Hence,  OD  is  equal  to 
A  0 ;  and  consequently,  the  circumference  which  passes 
through  the  three  points  A,  B,  G,  will  also  pass  through 
the  point  D.  In  the  same  manner  it  may  be  shown,  that 
the  circumference  which  passes  through  the  three  points 
B,  G,  D,  will  also  pass  through  the  point  E]  and  so  of  all 
the  other  vertices ;  hence,  the  circumference  which  passes 
through  the  points  A,  B,  G,  passes  also  through  the  vertices 
of  all  the  angles  of  the  polygon,  consequentlj?",  the  circum¬ 
ference  of  the  circle  circumscribes  the  polygon  (b.  III.,  D.  7). 

Again,  in  reference  to  this  circle,  all  the  sides  AB,  BG, 
CD,  kc.,  of  the  polygon,  are  equal  chords;  they  are  there¬ 
fore  equally  distant  from  the  centre  (b.  ill.,  P.  8) :  hence,  if 
from  the  point  0  as  a  centre,  with  the  distance  OP,  a  cir¬ 
cumference  be  described,  it  will  touch  the  side  BG,  and  all 
the  other  sides  of  the  polygon,  each  in  its  middle  point,  and 
the  circle  will  be  inscribed  in  the  polygon  (b.  hi.,  d.  11). 
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Scholium.  The  point  0,  the  common  centre  of  the  in¬ 
scribed  and  circumscribed  circles,  may  also  be  regarded  as 
'  the  centre  of  the  polygon;  and  the  angle  A  OB  is  called 
the  angle  at  the  centre^  being  formed  by  two  lines  drawn 
from  the  centre  to  the  extremities  of  the  same  side  AB. 
The  perpendicular  OP,  is  called  the  apothem  of  the  polygon. 

Cor.  1.  Since  all  the  chords  AB^  BO^  CD,  &c.,  are  equal, 
all  the  angles  at  the  centre  are  likewise  equal  (b.  hi,,  p.4)  ;  and 
therefore,  the  value  of  any  angle  will  be  found  by  dividing 
four  right  angles  by  the  number  of  sides  of  the  polygon. 

Cor.  2.  To  inscribe  a  regular 
polygon  of  any  number  of  sides 
in  a  given  circle,  we  have  only 
to  divide  the  circumference  into 
as  many  equal  parts  as  the  poly¬ 
gon  has  sides ;  for,  Avhen  the  arcs 
:  are  equal,  the  chords  AB,  BC,  CD, 

\  &c.,  are  also  equal  (b.  hi.,  p.  4) ; 

hence,  likewise  the  triangles  AOB,  BOC,  COD,  must  be 
equal,  because  their  sides  are  equal  each  to  each  (b.  i.,  p.  10); 
therefore,  by  addition,  all  the  angles  ABO,  BCD,  CDE,  &c.,  are 
equal  (a.  2) ;  hence,  the  figure  ABCDEH,  is  a  regular  polygon. 

PEOPOSITION  HI.  peoblem. 

To  inscribe  a  square  in  a  given  circle. 

Draw  two  diameters  AC,  BD,  intersecting  each  other 
at  right  angles;  join  their  extremities  A,  B,  C,  D ,  the 
figure  ABCD  will  be  a  square. 

For,  the  angles  A  OB,  BOC,  &c., 
being  equal,  the  chords  AB,  BC, 

&c.,  are  also  equal  (b.  hi.,  p.  4) : 
and  the  angles  ABC,  BCD,  kc., 
being  inscribed  in  semicircles,  are 
right  angles  (b.  hi.,  p.  18,  C.  2). 

Scholium.  Since  the  triangle 
BCO  is  right-angled  and  isosceles, 
we  have  (b.  iv.,  p.  11,  c.  5),  BC  : 
hence,  the  side  of  the  inscribed  square  is  to  the  radius ^  as  the 
square  root  of  two,  to  unity. 


BO  :  :  ^2  :  1 , 
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PKOPOSITION  IV.  THEOKEM. 

If  a  regular  hexagon  he  inscribed  in  a  circle^  its  side  will  he 

equal  to  the  radius. 

Let  ABCDEH^  be  a  regular  hexagon,  inscribed  in  a 
circle:  then  will  its  side  AB  be  equal  to  the  radius  OA. 

For,  the  angle  A  OB  is  equal 
to  one-sixth  of  four  right  angles, 

(p.  2,  C.  1),  or  one-third  of  two 
right  angles  :  hence,  the  sum 
of  the  remaining  angles  OAB^ 

OBA^  is  equal  to  two-thirds  of 
two  right  angles  (b.  i.,  P.  25). 

But  the  triangle  AOB  is  isos¬ 
celes,  hence,  the  angles  at  the 
base  are  equal  (b.  i.,  p.  11) :  therefore  each  is  one-third  ol 
two  right  angles :  hence,  the  triangle  A  OB  is  equiangu¬ 
lar  :  hence,  AB  =A  0  (b.  i.,  p.  12). 


PKOPOSITION  V.  PEOBLEM. 

To  inscribe  in  a  given  cii'cle^  a  regular  hexagon. 

Let  0  be  the  centre,  and  OB  the  radius  of  the  given 
circle. 


Beginning  at  any  point,  as 
B^  apply  the  radius  EO,  six 
times  as  a  chord  to  the  circum¬ 
ference,  and  we  shall  form  the 
regular  hexagon  BODEFA  (p. 
4).  Hence,  to  inscribe  a  regu¬ 
lar  hexagon  in  a  given  circle, 
the  radius  must  be  applied  six 
times  as  a  chord,  to  the  cir¬ 
cumference  ;  which  will  bring 
us  round  to  the  point  of  begin¬ 
ning. 

Cor.  1  If  the  vertices  of  t 


B 


alternate  angles  be  joined 
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by  tlie  lines  AG^  OE^  EA^  there  will  be  inscribed  in  the 
circle  an  equilateral  triangle  ACE,  since  each  of  its  angles 
will  be  measured  by  one-sixth  of  four  right  angles,  or  one- 
third  of  two  (b.  I.,  P.  25,  C.  5). 

Cor.  2.  If  we  draw  the  radii  OA,  00,  the  figure  0  GB A 
will  be  a  rhombus :  for,  we  have 

OG=GB=BA^AO. 

Hence,  the  sum  of  the  squares  of  the  diagonals  is  equiva¬ 
lent  to  the  sum  of  the  squares  of  the  sides  (b.  iv.,  p.  14,  c.  2) : 

that  is,  10"+  ftfi"  o  "  o  4  OB  " ; 

and  by  taking  away  OB'^,  we  have, 

AE^  O^OB^ hence, 

I  ;  '•  :  3  :  1  ;  or, 

AG  :  OB  :  1: 

hence,  the  side  of  the  inscribed  equilateral  triangle  is  to  the 
radius,  as  the  square  root  of  three,  to  unity. 


PKOPOSITION  VI.  PROBLEM. 


to  inscribe  a  regular  decagon. 


In  a  given  circle 

Let  0  be  the  centre,  and 
circle. 

Divide  the  radius  OA  in 
extreme  and  mean  ratio  at 
the  point  M  (b.  iv.,  prob.  4) : 
Take  OM,  the  greater  seg¬ 
ment,  and  lay  it  off  from  A 
to  B]  the  chord  AB  will 
be  the  side  of  the  regu¬ 
lar  decagon,  and  by  apply¬ 
ing  it  ten  times  to  the  cir¬ 
cumference,  the  decagon  will 
be  inscribed  in  the  circle. 

For,  drawing  MB,  we  have 

AO  :  OM  : : 
or,  since  AB—OM, 

AO  : 


OA  the  radius  of  the  given 


G 


by  construction, 
OM  :  AM; 


AB 


AB  :  AM. 
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But  since  the  triangles  ABO^ 

AMB^  have  a  common  angle 
A^  included  between  propor¬ 
tional  sides,  they  are  similar 
(b.  IV.,  P.  20).  Now  the  triangle 
BA  0  being  isosceles,  AMB 
must  be  isosceles  also,  and 
AB  =  BM  ;  but  AB  =  OM ; 
hence,  also  MB-=MO  \  hence, 
the  triangle  BMO  is  isosceles. 

Again,  in  the  isosceles  tri¬ 
angle  BMO^  the  angle  AMB 
being  exterior,  is  double  the 
25,  c.  6):  but  the  angle  AMB=MAB  \  hence,  the  triangle 
OAB  is  such,  that  each  of  the  angles  OAB  or  OBA^  at  its 
base,  is  double  the  angle  0,  at  its  vertex ;  hence,  the  three 
angles  of  the  triangle  are  together  equal  to  five  times  the  an¬ 
gle  0,  which  consequently,  is  the  fifth  part  of  two  right  angles, 
or  the  tenth  part  of  four;  hence,  the  arc  AB  is  the  tenth 
part  of  the  circumference,  and  the  chord  AB  is  the  side 
of  the  regular  decagon. 

Cor.  1.  joining  the  vertices  of  the  alternate  angles 
of  the  decagon,  a  regular  pentagon  AGE 01  will  be  in¬ 
scribed. 

Cor.  2.  Any  regular  polygon  being  inscribed,  if  the  arcs 
which  the  sides  subtend  be  severally  bisected,  the  chords  of 
those  semi-arcs  will  form  a  new  regular  polygon  of  double 
the  number  of  sides :  thus  it  is  plain,  that  the  square  will 
enable  us  to*  inscribe,  successively,  regular  polygons  of  8, 
16,  82,  &c.,  sides.  And  in  like  manner,  by  means  of  the 
hexagon,  regular  polygons  of  12,  24,  48,  &c.,  sides  may  be 
inscribed ;  and  by  means  of  the  decagon,  polynons  of  20, 
40,  80,  &c.,  sides. 

Cor.  8.  It  is  further  evident,  that  any  of  the  inscribed 
polygons  will  be  less  than  the  inscribed  polygon  of  double 
the  number  of  sides,  since  a  part  is  less  than  the  whole. 


interior  angle  0  (b.  i.,  P. 
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PKOPOSITION  VII.  PKOBLEM. 


/i  TcgxilcLV  iuscTibed  polygoxi  heifig  givcTi,  to  civcuii'iscTibo  (x 
ilar  jpolygon  about  the  same  circle. 


I  ^  Let  0  be  tbe  centre  of  the  circle,  and  GDEFAB 
\  regular  inscribed  polygon. 

At  tbe  midie 
'  point  of  tbe  arc  AB^ 
draw  a  tangent  GH^ 
and  do  tbe  same  at  tbe 
middle  point  of  eacb  of 
!  tbe  arcs  BO^  GD^  ko,. ; 
these  tangents  will  be 
parallel  to  tbe  chords 
AB,BG,  GD,  &c.  (b.iil, 
p.  10,  c.) ;  and  will,  by 
their  intersections,  form 
tbe  regular  circumscrib¬ 
ed  polygon  GHIK  ko.^  similar  to  tbe  one  inscribed. 

■  For,  since  T  is  tbe  middle  point  of  the  arc  BTA^  and 

N  tbe  middle  point  of  tbe  equal  arc  BNG,  it  follows,  that 
BT=BN]  or  that  tbe  vertex  B  of  tbe  inscribed  polygon, 
is  at  tbe  middle  point  of  tbe  arc  NET.  Draw  OH.  Tbe 
line  OH  will  pass  through  tbe  point  B. 

For,  tbe  right-angled  triangles  OTH,  NOH,  having  tbe 
common  bypotbenuse  OH.,  and  tbe  side  OT  =  OAJ  are  equal 
(b.  i.,  p.  17),  and  consequently  tbe  angle  TOH^^HON,  wbere- 
'  fore  tbe  line  OH  passes  through  tbe  middle  point  B  of  tbe 
arc  TN  (b.  iil,  p.  15).  In  the  same  manner  it  may  be 
shown  that  01  passes  through  G  j  and  similarly  for  tbe 
other  vertices. 

But  since  GH  is  parallel  to  AB,  and  HI  to  BG,  tbe 
angle  GHI=^ABG  (b.  l,  p.  24);  in  like  manner,  HIK^BGD’ 
and  so  for  tbe  other  angles :  hence,  tbe  angles  of  tbe  cir 
cumscribed  polygon  are  equal  to  those  of  tbe  inscribed* 
And  further,  by  reason  of  these  same  parallels,  we  have 

GH  :  AB  : :  OH  :  OB,  and  HI  :  BG  : :  OH  :  OB ; 


K 


O 


therefore,  GH  :  AB  :  :  HI  :  BG. 
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But  AB=BO, 
therefore  QH=HL 

For  a  like  reason, 

HI  =  IK^  &c. ;  hence, 
the  sides  of  the  circum¬ 
scribed  polygon  are  all 
equal ;  hence,  this  poly¬ 
gon  is  regular  and  simi¬ 
lar  to  the  inscribed 
polygon. 

Cot.  1.  Eeciprocal- 
ly :  if  the  circumscribed  polygon  GHIK  &c.,  be  given,  and 
the  inscribed  one  ABC  &c.,  be  required,  it  will  only  be 
necessary  to  draw  from  the  vertices  of  the  angles  G^ 

&c.,  of  the  given  polygon,  straight  lines  0(7,  OH^  &c.,  meet¬ 
ing  the  circumference  in  the  points  A,  B^  C,  &c. ;  then  to 
join  these  points  by  the  chords  AB,  BG^  &c. ;  this  will 
form  the  inscribed  polygon.  An  easier  solution  of  this 
problem  would  be,  simply  to  join  the  points  of  contact 
a;  Pj  &c.,  by  chords  TN^  NP^  &c.,  which  likewise  would 
form  an  inscribed  polygon  similar  to  the  circumscribed  one 

Cor.  2.  Hence,  we  may  circumscribe  about  a  circle  any 
regular  polygon  similar  to  an  inscribed  one,  and  con¬ 
versely. 

Cor.  8.  It  is  plain  that  NH  -\-HT=HT -\-TG=HG^  one 
of  the  equal  sides  of  the  polygon. 

Cor.  4.  If  through  P,  A,  P,  &c.,  the  middle  points  of 
the  arcs  NBT,  TAS,  SFR^  &c.,  we  draw  tangent  lines,  we 
shall  thus  form  a  new  regular  circumscribed  polygon  having 
double  the  number  of  sides:  and  this  process  may  be  re¬ 
peated  as  often  as  we  please.  The  neAv  polygon  will  be 
regular,  because  it  will  be  similar  to  a  new  inscribed  poly¬ 
gon  which  may  be  formed  (p.  6,  c.  2)  of  double  the  number 
of  sides  of  the  first.  It  is  plain,  that  each  new  circumscribed 
polygon  will  be  less  than  the  one  from  which  it  was  derived, 
since  a  part  is  less  than  the  whole. 
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PROPOSITION  VIII.  THEOREM. 

The  area  of  a  regular  polygon  is  equal  to  its  perimeter  multi^ 
plied  hy  half  the  radius  of  the  inscribed  circle. 

Let  there  be  the  regular  polygon  GHIK^  and  (9YJ  OT^ 
radii  of  the  inscribed  circle  drawn  to  the  points  of  tan- 
gen  cy  :  then  will  its  area  be  equal  to  the  perimeter  mul¬ 
tiplied  by  one-half  of  OT. 

For,  the  triangle  QOH  is 
measured  by  GH x\OT \  the  trian¬ 
gle  OHI,  by  HIX\ON:  but  ON= 

0T\  hence,  the  two  triangles  taken 
together  are  measured  by 
{GH+HI)X\OT. 

And,  by  finding  the  measures  of 
the  other  triangles,  it  will  appear 
that  the  sum  of  them  all,  or  the 

whole  polygon,  is  measured  by  the  sum  of  the  bases  GH., 
HI,  &c.,  or,  the  perimeter  of  the  polygon,  multiplied  by 
one-half  of  OT  \  that  is,  the  area  of  the  polygon  is  equal 
to  its  perimeter  multiplied  by  half  the  radius  of  the  in¬ 
scribed  circle. 


PROPOSITION  IX.  THEOREM. 

The  perimeters  of  regular  polygons,  having  the  same  number  of 
sides,  are  to  each  other  as  the  radii  of  the  circumscribed 
circles;  and  also,  as  the  radii  of  the  inscribed  circles;  and 
their  o.reas  are  to  each  other  as  the  squares  of  those  radii. 

r 

Let  AB  be  the  side  of  one  polygon,  0  the  centre,  and 
consequently  OA  the  radius  of  the  circumscribed  circle, 
and  OD,  perpendicular  to  AB,  the  radius  of  the  inscribed 
circle.  Let  ab,  be  a  side  of  the  other  ^  d  b 
polygon,  0  the  centre,  oa  and  od,  the 
radii  of  the  circumscribed  and  the 
inscribed  circles. 

Then,  the  perimeters  of  the  two 
polygons  are  to  each  other  as  the 
sides  AB  and  ab  (b.  IV.,  P.  27) :  but 
the  angles  A  and  a  are  equal,  being 
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each  half  of  the  angle  of  the  poly¬ 
gon  ;  so  also  are  the  angles  B  and 
h ;  henee,  the  triangles  ABO^  abo, 
are  similar,  as  are,  likewise,  the 
right-angled  triangles  ADO,  ado\ 
therefore, 

AB  :  ah  ::  AO  :  ao  ::  DO  :  do  ; 

hence,  the  perimeters  of  the  poly¬ 
gons  are  to  each  other  as  the  radii 
A  0,  ao,  of  the  circumscribed  circles,  and  also,  as  the  radii 
DO,  do,  of  the  inscribed  circles. 

The  surfaces  of  these  polygons  are  to  eaeh  other  as  the 
squares  of  the  homologous  sides  AB,  ah  (b.  iv.,  p.  27) ;  they 
are  therefore  likewise  to  each  other  as  the  squares  of  AO, 
ao,  the  radii  of  the  circumscribed  circles,  or  as  the  squares 
of  OD,  od;  the  radii  of  the  inseribed  circles. 

PKOPOSITION  X.  THEOEEM. 

Two  regular  polygons,  of  the  same  numher  of  sides,  can  always 
he  formed,  the  one  circumscrihed  about  a  circle,  the  other  in¬ 
scribed  in  it,  which  shall  differ  from  each  other  by  less  than 
any  given  surface. 

Let  Q  be  the  side  of  a  square  less  than  the  given  sur¬ 
face.  Bisect  AC,  2^  fourth  part  of  the  circumference,  and 
then  bisect  the  half  of  this  fourth,  and  proceed  in  this 
manner,  always  bisecting  one  of  the  arcs  formed  by  the 
last  bisection,  until  an  arc  is  found  whose  chord  AB  is  less 
than  Q.  As  this  arc  will  be  an  exact  part  of  the  circum¬ 
ference,  if  we  apply  the  chords  AB,  BG,  CD,  &c.,  each  equal 
to  AB,  the  last  will  terminate  at  A,  and  there  will  be  formed 
a  regular  polygon  ABGDE  kc.,  inscribed  in  the  circle. 

Kext,  describe  about  the  cirele  a  similar  polygon  abcde 
&c.  (p.  7)  :  the  difference  of  these  two  polygons  will  be 
less  than  the  square  of  Q. 

Eor,  from  the  points  a  and  b,  draw  the  lines  aO,  bO,  to 
the  centre  0:  they  will- pass  through  the  points  A  and  B 
(p.  7).  Draw  also  OK  to  the  point  of  contact  K :  it  will 
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bisect  AB  m  and  be  per- 
pendicnJar  to  it  (b.  hi.,  p.  6,  s.) 
Prolong  AO  to  and  draw 
BE, 

Let  p  represent  tbe  cir¬ 
cumscribed  polygon,  and  P  tbe 
inscribed  polygon:  tben  since 
tbe  triangles  aOh^  AOB^  are 
like  parts  of  p  and  P,  we 
have  (b.  ii.,  p.  11), 

aOh  :  AOB 


But  tbe  triangles  being  similar  (b.  iv.,  p.  25), 

a  Oh  :  AOB  :  :  Oa  :  OA^^  or  0E^» 
Hence,  p  :  P  :  :  Oa  :  OK^ . 


Again,  since  tbe  triangles  OaK^  EAB  are  similar,  having 
tbeir  sides  respectively  parallel  (b  iv.,  p.  21). 

Oa  :  OK^  :  :  AE^^  :  EB^^  bence 
p  :  P  ;  :  AE^  :  EB"^  or  by  division  (b.  il,  p.  6), 
p  :  p—P  :  :  AE^  :  AE^  —EB'“ ,  or 

But  p  is  less  than  tbe  sqaare  described  on  tbe  diameter 
AE  (p.  7,  c.  4) ;  therefore,  —  P  is  less  than  tbe  square  de¬ 
scribed  on  AB :  that  is,  less  than  tbe  given  square  on  Q : 
bence,  tbe  difference  between  tbe  circumscribed  and  inscribed 
polygons  may,  by  increasing  tbe  number  of  sides,  always  be 
made  less  than  any  given  surface. 


PROPOSITION  XI.  PROBLEM. 


The  surface  of  a  regular  inscribed  polygon^  and  that  of  a  sim¬ 
ilar  circumscribed  polygon^  being  given  ;  to  find  the  surfaces 
of  the  regidar  inscribed  and  circumscribed  polygons  having 
double  the  number  of  sides. 

Let  AB  be  a  side  of  tbe  given  inscribed  polygon ; 
PP,  parallel  to  AB,  a  side  of  tbe  circumscribed  polygon, 
and  G  tbe  centre  of  tbe  circle.  If  tbe  chord  AM  and  tbe 
tangents  AP,  BQ,  be  drawn,  AM  will  be  a  side  of  an  in- 
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scribed  polygon,  having  twice  the  number  of  sides  *,  and 
AP-\-PM=2PM  or  PQ,  will  be  a  side  of  the  similar  cir¬ 
cumscribed  polygon  (p.  7,  c.  3). 

Now,  as  the  same  construc¬ 
tion  will  take  place  at  each 
angle  corresponding  to  AGM^ 
it  will  be  sufficient  to  consider 
ACM  by  itself;  for  the  trian¬ 
gles  connected  with  it  are  evi¬ 
dently  to  each  other  as  the 
whole  polygons  of  which  they 
form  part.  Let  P,  then,  be 
the  surface  of  the  inscribed 
polygon  whose  side  is  AB^  y>,  that  of  the  similar  circum¬ 
scribed  polygon ;  P'  the  surface  of  the  polygon  whose  side 
is  AM^  p'  that  of  the  similar  circumscribed  polygon :  P 
and  p  are  given ;  we  have  to  find  P  and  p\ 

First.  Now  the  triangles  ACD^  ACM^  having  the  com¬ 
mon  vertex  A^  are  to  each  other  as  their  bases  (7P,  CM  (b. 
IV.,  P.  6,  c.) ;  they  are  likewise  to  each  other  as  the  poly¬ 
gons  P  and  P\  of  which  they  form  part  (b.  ii.,  P.  11)  :  hence, 

P  :  P'  ::  CD  :  CM. 

Again,  the  triangles  GAM^  CME^  having  the  common  vertex 
i/,  are  to  each  other  as  their  bases  GA,  CE ;  they  are  like¬ 
wise  to  each  other  as  the  polj^gons  P'  and  p  of  which  they 
form  part ;  hence, 

P'  \  p  :  :  GA  :  CE. 

But  since  AD  and  ME  are  parallel,  we  have, 

CD  :  .CM  ::  GA  :  (7P; 

hence,  P  :  P'  ::  P'  :  p; 

hence,  the  polygon  P'  is  a  mean  proportional  between  the 
two  given  polygons  P  and  p,  and  consequently, 

P'  =  VPxp. 

Secondly.  The  altitude  CM  being  common,  the  triangle 
CPAI  is  to  the  triangle  GPE^  as  PM  is  to  PE]  but  since 
GP  bisects  the  angle  MCE^  we  have  (b.  IV.,  P.  17), 

PM  :  PE  ::  CM  :  GE  :  :  CD  :  GA  ::  P  :  P'] 
hence,  CPM  :  CPE  :  :  P  :  P' ] 
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and  consequently, 

CPU  :  GPM-\-GPE,oy  GME  ::  P  :  P+P'; 
and  hence,  %GPM,  or  GMPA  :  GME  :  :  2P  ;  P+P', 

But  GMPA  is  to  GME  as  the  polygons  p'  and  y>,  of  which 
hey  form  part:  hence, 

p’  \  p  :  :  2P  :  P+P'. 

ISTow  as  P'  has  been  already  determined ;  this  new  propor¬ 
tion  will  serve  to  determine  jp',  and  give  us 

,  2PXp 

p==P+P'> 

and  thus  by  means  of  the  polygons  P  and  p  it  is  easy  to 
find  the  polygons  P'  and  p\  which  have  double  the  num¬ 
ber  of  sides.  ‘ 


PEOPOSITION  XII.  PROBLEM.  , 


To  find  the  approximate  area  of  a  circle  whose  radius  is  unity. 


Let  the  radius  of  the  circle  be  1 ;  the  side  of  the  in¬ 
scribed  square  will  be  -v/2  (p.  3,  s.) ;  that  of  the  circum¬ 
scribed  square  will  be  equal  to  the  diameter  2 ;  hence,  the 
surface  of  the  inscribed  square  will  be  two,  and  that  of  the 
circumscribed  square  will  be  4.  Hence,  P=2,  and  _p=4 ; 
by  the  last  proposition  we  shall  find  the 

inscribed  octagon  P'=  'y/8=2. 8284271, 


16 

circumscribed  octagon  =3.8137085. 

The  inscribed  and  the  circumscribed  octagons  being  thus 
determined,  we  shall  easily,  by  means  of  them,  determine 
the  polygons  having  twice  the  number  of  sides.  We  have 
only  in  this  case  to  put  P =2.8284271,  ^9=3.3137085  ;  we 
shall  find 

P'=  V P  X  y>=3. 0614674, 


p'=  ^^;=3.1826979. 

These  polygons  of  16  sides  will  enable  us  to  find  the 
polygons  of  32  -sides ;  and  the  processes  may  be  continued 
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until  tlie  difference  between  the  inscribed  and  circumscribed 
polygons  is  less  than  any  given  surface  (p.  10).  Since  the 
circle  lies  between  the  polygons,  it  will  differ  from  either 
polygon  by  less  than  the  polygons  differ  from  each  other : 
and  hence,  in  so  far  as  the  figures  which  express  the  areas 
of  the  two  polygons  agree,  they  will  be  the  true  figures  to 

express  the  area  of  the  circle. 

We  have  subjoined  the  computation  of  these  polygons, 
carried  on  till  they  agree  as  far  as  the  seventh  place  of^ 
decimals. 


Number  of  Sides. 

Inscribed  Polygons. 

Circumscribed  Polygons 

4  .  . 

2.0000000 

4.0000000 

8  .  . 

2.8284271 

3.3137085 

16  .  . 

8.0614674 

3.1825979 

32  .  . 

8.1214451 

> 

3.1517249 

64  .  . 

8.1865485 

3.1441184 

128  .  . 

8.1403811 

3.1422236 

256  .  . 

8.1412772 

3.1417504 

512  .  . 

3.1416188 

3.1416321 

1024  .  . 

8.1416729 

3.1416025 

2048  ^ .  . 

3.1415877 

3.1415951 

4096  .  . 

3.1415914 

3.1415933 

8192  .  . 

3.1416923 

3.1415928 

16384  .  . 

3.1416925 

3.1415927 

32768  .  . 

8.1415926 

3.1415926 

The  approximate  area  of  the  circle,  we  infer,  therefore, 
is  equal  to  8.1415926.  Some  doubt  may  exist  perhaps 
about  the  last  decimal  figure,  owing  to  errors  proceeding 
from  the  parts  omitted ;  but  the  calculation  has  been  car¬ 
ried  on  with  an  additional  figure,  that  the  final  result  here 
given  might  be  absolutely  correct  even  to  the  last  decimal 
place.  The  number  generally  used,  for  computation,  is 
3.1416,  a  number  very  near  the  true  area. 

Scholium  1.  Since  the  inscribed  polygon  has  the  same 
number  of  sides  as  the  circumscribed  polygon,  and  since 
the  two  polygons  are  regular,  they  will  be  similar  (p.  1) : 
and,  therefore,  when  their  areas  approach  to  an  equality 
with  the  circle,  their  perimeters  will  approach  to  an  equal¬ 
ity  with  the  circumference. 
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Scholium  2.  That  magnitude  to  which  a  varying  mag¬ 
nitude  approaches  continually,  and  which  it  cannot  pass,  is 
called  a  limit. 

Having  shown  that  the  inscribed  and  circumscribed 
polygons  may  be  made  to  differ  from  each  other  by  less 
than  any  given  surface  (p.  10),  and  since  each  differs  from 
the  circle  less  than  from  the  other  polygon,  it  follows  that 
the  circle  is  the  limit  of  all  inscribed  and  circumscribed 
polygons,  formed  by  continually  doubling  the  number  of 
sides,  and  that  the  circumference  is  the  limit  of  their  peri¬ 
meters.  Hence,  no  sensible  error  can  arise  in  supposing 
that  what  is  true  of  such  a  polygon  is  also  true  of  its 
limit,  the  circle.  Indeed,  the  circle  is  but  a  regular  poly¬ 
gon  of  an  infinite  number  of  sides. 

PEOPOSITION  XIII.  THEOKEM. 

The  ciTcumfcTcnccs  of  circles  (ire  to  eoch  other  <xs  their  rudii^ 
and  the  areas  are  to  each  other  as  the  squares  of  their  radii. 

Let  us  designate  the  circumference  of  the  circle  Avhose 
radius  is  GA  by  arc.  CA ;  and  its  area,  by  area  GA  :  it  is 
then  to  be  shown  that 

circ.  GA  :  circ.  OB  : :  '  GA  :  OB,  and  that 

area  GA  :  area  OB  : :  GA  :  OB  . 


Inscribe  within  the  circles  two  regular  polygons  of  the 
same  number  of  sides.  Then,  whatever  be  the  number  of 
sides,  their  perimeters  will  be  to  each  other  as  the  radii 
GA  and  0^(P.  9).  Now,  if  the  arcs  subtended  by  the  sides 
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of  the  polygons  be  continually  bisected,  and  corresponding 
polygons  formed,  the  perimeter  of  each  new  polygon  will 
approach  the  circumference  of  the  circumscribed  circle,  and 
at  the  limit  (p.  12,  s.  2),  we  shall  have 

circ.  OA  :  circ.  OB  :  :  CA  :  OB. 

Again,  the  areas  of  the  inscribed  polygons  are  to  each 
other  as  CA  to  OB  (p.  9).  But  when  the  number  of 
sides  of  the  polygons  is  increased,  as  before,  at  the  limit 
we  shall  have 

area  CA  :  area  OB  :  :  CJ^  :  OB^. 

Cor.  1.  It  is  plain  that  the  limit  of  any  portion  of  the 

perimeter  of  an  inscribed  regular  polygon  lying  between 

the  vertices  of  two  angles,  is  the  corresponding  arc  of  the 
circumscribed  circle.  Thus,  the  limit  of  the  portion  of  the 
perimeter  intercepted  between  G  and  E  is  the  arc  GEE, 

Cor.  2.  If  we  multiply  the  antecedent  and  consequent 
of  the  second  couplet  of  the  first  proportion  by  2,  and  of 
the  second  by  4,  we  shall  have 

circ.  CA  :  circ.  OB  :  :  2CA  ;  20B] 

and  area  CA  :  area  OB  :  :  4(7A^  :  4(9i?"; 

that  is,  the  circumferences  of  circles  are  to  each  other  as  thefir 
diameters^  and  their  areas  are  to  each  other  as  the  squares  oj 
their  diameters. 
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PROPOSITION  XIV.  THEOREM. 

SiTfliltlT  ClVCS  CiT6  to  CCLcll  oiJl6T  CCS  thsiT  TO^dH .  CtYld  sifl'lUcLT  S6C‘ 
tors  are  to  each  other  as  the  scpjures  of  their  radii. 

Let  AB,  BB]  be  similar  arcs,  and  AGB,  DOE,  similar 
sectors :  then 


AB  :  DE  :: 
and  ACB  :  DOE 

For,  since  the  arcs  are  sim¬ 
ilar,  the  angle  G  is  equal  to 
the  angle  0  (b.  IV.,  H.  6).  But 
we  have  (b.  hi.,  p.  17), 


GA  :  OD\ 

:  CA^  :  Olf. 


angle  G  i  4  rigbt  angles  :  i  AB  i  circ.  CA, 
and,  angle  0  :  4  rigbt  angles  :  :  DE  ;  circ.  OD ; 
bence  (b.  ii.,  P.  4,  c.),  ^ 

AB  :  DE  :  :  circ.  GA  :  circ.  OD ; 


but  these  circumferences  are  as  tbe  radii  AG,  DO  (p.  13); 
bence, 

AB  :  DE  ::  GA  :  OD. 

For  a  like  reason,  tbe  sectors  ACB,  DOE,  are  to  each 
other  as  tbe  whole  circles:  which  again  are  as  tbe  squares 
of  their  radii  (p.  13)  ;  therefore, 

sect.  ACB  :  sect.  DOE  :  :  GA  :  OD . 


PROPOSITION  XV.  THEOREM. 

The  area  of  a  circle  is  equal  to  the  product  of  half  the  radius 

hy  the  circumference. 


Let  AGDE  be  a  circle  whose  cen- 
is  0  and  radius  OA  :  then  will 

area  OA—\OAXcirc.  OA'. 

For,  inscribe  in  the  circle  any  regu¬ 
lar  polygon,  and  draw  OF  perpendicu¬ 
lar  to  one  of  its  sides.  The  area  of 
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the  polygon  is  equal  to  ^OF,  mul¬ 
tiplied  by  the  perimeter  (p.  8).  Now, 
let  the  arcs  which  are  subtended  by 
the  sides  of  the  polygon  be  bisected 
and  new  polygons  formed  as  before : 
the  limit  of  the  perimeter  is  the  cir¬ 
cumference  of  the  circle  :  the  limit  of 
the  apothem  is  the  radius  OA,  and 
the  limit  of  the  area  of  the  polygon 
circle  (p.  12,  s.  2).  Passing  to  the  limit, 
the  area  becomes 


is  the  area  of  the 
the  expression  for 


area  OA=^OAXcirc.  OA  ; 

consequently,  the  area  of  a  circle  is  equal  to  the  product 
of  half  the  radius  by  the  circumference. 

Cor.  The  area  of  a  sector  is  equal  to  the  arc  of  the 
sector  multiplied  by  half  the  radius. 

For,  we  have  (b.  hi.,  p.  17,  s.  4), 

sect.  A  CB :  area  GA  :  :  AMB  :  circ.  CA ; 

or,  sect.  A  GB  :  area  G A  : :  AMB  X 
^GA  :  circ.  GAx^GA. 

But,  circ.  GAx^GA  is  equal  to  the 
area  CA]  hence,  AMBx^CA  is  equal 
to  the  area  of  the  sector. 


PEOPOSITION  XVI.  TIIEOEEM. 

The  area  of  a  circle  is  equal  to  the  square  of  the  radius  mul- 
tiqqlied  hy  the  ratio  of  the  diameter  to  the  circumference. 

Let  the  circumference  of  the  circle  whose  diameter  is 
unity  be  denoted  by  ^  :  then,  since  the  diameters  of  cir¬ 
cles  are  to  each  other  as  their  circumferences  (p.  13,  c.  2),  < 
will  denote  the  ratio  of  any  diameter  to  its  circumference. 
We  shall  then  have 

1  :  •If  :  :  2GA  :  circ.  GA  : 
therefore,  circ.  GA—‘rfX2GA. 

Multiplying  both  members  by  \GA^  we  have 

\GAx circ.  GA=<rfxG.^^ 
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or  (p.  15)  area 

tliat  is,  the  area  of  a  circle  is  equal 
to  'H'  into  the  square  of  the  radius. 

Scholium  1.  Let  CA  =  R,  and  area 
CA=  A\  then,  A  =  making 

CL1=1;  we  shall  have 

area  CA=‘^. 

But  we  have  found  the  area  of  the  circle  whose  radius  is 
1  to  be  3.1415926  (p.  12) :  therefore,  we  have 

cr=3.1415926. 

In  common  calculations,  we  take  ‘:r'=8.1416. 

Scholium  2.  The  problem  of  the  quadrature  of  the  circle, 
as  it  is  called,  consists  in  finding  a  square  equivalent  in 
surface  to  a  circle,  the  radius  of  which  is  known.  Now  it 
has  just  been  proved,  that  a  circle  is  equivalent  to  the  rect¬ 
angle  contained  by  its  circumference  and  half  its  radius 
(p.  15) ;  and  this  rectangle  may  be  changed  into  an  equiv¬ 
alent  square,  by  finding  a  mean  proportional  between  its 
length  and  its  breadth  (b.  iv.,  pkob.  8).  To  square  the 
circle,  therefore,  is  to  find  the  circumference  when  the 
radius  is  given ;  and  for  efiecting  this,  it  is  enough  to 
know  the  ratio  of  the  diameter  to  the  circumference. 

Hitherto  the  ratio  in  question  has  never  been  determin¬ 
ed  except  approximatively ;  but  the  approximation  has 
been  carried  so  far,  that  a  knowledge  of  the  exact  ratio 
would  afford  no  real  advantage  whatever  beyond  that  of 
the  approximate  ratio.  Accordingly,  this  problem,  Avhich 
engaged  geometers  so  deeply,  when  their  methods  of 
approximation  were  less  perfect,  is  now  degraded  to  the 
rank  of  those  idle  questions,  with  which  no  one  possessing 
the  slightest  tineture  of  geometrical  science,  will  occupy 
any  portion  of  his  time. 

Archimedes  showed  that  the  ratio  of  the  diameter  to  the 
circumference  is  included  between  8-y^  and  Syj  ;  hence,  8| 
or  affords  at  once  a  pretty  accurate  approximation  to 
the  number  above  designated  by  ;  and  the  simplicity 
of  this  first  approximation  has  brought  it  into  very  general 
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use.  Metius^  for  the  same  quantity,  found  the  much  more 
accurate  value  fff.  At  last,  the  value  of  developed  to 
a  certain  order  of  decimals,  was  found  by  other  calculators 
to  be  3.1415926535897932  &c. :  and  some  have  had  patience 
enough  to  continue  these  decimals  to  the  hundred  and 
twenty-seventh,  or  even  to  the  hundred  and  fortieth  place. 
Such  an  approximation  is  practically  equivalent  to  perfect 
accuracy:  the  root  of  an  imperfect  power  is  in  no  case 
more  accurately  known. 


PROPOSITION  XVII.  THEOREM. 

If  the  circumferences  of  two  circles  intersect  each  other,  the  arc 
of  the  common  chord  in  the  less  circle  will  he  longer  than 
the  corresigonding  arc  of  the  greater.^' 

Let  A  and  B  be  the  centres  of  two  circles,  AC,  BC, 
their  radii,  0  and  D  the  points  in  which  their  circumfer¬ 
ences  intersect  and  CD  their  common  chord:. then  will  the 
arc  DEC  described  with  the  radius  BC,  he  longer  than  the 
arc  DEC  described  with  the  greater  radius  AC. 

Join  the  centres  A  and  B, 
and  prolong  AB  to  E.  Then, 
since  AB  bisects  the  chord 
CD  at  right  angles  (b.  hi.,  p.  11) ; 
it  also  bisects  the  arcs  at 
the  points  F  and  E  (b.  hi.,  p. 

6).  Draw  CE  and  DE  which 
will  be  equal  to  each  other 
(b.  hi.,  p.  4) ;  also  CF  and  DF. 

Bisect  the  arcs  CE,  ED, 
and  also  the  arcs  CF,  ED,  and 
draw  chords  subtending  the  new 
arcs :  there  will  thus  be  inscribed  in  the  two  segments 
DEC,  DEC,  portions  of  two  polygons,  having  the  same 
number  of  sides  in  each. 

Now,  since  the  point  F  is  within  the  triangle  DEC, 


*  Tlie  arc  considered  in  tins  demonstration  is  tlie  one  wRicli  is  less  than  a 
Bemicii'cle. 
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EO  plus  ED  is  greater  than  CF  plus  FD  (b.  i.,  p.  8) : 
hence,  the  half,  GE  is  greater  than  the  half,  CF.  If  now, 
with  (7  as  a  centre,  and  QE  as  a  radius,  we  describe  an 
arc  EH^  the  •  chord  GE  being  greater  than  CF,  the  arc  GFH 
will  be  greater  than  the  arc  CF  (b.  hi.,  p.  5).  If  we  sup¬ 
pose  the  arc  GKE  to  move  with  the  chord  GE  then, 
when  the  chord  GE  becomes  the  chord  GH,  the  arc  GKE 
will  pass  through  the  points  G  and  H,  and  will  have  with 
GFH,  the  common  chord  GIL 

If,  now,  we  bisect  the  arc  which  is  equal  to  GKE^  and 
also  the  arc  GFH,  ^yq  know  from  what  has  already  been 
shown,  that  the  chord  of  half  the  outer  arc  will  be  greater 
than  the  chord  of  half  the  inner  arc  GFH,  much  more  will 
it  be  greater  than  the  chord  of  CL,  which  is  half  the  arc 
CF  ]  that  is,  the  chord  of  the  arc  CK,  one-half  of  GE, 
will  always  be  greater  than  the  chord  of  the  arc  GL,  one- 
half  of  CF.  Hence,  the  perimeter  of  that  portion  of  the 
polygon  inscribed  in  the  segment  GED,  will  be  greater  than 
the  perimeter  of  the  corresponding  polygon  inscribed  in  the 
segment  GFD.  If,  then,  we  continue  the  operations  indefi¬ 
nitely,  the  limit  of  the  outer  perimeter  will  be  the  arc  GED, 
and  of  the  inner,  the  arc  GFD :  hence,  the  arc  GED  is 
greater  than  the  arc  GFD. 

Cor.  If  equal  chords  be  taken  in  unequal  circles,  the 
arc  of  the  chord  in  the  greatest  circle  will  be  the  shortest ; 
for,  the  circles  may  always  be  placed  as  in  the  figure. 
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PLANES  AND  POLYEDEAL  ANGLES. 

DEFINITIONS. 


1.  A  straight  line  is  perpendicular  to  a  plane,  when  it 
is  perpendicular  to  every  straight  line  of  the  plane 
which  passes  through  its  foot :  conversely,  the  plane  is 
perpendicular  to  the  line.  The  point  at  which  the  perpen¬ 
dicular  meets  the  plane,  is  called  the  foot  of  the  perpendic¬ 
ular. 

2.  A  line  w  parallel  to  a  plane,  when  it  cannot  meet 
that  plane,  to  what  distance  soever  both  be  produced 
Conversely,  the  plane  is  parallel  to  the  line. 

3.  Two  planes  are  parallel  to  each  other,  when  they 
cannot  meet,  to  what  distance  soever  both  be  produced. 

4.  The  indefinite  space  included  between  two  planes 
which  intersect  each  other,  is  called  a  diedral  angle:  the 
planes  are  called  the  faces  of  the  angle,  and  their  line  of 
common  intersection,  the  edge  of  the  angle. 

A  diedral  angle  is  measured  by  the  angle  contained  be¬ 
tween  two  lines,  one  drawn  in  each  face,  and  both  perpen¬ 
dicular  to  the  common  intersection  at  the  same  point.  This 
angle  may  be  acute,  obtuse,  or  a  right  angle.  If  it  is  a 
right  angle,  the  two  faces  are  perpendicular  to  each  other. 

5.  A  PoLYEDRAL  angle  is  the  indefinite  space  included 
by  several  planes  meeting  at  a  common  point.  Each  plane 
is  called  a  face:  the  line  in  which  any  two  faces  intersect, 
is  called  an  edge:  and  the  common  point  of  meeting  of  all 
the  planes,  is  called  the  vertex  of  the  polyedral  angle. 
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Thus,  the  polyedral  angle  whose  ver¬ 
tex  is  S,  is  bounded  by  the  four  faces, 
ASB,  BSQ^  OSD,  DSA.  Three  planes,  at 
least,  are  necessary  to  form  a  polyedral 
angle. 

A  polyedral  angle  bounded  by  three 
planes,  is  called  a  triedral  angle. 


S 


C 


POSTULATES. 


1.  Let  it  be  granted,  that  from  a  given  point  of  a 
plane,  a  line  may  be  drawn  perpendicular  to  that  plane. 

2.  Let  it  be  granted,  that  from  a  given  point  without  a 
plane,  a  perpendicular  may  be  let  fall  on  the  plane. 

PROPOSITION  I.  THEOREM. 

A  straight  line  cannot  he  partly  in  a  plane,  and  partly  out  of  it. 

For,  by  the  definition  of  a  plane  (b.  i.,  d.  9),  when  a 
straight  line  has  two  points  common  with  it,  the  line  lies 
wholly  in  the  plane. 

Scholium.  To  discover  whether  a  surface  is  plane,  apply 
a  straight  line  in  different  ways  to  that  surface,  and  ascer¬ 
tain  if  it  coincides  with  the  surface  throughout  its  whole 
extent. 

PROPOSITION  II.  THEOREM. 

Two  straight  lines  which  intersect  each  other,  lie  in  the  same 
plane,  and  determine  its  position. 

Let  AB,  AG,  be  two  straight  lines 
which  intersect  each  other  in  A  ;  a  plane 
may  be  conceived  in  which  the  straight 
line  AB  is  found  ;  if  this  plane  be  turned 
round  AB,  until  it  pass  through  the  point 
G,  then  the  line  AO,  which  has  two  of  its  points  A  and 
G,  in  this  plane,  lies  wholly  in  it;  hence,  the  position  of 
the  plane  is  determined  by  the  single  condition  of  contain¬ 
ing  the  two  straight  lines  AB,  AG. 
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Cor.  1.  Any  three  points 
0,  not  in  a  straight  line,  determine 
the  position  of  a  plane.  Hence,  a 
triangle  BAG^  determines  the  posi¬ 
tion  of  a  plane. 


Cor.  2.  Hence,  also,  two  paral¬ 
lels  AB^  CD^  determine  the  posi¬ 
tion  of  a  plane ;  for,  drawing  the 
secant  EF^  the  plane  of  the  two 
straight  lines  HA,  AA,  is  that  of 
the  parallels  HA,  CD.  But  the  lines  HA,  AA,  determine 
this  plane;  therefore,  so  do  the  parallels,  HA,  CD. 


PKOPOSITION  III.  THEOREM. 

If  two  planes  cut  one  another^  their  common  section  will  he  a 

straight  line. 

Let  the  two  planes  HA,  (7A,  cut 
one  another,  and  let  A  and  A 
be  two  points  of  their  common 
section.  Draw  the  straight  line 
AA.  This  line  lies  wholly  in  the 
plane  HA,  and  also,  wholly  in  the 
plane  CD  (b.  i.,  d.  9) :  therefore, 
it  is  in  both  planes  at  once.  But 
since  a  straight  line  and  a  point  out  of  it  cannot  lie  in 
two  planes  at  the  same  time  (p.  il.,  C.  1),  AA  contains  all 
the  points  common  to  both  planes,  and  consequently,  is 
their  common  intersection. 

PROPOSITION  IV.  THEOREM. 

If  a  straight  line  he  'perpendicular  to  two  straight  lines  at  their 
point  of  intersection^  it  will  he  perpendicular  to  the  plane 
of  those  lines. 

Let  MN  be  the  plane  of  the  two  lines  AA,  CG:,  and  let 
HP  be  perpendicular  to  each  of  them  at  their  point  of 
intersection  P ;  then  will  HP  be  perpendicular  to  every 
line  of  the  plane  passing  through  P,  and  consequently  to 
the  plane  itself  (d.  1). 
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For,  througli  P  draw  in  tlie 
plane  i/Yj  any  straight  line  as  PQ. 
Through  any  point  of  this  line,  as 
draw  BQG\,  so  that  BQ  shall 
be  equal  to  QG  (b.  iv.,  pros.  5); 
draw  AB^  AQ^  AG, 

The  base  BG  being  divided  into 
two  equal  parts  at  the  point  the 
triangle  J3PG  gives  (b.  iv.,  p.  14). 


A 


^2PQ-+2QC'‘. 

The  triangle  BAG  in  like  manner  gives, 

AXf+I]f^2AQ^P2'^. 

Taking  the  first  of  these  equals  from  the  second,  and 
observing  that  the  triangles  APG,  APB^  being  right-angled 
at  P,  give 


AG'-PG'^AP’‘,  and  AB^-PB~^AP^, 
we  shall  have. 


AP'^+AP"'"  o  2  A  Q~-2PQ\ 

Therefore,  by  taking  the  halves  of  both,  we  have 

AP'‘^AQ--PQ'>  or  ; 

hence,  the  triangle  APQ  is  right-angled  at  P ;  hence,  AP 
is  perpendicular  to  PQ. 


j  Scholium.  Thus,  it  is  evident,  not  .only  that  a  straight 
I  line  may  be  perpendicular  to  all  the  straight  lines  which 
pass  through  its  foot,  in  a  plane,  but  that  it  always  must 
be  so,  whenever  it  is  perpendicular  to  two  straight  lines 
drawn  in  the  plane :  hence,  a  line  and  plane  may  fulfil  the 
!  conditions  of  the  first  definition. 


Gor.  1.  The  perpendicular  AP  is  shorter  than  any 
oblique  line  A  Q  ;  therefore,  it  measures  the  shortest  distance 
from  the  point  A  to  the  plane  MJSf. 

Gor.  2.  At  a  given  point  P,  on  a  plane,  it  is  impossi¬ 
ble  to  erect  more  than  one  perpendicular  to  the  plane ;  for, 
if  there  could  be  two  perpendiculars  at  the  same  point  P, 
draw  through  these  two  perpendiculars  a  plane,  whose  sec¬ 
tion  with  the  plane  MN  is  PQ]  then  these  two  perpen- 
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diculars  would  be  botb  perpendicular  to  the  line  PQj  at 
the  same  point,  wbicb  is  impossible  (b.  I.,  P.  14,  c.)  ' 

It  is  also  impossible  to  let  fall  from  a  given  point,  out 
of  a  plane,  two  perpendiculars  to  tbat  plane ;  for,  if  AP^ 
AQ,  be  two  such  perpendiculars,  the  triangle  APQ  will 
have  two  right  angles  APQ,  AQP,  which  is  impossible  (b. 

I.,  p.  25,  c.  3).  j 


PROPOSITION  V.  THEOREM. 

If,  from  a  'point  without  a  plane,  a  perpendicular  he  drawn  to 
the  plane,  and  oblique  lines  he  drawn  to  its  dijfere)it  points : 

The  oblique  lines  which  meet  the  plane  at  points  equally 
distant  from  the  foot  of  the  perpendicular,  are  equal : 

2d,  Of  two  oblique  lines  which  meet  the  plane  at  unequal  dis¬ 
tances,  the  one  passing  through  the  remote  point  is  the  longer. 

Let  AP  be  perpendicular  to  the  plane  MN ;  AB,  A  G, 
AD,  oblique  lines  intercepting  the  equal  distances  PB,  PC, 
PD,  and  AE  a  line  intercepting  the  larger  distance  PE: 
then  will  AB=AG=AD',  and  AE  will  be  greater  than 
AD. 

For,  the  angles  APB,  APG,  APD,  A 


being  right  angles,  and  the  distances 

PB,  PC,  PD,  equal  to  each  other,  / 

the  triangles  APB,  APG,  APD, 

have  in  each  an  equal  angle  con- 

tained  by  two  equal  sides  :  there- 

yB  E 

fore  they  are  equal  (b.  I.,  P,  5) ; 

hence,  the  hypothenuses,  or  the 

M 

oblique  lines  AB,  AO,  AD,  are  equal 
to  each  other. 

Again,  since  the  distance  PE  is  greater  than  PD,  or  its 
equal  PB,  the  oblique  line  AE  is  greater  than  AB,  or  its 
equal  AD  (b.  1,  P.  15). 

Cor.  All  the  equal  oblique  lines,  AB,  AC,  AD,  &c.,  ter¬ 
minate  in  the  circumference  BCD,  described  from  P,  the 
foot  of  the  perpendicular,  as  a  centre ;  therefore,  a  point  A 
being  given  out  of  a  plane,  the  point  P  at  which  the  per- 
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pendicular  let  fall  from  A  would  meet  that  plane,  may  be 
found  by  marking  upon  that  plane  three  points,  jB,  C,  i>, 
equally  distant  from  the  point  and  then  finding  the 
centre  of  the  circle  which  passes  through  these  points ;  this 
centre  will  be  P,  the  point  sought. 

SclioUum.  The  angle  ABP  is  called  the  indination  of  the 
oblique  line  AB  to  the  'plane  MN  \  which  inclination  is  evi¬ 
dently  equal  with  respect  to  all  such  lines  AB^  AO,  AD,  as 
make  equal  angles  with  the  perpendicular ;  for,  all  the  tri¬ 
angles  ABP,  A  CP,  ADP,  &c.,  are  equal  to  each  other. 

PROPOSITION  VI.  THEOREM. 

If  from  the  foot  of  a  perpendicular  a  line  he  draiun  at  right 
angles  to  any  line  of  a  plane,  and  the  point  of  intersection 
he  joined  with  any  point  of  the  perpendicular,  this  last  tine 
ivill  he  perpendicular  to  the  line  of  the  plane. 

Let  AP  be  perpendicular  to  the  plane  NM,  and  PD 
perpendicular  io  BO  join  D  with  any  point  of  the  per¬ 
pendicular,  as  A  ;  then  will  AD  also  be  perpendicular  to 
BO 

Take  DB—DC,  and  draw  PB, 

PC,  AB,  AC  Kow,  since  DB  is 
equal  to  DC,  the  oblique  line  PB 
is  equal  to  PC  (b.  1,  P.  5) :  and 
since  PB  is  equal  to  PC,  the 
oblique  line  AB  is  equal  to  AC 
(p.  5)  ;  therefore,  the  line  AD 
has  two  of  its  points  A  and  D 
equally  distant  from  the  extremi¬ 
ties  P  and  C ’,  therefore,  AD  is  a  perpendicular  to  BC,  at 
its  middle  point  D  (b.  i.,  p.  16,  c.) 

Cor.  It  is  evident,  likewise,  that  P(7  is  perpendicular 
to  the  plane  of  the  triangle  APD,  since  it  is  perpendicu¬ 
lar  to  the  two  straight  lines  AD,  PD  of  that  plane  (p.  4). 

Scholium  1.  The  two  lines  AE,  BC,  afford  an  instance  of 
two  lines  which  are  not  parallel,  and  yet  do  not  meet,  be¬ 
cause  they  are  not  situated  in  the  same  plane.  The  short- 

11 
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est  distance  between  these  lines  is 
the  straight  line  PD^  which  is  at 
once  perpendicular  to  the  line  AP 
and  to  the  line  BC.  The  distance 
Pi)  is  the  shortest  distance  between 
hem  :  because,  if  we  join  any  other 
wo  points,  such  as  A  and  P,  we 
shall  have  ABpAD^  ADpPB] 
therefore,  still  more,  AB'^PD. 

Scholium  2.  The  two  lines  AE,  CB,  though  not  situated 
in  the  same  plane,  are  conceived  as  forming  a  right  angle 
with  each  other;  because -MP  and  the  line  drawn  through 
any  one  of  its  points  parallel  to  P(7,  would  make  with 
each  other  a  right  angle.  In  the  same  manner,  MP,  PP, 
which  represent  any  two  straight  lines  not  situated  in  the 
same  plane,  are  supposed  to  form  with  each  other  the  same 
angle,  as  would  be  formed  by  AB  and  a  straight  line 
drawn  through  any  point  of  MP,  parallel  to  PP. 
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PKOPOSITION  VII.  TIIEOKEM. 

\ 

If  one  of  two  parallel  lines  he  perpendicular  to  a  plane^  the 
other  will  also  he  perpendicidar  to  the  same  plane. 

Let  ED,  AP,  be  two  parallel  lines;  if  AP  is  perpen¬ 
dicular  to  the  plane  NM,  then  will  ED  be  also  perpendic¬ 
ular  to  it. 

For,  through  the  parallels 
AP,  DE,  pass  a  plane ;  its  inter¬ 
section  with  the  plane  MN  will  M 
be  PP ;  in  the  plane  MN  draw 
PP  perpendicular  to  PP,  and 
then  draw  AD. 

Now,  BD  is  perpendicular  to 
the  plane  APDE  (p.  6,  c.)  there¬ 
fore,  the  angle  BDE  is  a  right  angle;  but  the  angle  EDP 
is  also  a  right  angle,  since  AP  is  perpendicular  to  PD, 
and  DE  parallel  to  AP  (b.  l,  p.  20,  c.l);  therefore,  the  line 
PP  is  perpendicular  to  the  two  straight  lines  PP,  PP; 
consequently  it  is  perpendicular  to  their  plane  MN  (P.  4). 
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Cot.  1.  Conversely  :  if  tlie  straight  lines  JLP,  DE^  are 
perpendicular  to  tlie  same  plane  they  will  be  paralleL 
For,  if  they  be  not  parallel,  draw,  through  the  point  P,  a 
line  parallel  to  ^IP,  this  parallel  will  be  perpendicular  to 
the  plane  i/Y;  therefore,  through  the  same  point  D  more 
than  one  perpendicular  will  be  erected  to  the  same  plane, 
which  is  impossible  (p.  4,  c.  2). 

Cor.  2.  Two  lines  A  and  B,  parallel  to  a  third  (7,  are 
parallel  to  each  other  ;  for,  conceive  a  plane  perpendiculai 
to  the  line  C]  the  lines  A  and  B,  being  parallel  to  (7,  are 
perpendicular  to  this  plane  ;  therefore,  by  the  preceding 
corollary,  they  are  parallel  to  each  other. 

The  three  parallels  are  supposed  not  to  be  in  the  same 
plane ;  otherwise  the  proposition  would  be  already  proved. 
(b.  I.,  P.  22). 


PEOPOSITION  VIII.  THEOEEM. 


If  a  straight  line  is  parallel  to  a  line  of  a  plane^  it  is  par¬ 
allel  to  the  plane. 

Let  the  straight  line  AB  be  parallel  to  the  line  CD  of 
the  plane  NM]  then  will  it  be  parallel  to  the  plane  NM. 

For,  if  the  line  AB^  which  lies  ^  B 

in  the  plane  ABDC^  could  meet  the 
plane  MN,  it  could  only  be  in  some  M 
point  of  the  line  CD^  the  common 
intersection  of  the  two  planes;  but 
the  line  AB  cannot  meet  CD^  since 
they  are  parallel  (b.  I.,  D.  16) :  hence, 
it  will  not  meet  the  plane  MN ;  therefore,  it  is  parallel  to 
that  plane  (d.  2). 


PEOPOSITION  IX.  THEOEEM. 

Two  planes  which  are  perpendicula.r  to  the  same  straight  line 

are  parallel  to  each  other. 

Let  the  planes  MN,  PQ,  be  perpendicular  to  the  line 
AB,  then  will  they'  be  parallel. 
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For,  if  they  can  meet  any 
where,  let  0  he  one  of  their 
common  points,  and  draw  OA, 

OB.  Now,  the  line  AB,  which 
is  perpendicular  to  the  plane 
MNj  is  perpendicular  to  the 
straight  line  OA,  drawn  through 
its  foot  in  that  plane  (p.  1) ;  for 
the  same  reason  AB  is  perpendicular  to  BO;  therefore,  there 
are  two  perpendiculars,  OA  and  OB,  let  fall  from  the  same 
point  0,  upon  the  same  straight  line,  which  is  impossible 
(b.  I.,  P.  14) ;  therefore,  the  planes  MN,  PQ,  cannot  meet 
each  other ;  consequently,  they  are  parallel. 

PKOPOsrnoN  x.  theokem. 

If  a  plane  cut  two  parallel  planes,  the  lines  of  intersection  luill 

he  parallel. 

Let  the  parallel  planes  NM,  QP,  be  intersected  by  the 
plane  EH ;  then  will  the  lines  of  intersection  EF,  OH, 
be  parallel. 

For,  if  the  lines  EF,  OH, 
lying  in  the  same  plane,  were 
not  parallel,  they  would  meet 
each  other  when  prolonged ;  and 
then  the  planes  MN,  PQ,  in  which 
those  lines  lie,  would  also  meet; 
and  hence,  the  planes  would  not 
be  parallel,  which  is  contrary  to 
the  hypothesis. 

PROPOSITION  XL  THEOREM. 

If  two  planes  are  parallel,  a  straight  line  which  is  penpendicvr 
lar  to  one,  is  also  perpendicular  to  the  other. 

Let  MN,  PQ,  be  two  parallel  planes,  and  let  AB  be 
perpendicular  to  the  plane  NM ;  then  will  it  also  be  per¬ 
pendicular  to  QP. 
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For,  draw  any  line  BC  in  the 
plane  PQ,  and  through  the  lines 
AB  and  BG^  pass  a  plane  ABG^ 
intersecting  the  plane  MN  in 
AD]  the  intersection  AD  is  par¬ 
allel  Xo  BC  (p.  10).  But  the  line 
AB^  being  perjoendicular  to  the 
plane  MN^  is  perpendicular  to 


0 


A  D 


N 


B 


Q 


the  straight  line  AD  (d.  1) ;  therefore,  also,  to  its  parallel 
BO  (b.  l,  p.  20,  c.  1) ;  hence,  the  line  AB  being  perpendicu¬ 
lar  to  any  line  BC^  drawn  through  its  foot  in  the  plane 
P§,  is  perpendicular  to  that  plane  (d.  1). 


PKOPOSITION  XII.  THEOREM. 

All  parallels  included  between  two  'parallel  planes  are  equal. 

Let  J/V,  Pft  be  two  parallel  planes,  and  HF,  GE^  two 
parallel  lines:  then  will  GE=HF. 

For,  through  the  parallels  GE^ 

HF^  draA^  the  plane  EGIIF,  in¬ 
tersecting  the  parallel  planes  in 
EF  and  GH.  The  intersections 
PP,  GH^  are  parallel  to  each  other 
(p.  10) ;  and  since  (7P,  HF  are 
parallel,  the  figure  EGHF  is 
a  parallelogram  ;  consequently, 

EG=FH  (b.  l,  p.  28). 

Cor.  Hence,  it  follows,  that  two  parallel  planes  are  evenp 
where  equidistant.  For,  suppose  EG  to  be  perpendicular  to 
the  plane  PQ ;  then,  the  parallel  FIT  is  also  perpendicular 
to  it  (p..  7),  and  the  two  parallels  are  likewise  perpendicu¬ 
lar  to  the  plane  MN  (p.  H)  ;  and  being  parallel,  they  are 
equal,  as  shown  by  the  proposition. 
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PKOPOSITION  XIII.  TIIEOEEM. 

If  two  angles^  not  situated  in  the  same  plane^  have  their  sides 
parallel  and  lying  in  the  same  direction^  these  angles  will  he 
equal  and  their  jflanes  will  he  parallel. 

Let  the  angles  CAE  and  DBF.,  have  the  side  A  0 

parallel  to  BD,  and  lying  in  the  same  direction  :  also,  AE 

parallel  to  BE,  and  lying  in  the  same  direction ;  then  will 

the  angles  CAE  and  DBF  be  equal,  and  their  planes  par¬ 
allel. 

For,  take  A  C  and  BD  equal  to 
each  other,  and  also  AE=BF\ 
and  draw  CE,  DF,  AB,  CD,  EE. 

Since  is  equal  and  parallel  to 
BD,  the  figure  ABDC  is  a  paral¬ 
lelogram  (b.  I.,  p.  80) ;  therefore,  CD 
is  equal  and  parallel  to  AB.  For 
a  similar  reason,  EE  is  equal  and 
parallel  to  AB]  hence,  also,  CD 
is  equal  and  parallel  to  EE  (p. 

7,  c.  2) ;  hence,  the  figure  DFEC 
is  a  parallelogram,  and  the  side  CE  is  equal  and  parallel 
to  DF  ]  therefore,  the  triangles  CAE,  DBF,  have  their  cor¬ 
responding  sides  equal;  consequently,  the  angle  CAE = DBF. 

Again,  the  plane  ACE  is  parallel  to  the  plane  BDF. 
For,  if  not,  suppose  a  plane  to  be  drawn  through  the  point 
A,  parallel  to  BDF.  If  this  plane  be  different  from  ACE, 
it  will  meet  the  lines  CD,  EE,  in  points  different  from  C 
and  E,  for  instance  in  G  and  H ;  then,  the  three  lines  BA, 
DG,  EH,  will  be  equal  (p.  12),  and  each  equal  io  A  B: 
but  the  lines  AB,  CD,  EE,  are  already  known  to  be  equal ; 
hence,  DG=DG,  and  HE— EE,  which  is  absurd;  hence, 
the  plane  AGE  is  parallel  to  BDF. 

Cor.  If  two  parallel  planes  ME,  PQ,  are  met  by  two 
other  planes  CABD,  EABF,  the  angles  CAE,  DBF,  formed 
by  the  intersections  of  the  parallel  planes  are  equal ;  for, 
the  intersection  AC  is  parallel  to  BD,  and  AE  to  BE 
(p.  10) ;  therefore,  the  angle  CAE = DBF. 


M 
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PROPOSITION  XIV.  THEOREM. 


Ij^  ihT66  stvcii^ld  Utigs^  not  situcitcd  vn  the  sanio  plonc^  ctTc  Cf^uoX 
and  the  triangles  formed  hy  joining  the  extremities 

of  these  lines  'will  he  egual,  and  their  planes  parallel. 


Let  AB,  CD,  EF,  be  three  equal  and  parallel  lines. 


Since  AB  is  equal  and  paral¬ 
lel  to  CD,  the  figure  ABDC  is 
a  parallelogram ;  hence,  the  side 
is  equal  and  parallel  to  BD 
(b.  l,  p.  30).  For  a  like  reason, 
the  sides  AE,  BE,  are  equal  and 
parallel,  as  also  CE,  BE ;  hence, 
the  two  triangles  A  CE,  BDF,  have 
their  sides  equal,  and  are  therefore^ 
equal  (b.  i.,  P-  10) ;  and  as  their  sides 
are  parallel  and  lie  in  the  same 
directions,  their  planes  are  parallel 


M 


PROPOSITION  XV.  THEOREM. 


If  two  straight  lines  he  cut  hy  three  parallel  planes,  they  will  be 

divided  proportionally'. 


Suppose  the  line  AB  to  meet  the  parallel  planes  MN, 
PQ,  BS,  at  the  points  A,  E,  B ',  and  the  line  CD  to  meet 
the  same  planes  at  the  points  C,  F,  D :  then 

AE  :  EB  :  :  CE  '.  ED. 


Draw  AD  meeting  the  plane 
PQ  in  G-,  and  draw  AC,  EG,  GF, 
BD.  Since  the  parallel  planes  PQ, 
PS,  are  cut  by  the  third  plane 
BAD,  the  intersections  and^(7- 
are  parallel  (p.  10) :  and  we  have 
AE  :  EB  ::  AG  :  GD. 
and  the  intersections  AG,  GF, 
being  parallel, 

AG  :  GD  ::  GF  '.  ED', 
hence  (b.  il,  p.  4,  c.),  AE  :  EB 
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PEOFOSITION  XVI.  TIIEOEEM. 

If  a  Une  is  loerpendicular  to  a  i^lane^  every  i^lane  passed 
through  the  perpendicular^  is  also  perpendicular  to  the  plane. 

Let  AP  be  perpendicular  to  the  plane  NM  \  then  will 
every  plane  passing  tlrrongb  AP  be  perpendicular  to  NM. 

Let  BF  be  any  plane  passing  tlirougli 
AP^  and  BO  its  intersection  witli  the 
plane  MK  In  the  plane  MN^  draw  DP 
perpendicular  to  BP:  then  the  line  AP^ 
being  perpendicular  to  the  plane  ILV, 
is  perpendicular  to  each  of  the  two 
straight  lines  BC^  DF.  ISTow,  since  AP 
and  BE  are  both  perpendicular  to  the 
common  intersection  BC^  the  angle  which 
they  form  will  measure  the  angle  between  the  planes  (d.  4) : 
but  the  angle  APD,  or  APE^  is  a  right  angle:  hence,  the 
two  planes  are  perpendicular  to  each  other. 

Scholium.  When  three  straight  lines,  such  as  JLP,  EP, 
DP,  are  perpendicular  to  each  other,  any  two  may  be 
regarded  as  determining  a  plane,  and  the  three  will  deter¬ 
mine  three  planes,  ^hlow,  each  line  is  perpendicular  to  the 
plane  of  the  other  two,  and  the  three  planes  are  perpen¬ 
dicular  to  each  other. 

PEOPOSITION  XVII.  TIIEOEEM. 

If  two  planes  are  perpendicular  to  each  other,  a  line  drawn 
in  one  of  them  perpendicular  to  their  common  intersection, 
mill  he  perpendicular  to  the  other  plane. 

Let  the  plane  BA  be  perpendicular  to 
NM ;  then,  if  the  line  AP  be  perpendic¬ 
ular  to  the  intersection  BO,  it  will  also 
be  perpendicular  to  the  plane  NM. 

For,  in  the  plane  MN,  draw  PD  per¬ 
pendicular  to  PB ;  then,  because  the 
planes  are  perpendicular,  the  angle  APD 
is  a  right  angle  (i).  4) ;  therefore,  the  line 


BOOK  YI. 


169 


AP  is  perpendicular  to  tlie  two  straight  lines  PB,  PD^ 
passing  tlirougli  its  foot ;  therefore,  it  is  perpendicular  to 
their  plane  MN  (p.  4). 

Cor.  If  the  plane  BA  is  perpendicular  to  the  plane 
and  if  at  a  point  P  of  the  common  intersection  we  erect 
a  perpendicular  to  the  plane  d/Y,  that  perpendicular  will 
be  in  the  plane  BA.  For,  let  us  suppose  it  will  not,  then, 
in  the  plane  BA  draw  AP  perpendicular  to  PB,  the  com¬ 
mon  intersection,  and  this  AP  at  the  same  time,  is  per¬ 
pendicular  to  the  plane  MN,  by  the  theorem ;  therefore  at 
the  same  point  P  there  are  two  perpendiculars  to  the  plane 
MN,  one  out  of  the  plane  BA,  and  one  in  it,  which  is  im¬ 
possible  (p.  4,  c.  2). 

PROPOSITION  XVIII.  THEOREM. 

If  two  planes  which  cut  each  other  are  perpendicular  to  a  third 
plane,  their  common  intersection  is  also  perpendicular  to  that 
plane. 

Let  the  planes  BA,  DA,  be  perpen¬ 
dicular  to  NM',  then  will  their  intersec¬ 
tion  AP  be  perpendicular  to  NM. 

For,  at  the  point  P,  erect  a  perpen¬ 
dicular  to  the  plane  MN  ]  that  perpen¬ 
dicular  must  be  at  once  in  the  plane 
AB  and  in  the  plane  AD  (p,  17,  c.); 
therefore,  it  is  their  common  intersection 

AP. 

PROPOSITION  XIX.  THEOREM. 

The  sum  of  either  two  of  the  plane  angles  ivhich  include  a 
triedral  angle,  is  greater  than  the  third. 

The  proposition  requires  demonstration  only  when  the 
plane  angle,  which  is  compared  with  the  sum  of  the  two 
others,  is  greater  than  either  of  them.  Therefore,  suppose  the 
triedral  angle  S  to  be  formed  by  the  three  plane  angles 
ASB,  ASO.  BSC,  and  that  the  angle  ASB  is  the  greatest; 
we  are  to  show  that  ASB  <cASG-\-BSG. 


170 


GEOMETRY. 


I 


In  tlie  plane  ASB  make  tke 
angle  BSD=BSG,  and  draw  the 
Btraiglit  line  ABB  at  pleasure  ;  tlien 
make  SG=SD,  and  draw  AG^  BG. 

The  two  sides  BS^  SD,  are  equal 
to  the  two  BS^  SG^  and  the  angle 
BSD—BSG ;  therefore,  the  triangles 
BSD^  BSGj  are  equal  (b.  i.,  f.  5);  hence,  BI)=BG.  But 
AB  <^AG-\-BG ;  taking  BD  from  the  one  side,  and  from  the 
other  its  equal  ^6/,  there  remains  (7.  The  two  sides 

SB,  are  equal  to  the  two  SG ;  the  third  side  AB 
is  less  than  the  third  side  AG ]  therefore,  the  angle  ASB<^ 
ASG  (b.  I.,  p.  9,  c.)  Adding  BSB=BSG,  we  have 

AjSB-\-BSB,  or  ABB<ASG+BSC. 


S 


PROPOSITION  XX.  THEOREM. 


s 


The  sum  of  the  plane  angles  which  include  any  polyedral  angle 

is  less  than  four  right  angles. 

Let  S  be  the  vertex  of  a  polyedral  angle  bounded  by 
the  faces  BSG^  GSB^  BSE^  ESA,  ASB\  then  will  the  sum 
of  the  plane  angles  about  S  be  less  .than  four  right  angles. 

For,  let  the  polyedral  angle  be  cut 
b}^  any  plane  AB,  intersecting  the  edges 
in  the  points  A,  B,  G,  B,  E,  and  the 
faces  in  the  lines  AB,  BG,  GB,  BE, 

EA.  From  any  point  of  this  plane,  as 
0,  draw  the  straight  lines  OA,  OB,  OG, 

OB,  OE. 

We  thus  form  two  sets  of  triangles, 
one  set  having  a  common  vertex  S, 
the  other  having  a  common  vertex  0, 
and  both  having  the  common  bases  AB,  BO,  GB,  BE,  EA. 
Now,  in  the  set  which  has  the  common  vertex  S,  the  sum 
of  all  the  angles  is  equal  to  the  sum  of  all  the  plane  angles 
which  comprise  the  polyedral  angle  whose  vertex  is  S,  to¬ 
gether  with  the  sum  of  all  the  angles  at  the  bases :  viz. : 
SAB,  SB  A,  SBG,  &c. ;  and  the  entire  sum  is  equal  to  twice  as 
many  right  angles  as  there  are  triangles.  In  the  set  whose 
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common  vertex  is  0,  tlie  sum  of  all  tlie  angles  is  ec[ual 
to  the  four  right  angles  about  0,  together  with  the  inte¬ 
rior  angles  of  the  polygon,  and  this  sum  is  equal  to 
twice  as  many  right  angles  as  there  are  triangles.  Since 
the  number  of  triangles,  in  each  set,  is  the  same,  it  fol¬ 
lows  that  these  sums  are  equal.  But  in  the  triedral 
angle  whose  vertex  is  ABS -\-SBC'^AB0  (r.  19),  and 
the  like  may  be  shown  at  each  of  the  other  vertices, 
(7,  D,  E,  A:  hence,  the  sum  of  the  angles  at  the  bases,  in 
the  triangles  whose  common  vertex  is  is  greater  than 
the  sum  of  the  angles  at  the  bases,  in  the  set  whose  com¬ 
mon  vertex  is  0 :  therefore,  the  sum  of  the  vertical  angles 
about  S  is  less  than  the  sum  of  the  angles  about  0 .  that 
is,  less  'than  four  right  angles. 

Scholium.  This  demonstration  is  founded  on  the  suppo¬ 
sition  that  the  polyedral  angle  is  convex,  or  that  the  plane 
of  no  one  face  produced  can  ever  meet  the  polyedral  angle ; 
if  it  were  otherwise,  the  sum  of  the  plane  angles  would  no 
longer  be  limited,  and  might  be  of  any  magnitude. 

PEOPOSITION  XXI.  THEOKEM. 


If  two  triedral  angles  are  included  hy  'plane  angles  which  are 
equal  each  to  each^  the  planes  of  the  equal  angles  are  equally 
inclined  to  each  other. 


Let  S  and  T  be  the  vertices  of  two  triedral  angles,  and 
let  the  angle  ASG=DTF,  the  angle  ASB-^BTE,  and  the 
ano-le  BSC=ETF]  then  will  the  inclination  of  the  planes 
ASC,  ASB,  be  equal  to  that  of  the  planes  DTF,  DTE. 

For,  having  taken  SB  at 
pleasure,  draw  BO  perpendicu¬ 
lar  to  the  plane  ASG\  from  the 
point  0,  where  the  perpendicu¬ 
lar  meets  the  plane,  draw  OA^ 

OG^  perpendicular  to  ^.^4,  SG] 
draw  AB,  BG.  N^ext  take 
BE— SB]  draw  EP  perpendicular  to  the  plane  DTF ^  from 
the  point  P  draw  PD^  PE,  perpendicular  respectively  to 
TD,  TF  ]  lastly,  draw  DE  and  EE. 
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The  triangle  SAB^  is  right- 
angled  at  /i,  and  the  triangle 
TDE  at  D  (p.  6) :  and  since 
the  ASB~DTE^  we  have 
BBA^TED.  Moreover,  since 
EB~TE,  the  triangle  SAB  is 
equal  to  the  triangle  TEE\ 
therefore,  SA=TD^  and  AB—DE. 

In  like  manner,  it  may  be  shown,  that  SC=TE^  and 
BG=^EE.  That  jDroved,  the  quadrilateral  ASCO  is  equal 
to  the  quadrilateral  DEEP:  for,  place  the  angle  ASG  upon 
its  equal  DTE]  because  SA=TD,  and  SG=TE,  the  point 
A  will  fall  on  D,  and  the  point  G  on  E]  and,  at  the  same 
time,  MG,  which  is  perpendicular  to  aSM,  will  fall  on  DP^ 
which  is  perpendicular  to  TD^  and,  in  like  manner,  OG  on 
PE]  wherefore,  the  point  0  will  fall  on  the  point  P,  and 
hence,  MG  is  equal  to  DP. 

But  the  triangles  M  GP,  DPE^  are  right-angled  at  G  and 
P;  the  hypothenuse  AB~DE^  and  the  side  AO=DP: 
hence,  those  triangles  are  equal  (b.  i.,  p.  17) ;  and,  conse¬ 
quently,  the  angle  OAB=PDE,  But  the  angle  GMP  mea¬ 
sures  the  inclination  of  the  two  faces  MPP,  ASG ;  and  the 
angle  PDE  measures  that  of  the  two  faces  DTE,  DTE] 
hence,  those  two  inclinations  are  equal  to  each  other. 

Scholium  1.  It  must,  however,  be  observed,  that  the 
angle  M  of  the  right-angled  triangle  AOB  is  properly  the 
inclination  of  the  two  planes  ASB,  ASG,  only  when  the 
perpendicular  BO  falls  on  the  same  side  of  PM,  with  PG; 
for,  if  it  fell  on  the  other  side,  the  angle  of  the  two  planes 
would  be  obtuse,  and  the  obtuse  angle  together  with  the 
angle  M  of  the  triangle  OAB  would  make  two  right  angles. 
But  in  the  same  case,  the  angle  of  the  two  planes  TDE, 
TDE,  would  also  be  obtuse,  and  the  obtuse  angle  together 
with  the  angle  D  of  the  triangle  DPE,  would  make  two 
right  angles ;  and  the  angle  M  being  thus  always  equal  to 
the  angle  D,  it  would  follow  that  the  inclination  of  the 
two  planes  ASB,  ASG,  must  be  equal  to  that  of  the  two 
planes  TDE,  TDE. 

\ 

Scholium  2.  If  two  triedral  angles  are  included  by  three 
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plane  angles,  respectively  equal  to  eacli  other,  and  if,  at 
the  same  time,  the  equal  or  homologous  angles  are  disposed 
in  the  same  order ^  the  two  triedral  angles  will  coincide  when 
applied  the  one  to  the  other,  and  consequently,  are  equal 
(a.  14). 

For,  Ave  have  already  seen  that  the  quadrilateral  SAOG 
may  be  placed  upon  its  equal  TDPF ;  thus,  placing  SA  upon 
TjD,  sc  falls  upon  TF,  and  the  point  0  upon  the  point  P. 
But  because  the  triangles  A  OB,  DPE,  are  equal,  OP,  per¬ 
pendicular  to  the  plane  ASC.,  is  equal  to  PE,  perpendicu¬ 
lar  to  the  plane  TDF  \  besides,  these  perpendiculars  lie  in 
the  same  direction ;  therefore,  the  point  P  will  fall  upon 
the  point  P,  the  line  SB  upon  TE,  and  the  tAVO  angles  Avill 
wholly  coincide. 

Scholium  3.  The  equality  of  the  triedral  angles  does 
not  exist,  unless  the  equal  faces  are  arranged  in  the  same 
manner.  For,  if  they  Avere  arrayiged  tn  an  tnveise  older,  or, 
what  is  the  same,  if  the  perpendiculars  OP,  PE,  instead  of 
lying  in  the  same  direction  Avith  regard  to  the  planes  ASO, 
DTF,  lay  in  opposite  directions,  then  it  Avould  be  impossi¬ 
ble  to  make  these  triedral  angles  coincide  the  one  with  the 
other.  The  theorem  would  not,  hoAvever,  on  this  account, 
be  less  true,  viz. :  that  the  faces  containing  the  equal 
angles  must  be  equally  inclined  to  each  other  ;  so  that 
the  two  triedral  angles  Avould  be  equal  in  all  their  con¬ 
stituent  parts,  Avithout,  hoAvever,  admitting  'of  superposi¬ 
tion.  This  sort  of  equality,  which  is  not  absolute,  or 
such  as  admits  of  superposition,  ought  to  be  distinguish¬ 
ed  by  a  particular  name :  Ave  shall  call  it,  equality  hj  sym¬ 
metry. 

Thus,  those  two  triedral  angles,  Avhich  are  formed  by 
faces  respectively  equal  to  each  other,  but  disposed  in  an 
inverse  order,  Avill  be  called  triedral  angles  equal  hy  symme- 
Sry,  or  simply  symmetrical  angles. 
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POLYEDRONS. 

DEFINITIONS. 

1.  PoLYEDKON  is  a  name  given  to  any  solid  bounded 
by  polygons.  The  bounding  polygons  are  called  faces  of 
the  polyedron  ;  and  the  straight  line  in  which  any  two 
adjacent  faces  meet  each  other,  is  called  an  edge  of  the 
polyedron. 


2.  A  Prism  is  a  poljmdron  in  which  two 
of  the  faces  are  •  equal  polygons  with  their 
planes  and  homologous  sides  parallel,  and  all 
the  other  faces  parallelograms. 

3.  The  equal  and  parallel  polygons  are  called  bases  of 
the  prism — the  one  the  lower,  the  other,  the  upper  base — 
and  the  parallelograms  taken  together,  make  up  the  lateral 
er  convex  surface  of  the  prism. 

4.  The  Altitude  of  a  prism  is  the  distance  betw:sen 
its  two  bases,  and  is  measured  by  a  line  drawn  from  a 
point  in  one  base,  perpendicular  to  the  plane  of  the  off  r. 

5.  A  right  prism  is  one  whose  edges, 
formed  by  the  intersection  of  the  lateral  faces, 
are  perpendicular  to  the  planes  of  the  bases. 

Each  edge  is  then  equal  to  the  altitude  of  the 
prism.  In  every  other  case,  the  prism  is 
oblique^  and  each  edge  is  then  greater  than  the 
altitude. 
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6.  A  Triangular  Prism  is  one  whose  bases  are  tri¬ 
angles  :  a  quadrangular  jprism  is  one  whose  bases  are  quad¬ 
rilaterals  :  a  pentangular  prism  is  one  whose  bases  are  pen¬ 
tagons  :  a  liexangular  prism  is  one  whose  bases  are  hexa¬ 
gons,  &c. 

7.  A  Parallelopipedon  is  a  prism  whose  bases  are 
parallelograms. 


8.  A  Kectangular  Parallelopipe- 
DON  is  one  whose  faces  are  all  rectangles. 
When  the  faces  are  squares,  it  is  called 
a  cube^  or  regular  hexaedron. 


9.  A  Pyramid  is  a  solid  bounded  by 
a  polygon,  and  by  triangles  meeting  at  a 
common  point,  called  the  vertex.  The 
polygon  is  called  the  base  of  the  pyra¬ 
mid,  and  the  triangles,  taken  together, 
the  convex^  or  lateral  surface.  The  pyra¬ 
mid,  like  the  prism,  takes  different  names, 
according  to  the  form  of  its  base :  thus, 
it  may  be  triangular,  quadrangular,  pent¬ 
angular,  &c. 

10.  The  Altitude  of  a  pyramid  is  the  perpendicular 
let  fall  from  the  vertex  on  the  plane  of  the  base. 

11.  A  Eight  Pyramid  is  one  whose  base  is  a  regular 
polygon,  and  in  which  the  perpendicular  let  fall  from  the 
vertex  upon  the  base  passes  through  the  centre  of  the  base. 
This  perpendicular  is  then  called  the  axis  of  the  pyramid. 

12.  The  Slant  Height  of  a  right  pyramid,  is  the  per¬ 
pendicular  let  fall  from  the  vertex  to  either  side  of  the 
polygon  which  forms  the  base. 


13.  If  a  pyramid  is  cut  by  a  plane 
parallel  to  its  base,  forming  a  second 
base,  the  part  lying  between  the  bases, 
is  called  a  truncated  pyramid^  or  frustum 
of  a  'pyramid. 
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14.  The  altitude  of  a  frustum  is  the  perpendicular  dis¬ 
tance  between  its  bases :  and  the  slant  height^  is  that  por¬ 
tion  of  the  slant  height  of  the  pyramid  intercepted  between 
the  bases  of  the  frustum. 

15.  The  diagonal  of  a  polyedron  is  a  line  joining  the 
vertices  of  any  two  of  its  angles^  not  in  the  same  face. 

16.  Similar  jpolyedrons  are  those  whose  polyedral  angles 
are  equal,  each  to  each,  and  which  are  bounded  by  the 
same  number  of  similar  faces. 

17.  Parts  which  are  like  placed,  in  similar  polyedrons, 
whether  faces,  edges,  or  angles,  are  called  homologous. 

18.  A  regular  polyedron  is  one  whose  faces  are  equal 
and  regular  polygons,  and  whose  polyedral  angles  are  equal. 

PROPOSITION  I.  THEOREM. 

The  convex  surface  of  a  right  prism  is  equal  to  the  perimeter 
of  either  base  multiplied  by  its  altitude. 

Let  ABGDE-K  be  a  right  prism :  then  will  its  convex 
surface  be  equal  to 

(^1 Z?  +i?(7+  CD+]iE-{-EA)xAF. 

For,  the  convex  surface  is  equal  to 
the  sum  of  all  the  rectangles  A(r, 

Cf  Dlf  EF^  which  compose  it.  Now, 
the  altitudes  AF^  A(r,  CH,  kc.,  of  the 
rectangles,  are  equal  to  the  altitude  of 
the  prism,  and  the  area  of  each  rect¬ 
angle  is  equal  to  its  base  multiplied  by 
its  altitude  (b.  IV.,  P.  5).  Hence,  the  sum 
of  these  rectangles,  or  the  convex  sur¬ 
face  of  the  prism,  is  equal  to 

{AB  +BO+  CB+BE+EA)  X  AE  ; 

that  is,  to  the  perimeter  of  the  base  of  the  prism  multi¬ 
plied  by  the  altitude. 

Cor.  If  two  right  prisms  have  the  same  altitude,  their 
convex  surfaces  are  to  each  other  as  the  perimeters  of 
their  bases. 
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PROPOSITION  II.  THEOREM. 

In  every  prisin^  the  sections  formed  hy  ^parallel  planes^  are 

equal  polygons. 

Let  the  prism  AH  be  intersected  by  the  parallel  planes 
iVP,  aS'F;  then  are  the  polygons  NOPQR^  STVXY.,  equal. 

For,  the  sides  ST^  NO^  are  parallel, 
being  the  intersections  of  two  parallel 
planes  with  a  third  plane  ABGF]  these 
same  sides,  Sf  NO,  are  included  be¬ 
tween  the  parallels  NS,  OT,  which  are 
edges  of  the  prism :  hence,  NO  is 
equal  to  ST.  For  like  reasons,  the 
sides  OP,  PQ,  QR,  &c.,  of  the  section 
NOPQR,  are  equal  to  the  sides  TV, 

VX,  XY,  &c.,  of  the  section  STVXY, 
each  to  each  ;  and  since  the  equal 
sides  are  at  the  same  time  parallel,  it 
follows  that  the  angles  NOP,  OPQ,  &c.,  of  the  first  section, 
are  equal  to  the  angles  STV,  TYX,  <&c.,  of  the  second,  each 
to  each  (b.  vi.,  p.  13).  Hence,  the  two  sections  NOPQR, 
STVXY,  are  equal  polygons. 

Cor.  Every  section  of  a  prism,  parallel  to  the  bases,  is 
equal  to  either  base. 


PROPOSITION  III.  THEOREM. 

Tf  a  pyramid  he  cut  hy  a  plane  parallel  to  its  base: 

1st.  The  edges  and  the  altitude  ivill  he  divided  proportionally : 
2d.  The  section  will  he  a  polygon  similar  to  the  base. 

Let  the  pyramid  S- ABODE,  of  which  SO  the  altitude 
be  cut  by  the  plane  ahcde ;  then  will 

Sa  :  SA  :  :  So  :  SO, 

and  the  same  for  the  other  edges ;  and  the  polygon  ahcde, 

will  be  similar  to  the  base  ABCDE. 

12 
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First.  Since  the  planes  ahc^  are 

parallel,  their  intersections  ah,  by  the 
third  plane  SAB,  are  also  parallel  (b.  VI., 

P.  10) ;  hence,  the  triangles  SAB,  Sab,  are 
similar  (b.  iv.,  p.  21),  and  we  have 
SA  :  Sa  :  :  SB  :  Sh', 

for  a  like  reason,  we  have 

SB  :  Sh  ::  SO  :»  /Sb ; 

and  so  on.  Hence,  the  edges  SA,  SB,  SC, 

&c.,  are  cut  proportionally  in  a,  h,  c,  &c. 

The  altitude  aSO  is  likewise  cnt  in  the  same  proportion,  at 
the  point  o ;  for  BO  and  ho  are  parallel,  therefore,  we  have 

SO  :  So  :  :  SB  :  ASh. 

Secondly.  Since  ah  is  parallel  to  AB,  he  to  BC,  cd  to  CD, 
ko,.,  the  angle  ahe  is  equal  to  ABC,  the  angle  hed  to  BCD, 
and  so  on  (b.  vi.,  P.  13).  Also,  by  reason  of  the  similar 
triangles  SAB,  Sab,  we  have 

AB  :  ah  :  :  SB  :  Sh ; 

and  by  reason  of  the  similar  triangles  SBC,  She,  we  have 

SB  :  Sh  :  :  BC  :  he: 


hence, 


AB 


ah 


BC 


he 


we  might  likewise  have 


BC  :  he  :  :  CD  :  cd, 

and  so  on.  Hence,  the  polygons  ABODE,  abode  have  their 
angles  equal,  each  to  each,  and  their  sides,  taken  in  the 
same  order,  proportional ;  hence,  they  are  similar  (b.  IV.,  D.  1). 


Cor.  1.  Let  S-ABCDE, 
SXYZ,  be  two  pyramids, 
having  a  common  vertex 
and  their  bases  in  the  same 
plane  ;  if  these  pyramids  are 
cut  by  a  plane  parallel  to 
the  plane  of  their  bases,  the 
sections,  ahede,  xyz,  will  he  to 
each  other  as  the  bases  ABODE, 
XYZ. 


S 


BOOK  yil. 


179 


For,  the  polygons  ABODE,  abcde,  being  similar,  their 
surfaces  are  as  the  squares  of  the  homologous  sides  AB, 
ah ;  that  is,  B.  IV.,  P.  27), 

ABC DE  :  dbcde  :  :  AB  :  ah . 
but,  AB  :  ah  :  :  SA  :  Sa ; 

hence,  ABODE  :  ahcde  :  :  /SA  \  Sa ,  , 

For  the  same  reason, 

XYZ  ■.  xyz 

But  since  ahc  and  xyz  are  in  one  plane,  we  have  likewise 
(b.  VI.,  P.  15), 

SA  :  Sa  :  :  SX  :  Sx] 
hence,  ABODE  :  ahcde  :  :  XYZ  :  xyz ; 

therefore,  the  sections  ahcde,  xyz,  are  to  each  other  as  the 
bases  ABODE,  XYZ. 

Cor.  2.  If  the  bases  ABODE,  XYZ,  are  equivalent,  any 
sections  ahcde,  xyz,  made  at  equal  distances  from  the  bases, 
are  also  equivalent. 

PROPOSITION  IV.  THEOREM. 

The  convex  surface  of  a  right  pyramid  is  equal  to  the  perimeter 
of  its  base  midtiplied  hy  half  the  slant  height. 

Let  S  be  the  vertex,  ABODE  the  base,  and  SF  the  slant 
height  of  a  right  pyramid ;  then  the  convex  surface  is  equal 
to  1  SF  X  {AB  ABOyOD  +  DEY  EA). 

For,  since  the  pyramid  is  right,  the 
point  0,  in  which  the  axis  meets  the 
base,  is  the  centre  of  the  polygon 
ABODE  (D.  11) ;  hence,  the  lines  OA, 

OB,  00,  &c.,  drawn  to  the  vertices  of 
the  base,  are  equal. 

In  the  right-angled  triangles  SAO, 

SBO,  the  bases  and  perpendiculars  are 
equal :  hence,  the  hypothenuses  are 
equal:  and  it  may  be  proved  in  the 
same  way,  that  all  the  edges  of  the  right  pyramid  are 
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equal.  The  triangles^  therefore,  which 
form  the  convex  surface  of  the  prism 
are  all  equal  to  each  other.  But  the 
area  of  either  of  these  triangles,  as  ESA^ 
is  equal  to  its  base  EA,  multiplied  by 
half  the  perpendicular  SE^  which  is  the 
slant  height  of  the  pyramid :  hence,  the 
area  of  all  the  triangles,  or  the  convex 
surface  of  the  pyramid,  is  equal  to  the 
perimeter  of  the  base  multiplied  by  half 
the  slant  height. 

Cot.  The  convex  surface  of  the  frustum  of  a  right  pyramid 
is  equal  to  half  the  sum  of  the  perimeters  of  its  iipper  and 
lower  bases  midtiplied  by  its  slant  height. 

For,  since  the  section  abode  is  similar  to  the  base  (p.  8)^ 
and  since  the  base  ABODE  is  a  regular  polygon  (d.  11),  it 
follows  that  the  sides  ea,  ab^  bc^  cd,  and  de^  are  all  equal  to 
each  other.  Hence,  the  convex  surface  of  the  frustum 
ABCDE-d  is  'composed  of  the  equal  trapezoids  EAae,  ABha^ 
&c.,  and  the  perpendicular  distance  between  the  parallel 
sides  of  either  of  these  trapezoids  is  equal  to  Ef  the  slant 
height  of  the  frustum.  But  the  area  of  either  of  the  trap¬ 
ezoids,  as  AEea^  is  equal  to  ^{EA  ea)X  Ef  (b.  iv.,  p.  7): 
hence,  the  area  of  all  of  them,  or  the  convex  surface  of 
the  frustum,  is  equal  to  half  the  sum  of  the  perimeters  of 
the  upper  and  lower  bases  multiplied  by  the  slant  height. 

PROPOSITION  V.  THEOREM. 

If  the  three  faces  which  include  a  triedral  angle  of  a  prism  are 
equal  to  the  three  faces  ivhich  include  a  triedral  angle  of  a 
second  prism^  each  to  each^  and  are  like  placed,  the  tioo 
prisms  are  equal. 

Let  B  and  b  be  the  vertices  of  two  triedral  angles  in 
eluded  by  faces  respectively  equal  to  each  other,  and 
similarly  placed ;  then  will  the  prism  ABODE- K  be  equal 
to  the  prism  ahede-k. 

For,  place  the  base  abode  upon  the  equal  base  ABODE] 


S 


A 
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then,  since  the  triedral  angles  at  h  and  B  are  equal,  the 
parallelogram  hli  will  coincide  with  BH^  and  the  parallelo¬ 
gram  hf  with  BF,  But  the  two  upper  bases  being  equal-# 
to  their  corresponding  lower  bases,  are  equal  to  each  other, 
and  consequently,  will  coincide  :  hence,  hi  will  coincide 
with  ik  with  IK^  kf  with  KF  ]  and  therefore,  the 
lateral  faces  of  the  prisms  will  coincide  :  hence,  the  two  , 
prisms  coinciding  throughout,  are  equal  (a.  14). 

Cor.  Two  right  prisms,  lohich  have  equal  bases  and  equal 
altitudes,  are  equal.  For,  since  the  side  AB  is  equal  to  ah, 
and  the  altitude  BC  to  hg,  the  rectangle  ABGF  is  equal  to 
ahgf ;  so  also,  the  rectangle  BGFdO  is  equal  to  hghc ;  and 
thus  the  three  faces,  which  include  the  triedral  angle  B, 
are  equal  to  the  three  which  include  the  triedral  angle  h, 
each  to  each.  Hence,  the  two  prisms  are  equal. 


PROPOSITION  VI.  THEOREM. 

In  every  paralleloqnpedon,  the  oqiposite  faces  are  equal  and 

parallel. 

Let  ABCD  be  a  parallelopipedon,  then  will  its  opposite 
faces  be  equal  and  parallel. 

For,  the  bases  ABCD,  EFGIT,  are 
equal  parallelograms,  and  have  their 
planes  parallel  (p.  7).  It  remains  only 
to  show,  that  the  same  is  true  of  any 
two  opposite  lateral  faces,  such  as 
BCGF,  ADIIF. 
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EToW;  BG  is  equal  and  parallel  to 
AT),  because  the  base  ABCD  is  a  par¬ 
allelogram  ;  and  since  tlie  lateral  faces 
are  also  parallelograms,  BF  is  equal  and 
parallel  to  AF^  and  the  like  may  be 
ehown  fbr  the  sides  FG  and  FH^  CG  and 
DH ;  hence,  the  angle  CBF  is  equal  to  the  angle  DAF^  and 
the  planes  DAF,  CBF,  are  parallel  (b.  vi.,  P.  13) ;  and  the 
parallelogram  BCGF,  is  equal  to  the  parallelogram  ADHF. 
In  the  same  way,  it  may  be  shown  that  the  opposite  paral¬ 
lelograms  ABFF,  DCGH^  are  equal  and  parallel. 


Cor.  1.  Since  the  parallelopipedon  is  a  solid  bounded 
by  six  faces,  of  which  any  two  lying  opposite  to  each 
•other,  are  equal  and  parallel,  it  follows  that  any  face  and 
the  one  opposite  to  it,  may  be  assumed  as  the  bases  of  the 
parallelopipedon. 


Cor.  2.  The  diagonals  of  a  parallelopig)edon  hisect  each  other. 
For,  suppose  two  diagonals  DF^  to  be  drawn  through 
opposite  vertices.  Draw  also  BD^  FIT.  Then,  since  BF  is 
equal  and  parallel  to  BIT,  the  figure  BDFhF  is  a  parallelo¬ 
gram  ;  hence,  the  diagonals  BII^  DF., 
mutually  bisect  each  other  at  F  (b.  i.,  p. 

81).  In  like  manner,  it  may  be 
shown  that  the  diagonal  BH  and  an}^ 
other  diagonal  bisect  each  other  ;  hence, 
the  four  diagonals  mutually  bisect  each 
other,  in  a  common  point.  If  the  six 
faces  are  equal  to  each  other,  this  point  may  be  regarded 
as  the  centre  of  the  parallelopipedon. 


/Scholium.  If  three  straight  lines  AB,  AF^  AB,  passing 
through  the  same  point  A,  and  making  given  angles  with 
each  other,  are  known,  a  parallelopipedon  may  be  formed 
on  these  lines.  For  this  purpose,  conceive  a  plane  to  be 
passed  through  the  extremity  of  each  line,  and  parallel  to 
'the  plane  of  the  other  two,  that  is,  through  the  point  B 
pass  a  plane  parallel  to  BAF^  through  B  a  plane  parallel 
to  BAF^  and  through  F  a  plane  parallel  to  BAB.  The 
mutual  intersections  of  these  planes  will  form  the  edges  of 
the  parallelopipedon  required. 
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PROPOSITION  VII.  THEOREM. 

If  a  ylane  he  passed  through  the  opioosite  diagonal  edges^  of  a 

paralklopipedon,  it  will  divide  the  solid  into  two  equivalent 

tnangular  junsms. 

Let  tlie  parallelopipedoii  ABCD-II  be  divided  by  the 
plane  BDHF,  passing  tlirougli  the  opposite  Q&gQ^  BF,  BE: 
tben  will  the  triangular  prism  ABB-H^  be  equivalent  to 

the  triangular  prism  BGB-H. 

Lor,  through  the  vertices  B  and  F, 
pass  the  planes  Bcda^  Fghe^  at  right 
angles  to  the  edge  BF,  the  former  cut¬ 
ting  the  three  other  edges  of  the  par- 
allelopipedon  prolonged  in  the  points 
c,  d,  a,  the  latter  in  the  points  y,  A,  e. 

Kow,  the  sections  Bcda,  Fghe,  are 
equal  parallelograms.  For,  the  cutting 
planes  being  perpendicular  ■  to  the  same 
straight  line  BF,  are  parallel  (b.  VI.,  P. 

9) :  hence,  the  sections  are  equal  (p.  2) ;  and  they  are  par¬ 
allelograms  because  Ba,  cd,  two.  opposite  sides  of  the  same 
section,  are  formed  by  the  meeting  of  a  plane  aBcd,  with 
two  parallel  planes  ABFE,  BCGII  (b.  vl,  p.  10).  Lor  a 
similar  reason  Be  and  ad  are  parallel;  hence,  the  figures 
are  equal  parallelograms. 

For  a  like  reason  the  figure  aBFe  is  a  parallelogram; 
so  also,  are  BcgF^  cghd^  adhe,  the  other  lateral  faces  of  the 
solid  aBcd-h ;  hence,  that  solid  is  a  prism  (d.  2),  and  that 
prism  is  right,  since  the  edge  BF  is  perpendicular  to  its 

bases. 

But  the  right  prism  aBcd-h  is  divided  by  the  plane  BE 
into  two  equal  right  prisms  aBd-li^  Bcd-h]  for,  the  bases 
aBd,  Bed,  are  equal,  being  halves  of  the  same  parallelo¬ 
gram,  and  since  the  prisms  have  the  common  altitude  BFy 
they  are  equal  (p.  5,  c.) 

It  is  now  to  be  proved  that  the  oblique  triangular 
prism  ABB-E  is  equivalent  to  the  right  triangular  prism 
aBd-h.  Since  these  prisms  have  a  common  part  ABB-h,  it 
will  only  be  necessary  to  prove  that  the  remaining  parts, 
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namely,  the  solids  aBd-D,  eFli-H,  are 
equivalent.  Since  ABFE,  aBFe^  are 
parallelograms,  the  sides  AE^  ae,  are 
each  equal  to  BF ;  hence,  they  are 
equal  to  each  other;  and  taking  away 
the  common  part  Ae,  there  remains 
Aa~Ee.  In  the  same  manner  it  may 
be  proved  that  Dd—Hh. 

To  bring  about  the  superposition  of 
the  two  solids,  eFli-H,  aBd-D,  let  the 
base  eFh  be  placed  on  the  equal  base  aBd — the  point  e 
falling  on  a,  the  point  h  on  d :  the  edges  eE,  liH,  will  then 
coincide  with  a  A,  dD,  since  all  the  edges  are  perpendicular 
to  the  same  plane  aBcd.  Hence,  the  two  solids  will  coin- 
^  cide  exactly  with  each  other;  consequently,  the  oblique 
prism  ABD-II  is  equivalent  to  the  right  prism  aBd-h.  In 
the  same  manner,  it  may  be  shown  that  the  oblique  prism 
BCD-H  is  equivalent  to  the  right  prism  Bcd-h.  But  the 
two  right  prisms  have  been  proved  equal:  hence,  the  two 
triangular  prisms  ABD-H,  BCD-H,  being  equivalent  to 
equal  right  prisms,  are  equivalent  to  each  other. 

Cor.  Every  triangular  prism  ABD-H  is  half  the  paral¬ 
lel  opipedon  AG,  having  the  same  triedral  angle  A,  and  the 
same  edges  AB,  AD,  AE. 

PKOPOSITION  VIII.  TIIEOKEM. 

I 

* 

If  two  parallelopipedons  have  a  common  lower  base,  and  their 
upper  bases  in  the  same  plane  and  between  the  same  paral¬ 
lels,  they  are  equivalent. 

Let  the  parallelopipedons  AG,  AL,  have  the  common 
base  ABCD,  and  their  upper  bases  EG,  IL,  in  the  same 
plane,  and  between  the  same  parallels  EK,  HL',  then  will 
they  be  equivalent. 

There  may  be  three  cases,  according  as  El  is  greater 
than,  equal  to,  or  less  than  EF',  but  the  demonstration,  for 
each  case,  is  the  same. 

We  will  show,  in  the  first  place,  that  the  triangular 
prisms  AIE-H,  BKF-G  are  equal.  Since  EF  and  IK  are 
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each  equal  to  AB  (b.  i., 
p.  28),  they  are  equal  to 
each  other.  Add  FI  to 
each,  and  we  have 
FI-^FK\ 

and  since  the  angle  AEF 
is  equal  to  BFK  (b.  i., 
r.  20,  c.  3) ;  the  triangle 
AEI  is  equal  to  the  triangle  BFK  (b.  i.,  P.  5).  Again, 
since  El  is  equal  to  FK,  and  EH  equal  and  parallel  to 
FG,  the  parallelogram  EM  is  equal  to  the  parallelogram 
FL  (b.  I.,  P.  28,  c.  2) :  also,  the  parallelogram  AH  is  equal 
to  the  parallelogram  OF  (p.  6)  :  hence,  the  three  faces 
which  include  the  polyedral  angle  at  A  aie  lespectively 
equal  to  the  three  which  include  the  polyedral  angle  at  A, 
and  being  like  placed,  the  triangular  prism  AIE-H  is  equal 

to  the  triangular  prism  BKF-G  (p.  5). 

But,  if  the  triangular  prism  AIEH  be  taken  away 
from  the  solid  AA,  there  will  remain  the  parallelopipedon 
ABCD-M]  and  if  the  equal  triangular  prism  BKF-G  be 
taken  away  from  the  same  solid,  there  will  lemain  the 
parallelopipedon  ABCD-H ;  hence,  the  two  parallelopipedons 
ABCD-M,  ABCD-H,  are  equivalent. 

PKOPOSITION  IX.  THEOKEM. 

Two  parallelopipedons,  having  their  lower  bases  equal,  and  equal 

altitudes,  are  equivalent. 

Let  the  parallelopipedons  AG,  AL,  have  the  common 
base  A  BCD,  and  equal  altitudes;  then  will  their  upper 
bases,  EFGH,  IKLM,  be  in  the  same  plane ;  and  the  two 
}  parallelopipedons  will  be  equivalent. 

i  For,  let  the  edges  FE,  GH,  be  prolonged,  as  also,  KL 

j  and  IM,  till,  by  their  intersections,  they  form  the  paral- 
j  lelogram  NOPQ,  in  the  plane  of  the  upper  bases :  this 
parallelogram  will  be  equal  to  either  of  the  bases  IL,  EG. 
For,  the  upper  bases  IL,  EG,  being  each  equal  to  the 
common  base  AG,  are  equal  to  each  other.  But  OP 
which  is  equal  to  FG,  is  also  equal  to  KL,  and  ON  is 
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equal  to  KI^  being  be 
tween  tlie  same  paral¬ 
lels  :  hence,  the  paral¬ 
lelogram  NP  is  equal 
to  IL  or  EG  (b.  l,  p. 

28,  c.  2). 

Now,  if  a  third  par- 
allelopipedon  be  con¬ 
ceived,  having  for  its 
lower  base  the  paral¬ 
lelogram  ABCD,  and  for 
its  upper  base  NOPQ, 
this  third  parallelopipedon  will  be  equivalent  to  the  paral- 
lelopipedon  A  G,  since  they  have  the  sam§-  lower  base,  and 
their  upper  bases  lie  in  the  same  plane  and  between  the 
same  parallels,  QG,  NF  (p.  8).  For  a  like  reason,  this  third 
parallelopipedon  will  also  be  equivalent  to  the  parallelo¬ 
pipedon  AL ;  hence,  the  two  parallelopipedons  A  G^  AL^ 

which  have  equal  bases  and  equal  altitudes,  are  equivalent. 

* 

PROPOSITION  X.  THEOREM. 

Any  may  he  changed  into  an  equivalent  rect¬ 
angular  having  an  equal  altitude  and  an 

equivalent  base. 

Let  ABCD-H  be  any  parallelopipedon. 

From  the  vertices  A, 
j/5,  C,  D,  draw  N/,  BK^ 

CL^  perpendicular  to 
the  plane  of  the  lower 
base,  and  equal  to  the 
altitude  AG:  there  will 
thus  be  formed  the  paral¬ 
lelopipedon  AL  equiva¬ 
lent  to  AG  (p.  9),  and 
having  its  lateral  faces 
AK,  BL^  &c.,  rectangles. 

Now,  if  the  base  ABCD 
is  a  rectangle,  AL  will  be  a  rectangular  parallelopipedon 


H 


G 


BOOK  YII. 


187 


equivalent  to  AG,  and  consequently,  the  parallelopipedon 
required. 

But  if  ABOD  is  not  a  rectangle,  draw 
AO  and  BK  perpendicular  to  BO,  and 
0  Q  and  NP  perpendicular  to  the  base ; 
we  shall  then  have,  a  rectangular  paral¬ 
lelopipedon  ABNO-  Q :  for,  by  construc¬ 
tion,  the  bases  ABNO,  and  IKPQ,  are 
rectangles  5  so  also,  *are  the  lateral  faces, 
the  edges  AI,  OQ,  &c.,  being  perpendicu¬ 
lar  to  the  plane  of  the  base  5  hence,  the 
solid  AP  is  a  rectangular  parallellopipedon.  But  the  two 
parallelopipedons  AP,  AL,  may  be  conceived  as  having  the 
same  base  ABKl^  and  the  same  altitude  A  0 :  hence,  the 
parallelopipedon  AG,  which  was  at  first  changed  into  an 
equivalent  parallelopipedon  AB,  is  now  changed  into  an 
equivalent  rectangular  parallelopipedon  AP,  having  the 
same  altitude  AI,  and  a  base  ABNO  equivalent  to  the  base 

ABOD. 


PROPOSITION  XL  THEOREM. 

Two  rectangular  iDarallclopipedons,  ivliich  have  equal  bases,  are 

to  each  other  as  their  altitudes. 

Let  the  parallelopipedons  AG,  AL,  have  the  common 
base  BD,  then  will  they  be  to  each  other  as  their  altitudes 

AE,  AL 

First.  Suppose  the  altitudes  AE,  AL,  to 
be  to  each  other  as  two  whole  numbers, 
as  15  is  to  8,  for  example.  Divide  AE 
into  15  equal  parts,  whereof  AI  will  con¬ 
tain  8  ;  and  through  x,  y,  z,  &c.,  the  points 
of  division,  pass  planes  parallel  to  the 
I  common  base.  These  planes  will  divide 
I  the  solid  AG  into  15  parallelopipedons,  all 
equal  to  each  other,  because  they  have 
equal  bases  and  equal  altitudes  equal 
bases,  since  every  section  ELMI,  parallel 
to  the  base  ABOD,  is  equal  to  that  base  (p.  2),  equal  altl 
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tudes,  because  tlie  altitudes  are  the  equal 
divisions,  Ax^  X7j,  yz^  &c.  But  of  those  15 
equal  parallelopipedons,  8  are  contained 
in  AL]  hence,  the  solid  AG  is  to  the 
solid  AL  as  15  is  to  8,  or  generally,  as 
the  altitude  AE  is  to  the  altitude  AL 

Second.  If  the  ratio  of  AE  to  AI 
cannot  be  expressed  exactly  in  numbe;'s, 
it  may  still  be  shown,  that  we  shall 
have 

solid  A  G  :  solid  AL  :  :  AE  :  AI. 

For,  if  this  proportion  is  not  correct,  suppose  we  have, 
sol.  AG  :  sol.  AL  :  :  AE  :  AO  ^'•eater  than  AI. 

Divide  AE  into  equal  parts,  such  that  each  shall  be  less 
than  01 ;  there  will  be  at  least  one  point  of  division  m, 
between  0  and  I.  Let  P  denote  the  parallelopipedon, 
whose  base  is  ABCD^  and  altitude  Am  5  since  the  altitudes 
AE^  Am^  are  to  each  other  as  two  whole  numbers,  we 
have 

sol.  AG  :  P  : :  AE  :  Am. 

But  by  hypothesis,  we  have 

sol.  A G  :  sol.  AL  :  :  AE  :  AO  \ 
therefore  (b.  it.,  p.  4), 

sol.  AL  :  P  :  AO  :  Am. 

But  0  is  greater  than  Am  ;  hence,  if  the  proportion  is 
correct,  the  solid  AL  must  be  greater  than  P.  On  the 
contrary,  however,  it  is  less  :  therefore,  AO  cannot  be 
greater  than  AL  By  the  same  mode  of  reasoning,  it  may 
be  shown  that  the  fourth  term  cannot  be  less  than  AI ; 
therefore,  it  is  equal  to  AI :  hence,  rectangular  parallelo¬ 
pipedons  having  equal  bases,  are  to  each  other  as  their 
altitudes. 
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PEOPOSITION  XII.  THEOKEM. 

Two  1  octangular  parallelopipedons^  having  equal  altitudes^  are  tC 

each  other  as  their  bases. 

Let  the  parallelopipedons  AK^  have  the  same  alti¬ 
tude  AE]  then  will  they  be  to  each  other  as  their  bases 
AC,  AK 

For,  having  placed  the 

two  solids  bv  the  side  of 

•/ 

each  other,  as  the  figure 
represents,  prolong  the  plane 
NKLO  till  it  meets  the  plane 
DGGH  in  PQ  ]  we  thus 
have  a  third  parallel  opipe- 
don  A  Q,  which  may  be 
compared  with  each  of  the 
parallelopipedons  AG,  AK. 

The  two  solids  AG,  AQ, 
having  the  same  base  ADHE 
are  to  each  other  as  their 
altitudes  AB,  AO :  in  like 
manner,  the  two  solids  AQ,  AK,  having  the  same  base 
A  OLE,  are  to  each  other  as  their  altitudes  AD,  AM. 
Hence,  we  have 

sol.  A G  :  sol.  AQ  :  :  AB  :  AO 
also,  sol.  AQ  :  sol.  AK  :  :  AD  :  AM. 

Multiplying  together  the  corresponding  terms  of  these  pro¬ 
portions,  and  omitting,  in  the  result,  the  common  multi¬ 
plier  sol.  AQ',  we  shall  have 

sol.  AG  :  sol.  AK  :  :  ABxAD  :  AOxAM. 

But  ABxAD  represents  the  area  of  the  base  ABCD',  and 
AOxAM  represents  the  area  of  the  base  AMNO',  hence, 
two  rectangular  parallelopipedons  having  equal  altitudes^ 
are  to  each  other  as  their  bases. 
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PEOPOSITION  XIII.  THEOREM. 

Amj  two  rectangular  parallelopi2)edons  are  to  each  other  as  the 
products  of  their  bases  by  their  altitudes  /  that  is^  as  the 
products  of  their  three  dimensions. 

Having  placed  the  two 
solids  AG^  AZ^  so  that 
their  faces  have  the  com¬ 
mon  angle  BAE,  produce 
the  planes  necessary  for 
completing  the  third  par-  Y 
allelopipedon  Alf  which 
will  have  an  equal  altitude 
with  the  parallelopipedon 
AG.  By  the  last  proposi- 
tion,  we  have 

sol.  A  G  I  sol.  AK  \  r  ^ 

ABG.D  :  A'MNO. 

But  the  two  parallelopipe- 
dons  Alf  AZ^  having  the  same  base  iYd,  are  to  each  other 

as-  their  altitudes  AE,  AX ;  hence,  ym  have, 

sol.  AK  :  sol.  iVZ  :  :  liE  :  AX. 

Multiplying  together  the  corresponding  terms  of  these  pro¬ 
portions,  and  omitting  in  the  result  the  common  multiplier 
sol.  AK ;  we  shall  have, 

sol.  AG  :  sol.  AZ  ::  ABCIJxAE  :  AMNOxAX. 
Instead  of  the  bases  Hi? and  HdizYO,  put  ABxAD  and 
AOxAAf  and  we  shall  have, 

sol.  AG  :  sol.AZ  ::  ABxADxAE  :  AOxAMxAX: 
hence,  nny  two  rectangular  parallelopipedons  are  to  each 
other,  as  the  products  of  their  three  dimensions. 

Scholium  1.  The  magnitude  of  a  solid,  its  volume  oi 
extent,  is  called  its  solidity]  and  this  word  is  exclusively 
employed  to  designate  the  measure  of  a  solid :  thus,  we 
say  the  solidity  of  a  rectangular  parallelopipedon  is  equal 
to  the  product  of  its  base  by  its  altitude,  or  to  the  product 
of  its  three  dimensions. 
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In  order  to  comprehend  the  nature  of  this  measurement, 
it  is  necessary  to  consider,  that  the  number  of  linear  units 
in  one  dimension  of  the  base  multiplied  by  the  number  of 
linear  units  in  the  other  dimension  of  the  base,  will  give 
the  number  of  superficial  units  in  the  base  of  the  parallel- 
opipedon  (b.iv.,  p.4,  s.)  'For  each  unit  in  height,  there  are 
evidently,  as  many  solid  units  as  there  are  superficial  units 
in  the  base.  Therefore,  the  number  of  superficial  units  in 
the  base  multiplied  by  the  number  of  linear  units  in  the 
altitude,  gives  the  number  of  solid  units  in  the  parallelo- 
pipedon. 

If  then,  we  assume  as  the  unit  of  measure,  the  cube 
whose  edge  is  equal  to  the  linear  unit,  the  solidity  will  be 
expressed  numerically,  by  the  number  of  times  which  the 
solid  contains  its  unit  of  measure. 

Scholmm  2.  As  the  three  dimensions  of  the  cube  are 
equal,  if  the  edge  is  1,  the  solidity  is  Ix  1x1=1:  if 
the  edge  is  2,  the  solidity  is  2x 2x2=8  ;  if  the  edge 
is  8,  the  solidity  is  8x8x8=27  ;  and  so  on.  Hence, 
if  the  edges  of  a  series  of  cubes  are  to  each  other  as  the 
numbers  1,  2,  8,  &c.,  the  cubes  themselves,  or  their  sohdi- 
ties,  are  as  the  numbers  1,  8,  27,  &c.  Hence  it  is,  that 
in  arithmetic,  the  cube  of  a  number  is  the  name  given  to 
a  product  which  results  from  three  equal  factors. 

If  it  were  proposed  to  find  a  cube  double  of  a  given 
cube,  we  should  have,  unity  to  the  cube-root  of  2,  as  the 
edge  of  the  given  cube  to  the  edge  of  the  required  cube. 
How,  by  a  geometrical  construction,  it  is  easy  to  find  the 
square  root  of  2  ;  but  the  cube-root  of  it  cannot  be  found, 
by  the  operations  of  elementary  geometry,  which  are  limit¬ 
ed  to  the  employment  of  the  straight  line  and  circle. 

Owing  to  the  difficulty  of  the  solution,  the  problem 
of  the  duplication  of  the  cube  became  celebrated  among  the 
ancient  geometers,  as  well  as  that  of  the  triseclion  of  an 
angle ^  which  is  a  problem  nearly  of  the  same  species.  The 
solutions  of  these  problems  have,  however,  long  since  been 
discovered  ;  and  though  less  simple  than  the  constructions 
of  elementary  geometry,  they  are  not,  on  that  account,  less 
rigorous  or  less  satisfactory. 
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PEOPOSITION  XIV.  THEOKEM. 

The  solidity  of  a  ;paTallelopi]pedon^  and  generally  of  any  prism^ 
is  equal  to  the  product  of  its  base  by  its  altitude. 

First  Any  parallelopipeclon  is  equivalent  to  a  rectan¬ 
gular  parallelopipedon,  having  an  equal  altitude  and  an 
equivalent  base  (p.  10).  But,  the  solidity  of  a  rectangular 
parallelopipedon*  is  equal  to  its  base  multiplied  by  its 
height ;  hence,  the  solidity  of  any  parallelopipedon  is  equal 

to  the  product  of  its  base  by  its  altitude. 

% 

Second.  Any  triangular  prism  is  half  a  parallelopipedon 
so  constructed  as  to  have  an  equal  altitude  and  a  double 
base  (p.  7).  But  the  solidity  of  the  parallelopipedon  is 
equal  to  its  base  multiplied  by  its  altitude  j  hence,  that  of 
the  triangular  prism  is  also  equal  to  the  product  of  its  base, 
which  is  half  that  of  the  parallelopipedon,  multiplied  into 
its  altitude. 

Third.  Any  prism  may  be  divided  into  as  many  trian¬ 
gular  prisms  of  the  same  altitude,  as  there  are  triangles 
formed  by  drawing  diagonals  from  a  common  vertex  in 
the  polygon  which  constitutes  its  base.  But  the  solidity 
of  each  triangular  prism  is  equal  to  its  base  multiplied  by 
its  altitude ;  and  since  the  altitudes  are  equal,  it  follows 
that  the  sum  of  all  the  triangular  prisms  must  be  equal  to 
the  sum  of  all  the  triangles  which  constitute  their  bases, 

multiplied  by  the  common  altitude. 

Hence,  the  solidity  of  any  polygonal  prism,  is  equal  to 
the  product  of  its  base  by  its  altitude. 

Cor.  Since  any  two  prisms  are  to  each  other  as  the 
products  of  their  bases  and  altitudes,  if  the  altitudes  .be 
equal,  they  will  be  to  each  other  as  their  bases  simply; 
hence,  two  prisms  of  the  same  altitude  are  to  each  othei  as 
dieir  bases.  Eor  a  hke  reason,  two  prisms  having  equivaleni 
bases  are  to  each  other  as  their  altitudes. 
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PKOrOSITION  XV.  THEOREM. 

Two  truuignlar  pyramids^  having  equivalent  bases  and  equal 
,  altitudes^  are  equivalent^  or  equal  in  solidity. 


Let  S-ABC^  S-ahc,  be  two  such  pyramids;  let  tbeir 
equivalent  bases  ABC,  ahc,  be  situated  in  the  same  plane, 
and  let  AT  be  their  common  altitude:  then  will  they  be 
equivalent. 


For,  if  these  pyramids  are  not  equivalent,  let  S-ahc  be 
the  smaller;  and  suppose  Aa  to  be  the  altitude  of  a  prism 
which,  having  ABC  for  its  base,  is  equal  to  their  differ¬ 
ence. 

Divide  the  altitude  AT  into  equal  parts  Ax,  xy,  yz,  &c., 
each  less  than  Aa,  and  let  h  denote,  one  of  those  parts; 
through  the  points  of  division  pass  planes  parallel  to  the 
planes  of  the  bases;  the  corresponding  sections  formed  by 
these  planes  in  the  two  pyramids  are  respectively  equivar 
lent,  namely,  DEF  to  def,  GUI  to  ghi,  &c.  (p.  8,  c.  2). 

This  being  done,  upon  the  triangles  ABC,  DEF,  Gill, 
&c.,  taken  as  bases,  construct  exterior  prisms  having  for 
edges  the  parts  AD,  DG,  GK,  &c.,  of  the  edge  /Sd. ;  in  like 
manner,  on  bases  def,  glii,  him,  ho,.,  in  the  second  pyramid, 
construct  interior  prisms,  having  for  edges  the  correspond- 
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ing  parts  of  Sa.  It  is  plain,  that  the  sum  of  all  the  exte-  ' 
rior  prisms  of  the  pyramid  S-A23G  is  greater  than  this  | 
pyramid and  also,  that  the  sum  of  all  the  interior  prisms 
of  the  pyramid  S-ahc  is  less  than  this  pyramid.  Hence, 
the  difference,  between  the  sum  of  all  the  exterior  prisms 
of  one  pyramid,  and  the  sum  of  all  the  interior  prisms  of 
the  other,  is  greater  than  the  difference  between  the  two  i 
pyramids  themselves. 

Now,  beginning  with  the  bases,  the  second  exterior  prism 
EFD-G,  is  equivalent  to  the  first  interior  prism  efd-a, 
because  they  have  the  same  altitude  /r,  and  their  bases 
EFD,  efd^  are  equivalent ;  for  a  like  reason,  the  third  exte¬ 
rior  prism  IIICr-E^  and  the  second  interior  prism  liig-d  are 
equivalent;  the  fourth  exterior  and  the  third  interior;  and 
so  on,  to  the  last  in  each  series.  Hence,  all  the  exterior 
prisms  of  the  pyramid  S-ABC,  excepting  the  first  prism 
BCA-D^  have  equivalent  corresponding  ones  in  the  interior 
prisms  of  the  pyramid  S-abc :  hence,  the  prism  BGA-D^  is 
the  difference  between  the  sum  of  all  the  exterior  prisms 
of  the  pyramid  S-ABG,  and  the  sum  of  the  interior  prisms 
of  the  pyramid  S-ahc.  But  the  difference  between  these 
two  sets  of  prisms  has  already  been  proved  to  be  greater 
than  that  between  the  two  pyramids;  which  latter  difference 
iwe  supposed  to  be-  equal  to  the  prism  BGA-a  :  hence,  the 
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prism  BCA-D^  should  be  greater  than  the  prism  BCA^a. 
But  in  reality  it  is  less ;  for  they  have  the  same  base 
ABC,  and  the  altitude  Ax  of  the  first  is  less  than  the 
altitude  Aa  of  the  second.  Hence,  the  supposed  inequality 
between  the  two  pyramids  cannot  exist;  therefore,  the  two 
pyramids  S-ABG,  &abc,  having  equal  altitudes  and  equiva 
lent  bases,  are  themselves  equivalent. 


PKOPOSITION  XVI.  TIIEOKEM. 

« 

Evei'y  triangular  jprism  may  he  divided  into  three  equivalent 

triangular  pyramids. 

Let  ABC-DEF  be  a  triangular  prism ;  then  may  it  be 
divided  into  three  equivalent  triangular  pyramids. 

Cut  off  the  pyramid  F-AlBQ 
from  the  prism,  by  the  plane 
FAG\  there  will  remain  the 
solid  F-ACDE,  which  may  be 
considered  as  a  quadrangular 
pyramid,  whose  vertex  is  F, 
and  whose  base  is  the  parallel¬ 
ogram  Draw  the  diag¬ 


onal  GE\  and  pass  the  plane 
FCE,  which  will  cut  the  quad¬ 
rangular  pyramid  into  two 
triangular  pyramids  F-A  CE, 

F'CDE.  These  two  triangular  pyramids  have  for  their 
common  altitude  the  perpendicular  let  fall  from  F,  on  the 
plane  AGUE',  they  have  equal  bases;  for  the  triangles 
ACE,  CUE,  are  halves  of  the  same  parallelogram  ;  hence,  the 
two  pyramids  F-ACE,  F-CDE,  are  equivalent  (p.  15).  But 
the  pyramid  F-GDE,  and  the  pyramid  F-ABC,  have  e<|aal 
bases  A  BG,  DEF  \  they  have  also  the  same  altitude,  namelj^, 
the  distance  between  the  parallel  planes  ABC,  DEE  \  hence, 
the  two  jyrarnids  are  equivalent.  Now,  the  pyramid  F-GDE^ 
has  ali’cady  been  proved  equivalent  to  F-ACE hence,  the 
three  pyramids  F-GDE,  F-AGE,  which  compose  the'" 

prism,  are  all  equivalent. 

Cor.  1.  Every  triangular  pyramid  is  a  third  part  of  a' 
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triangular  prism,  wliicli  has  an.  equivalent  base  and  an 
equal  altitude. 

Cor.  2.  The  solidity  of  a  triangular  pyramid  is  equal 
to  a  third  part  of  the  product  of  its  base  by  its  altitude. 

PKOPOSITION  XVII.  TIIEOKEM. 

The  solidity  of  every  pyramid  is  equal  to  a  third  part  of  the 
product  of  its  base  by  its  altitude. 

Let  S'ABGDE  be  a  pyramid :  then  will  its  solidity  be 
equal  to  one-third  of  the  product  of  the  base  ABODE  by 
the  altitude  SO. 

Pass  the  planes  SEB^  SEC^  through 
the  vertex  S^  and  the  diagonals  EB^  EG ; 
the  polygonal  pyramid  S'ABGDE  will 
then  be  divided  into  several  triangular 
pyramids,  all  having  the  same  altitude 
SO.  But  each  of  these  pyramids  is  mea¬ 
sured  by  the  product  of  its  base  ABE^ 

BCE^  CDE^  by  a  third  part  of  its  alti¬ 
tude  SO  (p.  16,  c.  2) ;  hence,  the  sum  of 
these  triangular  pyramids,  or  the  polyg¬ 
onal  pyramid  S- ABODE  is  measured  by  the  sum  of  the 
triangles  ABE^  BCE^  CDE^  or  the  polygon  ABCDE^  mul¬ 
tiplied  by  one-third  of  SO]  hence,  every  pyramid  is  mea¬ 
sured  by  a  third  part  of  the  product  of  its  base  by  its 
altitude. 

Gor.  1.  Every  pyramid  is  the  third  part  of  a  prism 
which  has  the  same  base  and  the  same  altitude. 

Cor.  2.  Two  pyramids  having  the  same  altitude  are  to 
each  other  as  their  bases. 

Cor.  3.  Two  pyramids  having  equivalent  bases  are  to 
each  other  as  their  altitudes. 

Cor.  4.  Pyramids  are  to  each  other  as  the  products  of 
their  bases  by  their  altitudes. 

Scholium.  The  solidity  of  any  polyedral  body  may  be 
computed,  by  dividing  the  body  into  pyramids ;  and  this 
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division  may  be  accomplished  in  various  ways.  One  of 
the  simplest  is  to  pass  all  the  planes  of  division  through 
the  vertex  of  the  same  polyedral  angle ;  in  that  case,  there 
will  be  formed  as  many  pyramids  as  the  polyedron  has 
faces,  less  those  faces  which  bound  the  polyedral  angle 
whence  the  planes  of  division  proceed. 

PROPOSITION  XVIII.  THEOREM. 

The  solidity  of  the  frustum  of  a  pyramid  is  equal  to  that  of 
three  pyramids  having  for  their  common  altitude  the  alti¬ 
tude  of  the  frustum,  and  for  bases  the  lower  base  of  the 
frustum^  the  upper  base^  and  a  mean  proportional  between 
the  tivo  bases. 

Let  ABCDE-e  be  the  frustum  of  a  pyramid:  then  will 
its  solidity  be  equal  to  that  of  three  pyramids  having  the 
common  altitude  of  the  frustum,  and  for  bases  the  poly¬ 
gons  ABODE,  abode,  and  a  mean  proportional  between 
them.  Let  T-FGII  be  a  triangular  pyramid  having  the 
same  altitude,  and  an  equivalent  base  with  the  pyramid 
S- ABODE.  These  two  pyramids  are  equivalent  (p.  17,  c.  3). 

Now,  if  we  regard  their 
bases  as  situated  in  the 
same  plane ;  the  plane  of 
The  section  abed,  will  form 
in  the  triangular  pyramid  a 
section  fgh,  at  the  same 
distance  above  the  common 
plane  of  the  bases ;  and, 
therefore,  the  section  fgh 
will  be  to  the  section  abode,  as  the  base  FGH  is  to  the  base 
ABODE  (P.  3,  c.  1) :  and  since  the  bases  are  equivalent, 
the  sections  will  also  be  equivalent.  Hence,  the  pyramids 
S-abede,  T-fgh  will  be  equivalent  (p.  17,  c.  8).  If  these  be 
taken  from  the  entire  pyramids  S- ABODE,  I' -FGH,  the 
frustums  ABODE-e,  EGll-h  which  remain,  will  be  equiva¬ 
lent:  hence,  if  the  proposition  is  true,  in  the  single  case  of 

the  frustum  of  a  triangular  pyramid,  it  is  true  in  every 

•  *  ■* 

other. 
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Let  FGILh  be  the  frustum  of  a 
triangular  pyramid.  Through  the 
three  points,  g,  //,  pass  the  plane 
Fgll ;  it  cuts  off  from  the  frustum 
the  triangular  pyramid  g-FGIL  This 
pyramid  has  for  its  base  the  lower 
base  FGH  of  'the  frustum ;  its  alti¬ 
tude  is  equal  to  that  of  the  frus¬ 
tum,  because  the  vertex  g  lies  in  the 
•  plane  of  the  upper  base  fgli. 

This  pyramid  being  cut  off,  there  remains  the  quadran¬ 
gular  pyramid  g-fhllF^  whose  vertex  is  y,  and  base  fhllF. 
Pass  the  plane  gfll  through  the  three  points  yj  y,  II]  it 
divides  the  quadrangular  pyramid  into  two  triangular 
pyramids  g-fFII^  g-flilL  The  latter  has  for  its  base  the 
upper  base  gfh  of  the  frustum;  and  for  its  altitude,  the 
altitude  of  tiie  frustum,  because  its  vertex  II  lies  in  the 
lower  base.  Thus  we  already  know  two  of  the  three  pyra¬ 
mids  which  compose  the  frustum. 

It  remains  to  examine  the  third  pyramid  g-IflL  Now, 
if  yY  bo  drawn  parallel  to  fF^  and  if  we  conceive  a  new 
pyramid  K-fFII^  having  K  for  its  vertex  and  fFII  for  its 
base,  these  two  pyramids  have  the  same  base  HfF]  they 
also  have  the  same  altitude,  because  their  vertices  y  and 
K  lie  in  the  line  gK,  parallel  to  Ff,  and  consequently, 
parallel  to  the  plane  of  the  base:  hence,  these  pyramids 
are  equivalent  (p.  17,  c.  3).  But  the  pyramid  A-flll  may 
be  regarded  as  having  FKII  for  its  base,  and  its  vertex 
at  f :  its  altitude  is  then  the  same  as  that  of  the  frustum. 
lYe  are  now  to  show  that  the  base  FIvII  is  a  mean  pro¬ 
portional  between  the  bases  FGII  and  fgk.  The  triangles 
FHK^  fgh^  have  the  angle  F  —f]  hence  (b.  iv.,  p.  24), 

FIIK  :  fgh  ::  FKxFII  :  /yX/A; 
but  because  of  the  parallels,  FK—fg^ 

FIIK  :  fgh  FH fh. 

We  have  also, 

FUG  :  FHK  ::  FG  :  FK,  or  fg. 

But  the  similar  triangles  FGIf  fghj  give 
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FO  \  fo  ::  FIT  :  fh ; 
hence,  FGII  :  FHK  ::  FHK  :  fgh\ 
tliat  is,  the  base  FHK  is  a  mean  proportional  between  the 
two  bases  FGH^  Hence,  the  solidity  of  the  frustum 

of  a  triangular  pyramid  is  equal  to  that  of  three  pyramids 
whose  common  altitude  is  that  of  the  frustum,  and  whose 
bases  are  the  lower  base  of  the  frustum,  the  upper  base, 
and  a  mean  proportional  between  the  two  bases. 

PROPOSITION  XIX.  THEOREM. 

SiTnilar  triangular  jprisms  are  to  each  other  as  the  cubes  of 

their  homologous  edges. 

Let  CBD-P,  cbd-p,  be  two  similar  triangular  prisms,  and 
BC  be  two  homologous  edges:  then  will  the  prism  CBD-P 

be  to  the  prism  cbd-p,  as  BG  to  he  . 

For,  since  the  prisms  are 
similar,  the  homologous 
angles  B  and  b  are  equal, 
and  the  faces  which  bound 
them  are  similar  (o.  16). 

Hence,  if  these  triedral  angles 
be  applied,  the  one  to  the 
other,  the  angles  chd  will 
coincide  with  CBD^  the  edge  ba  with  BA,  and  tiie  prism 
cbd-p  will  take  the  position  Bed-p.  From  A  draw  All  per¬ 
pendicular  to  the  common  base  of  the  prisms :  then  will 
the  plane  BAH  be  perpendicular  to  the  plane  of  the  com¬ 
mon  base  (b.  vi.,  p.  16).  Through  a,  in  the  plane  BAIT, 
draw  ah  perpendicular  to  BH :  then  will  ah  also  be  per¬ 
pendicular  to  the  base  BDG  (b.  VL,  P.  17);  and  AH,  ah  Avill 
be  the  altitudes  of_the  two  prisms. 

Since  the  bases  CBD,  chd,  are  similar,  we  have  (b.  IV.,  P.  25), 

base  CBD  :  base  chd  :  :  OB''  :  cb . 

Now,  because  of  the  similar  triangles  ABIf  aBli^  and  of 
the  similar  parallelograms  AC,  ac,  we  have 

AH  :  ah  :  :  AB  :  ah  ::  CB  :  cb  ] 
hence,  multiplying  together  the  corresponding  terms,  we  havQ 
base  CBD X  AH  :  base  cbd  X  ah  GB^  :  cb\ 
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But  the  solidity  of  a  j^rism  is  equal  to  the  base  multiplied 
by  the  altitude  (f.  14) ;  hence, 

prism  BCD-P  :  ;prism  hcd-p  :  :  WC^  :  hcy 
'or  as  the  cubes  of  any  other  of  their  homologous  edges. 

Cor,  Whatever  be  the  bases  of  similar  prisms,  the 
prisms  are  to  each  other  as  the  cubes  of  their  homologous 
edges. 

For,  since  the  prisms  are  similar,  their  bases  are  simi¬ 
lar  polj^gons  (d.  16) ;  and  these  similar  polygons  may  each 
be  divided  into  the  same  number  of  similar  triangles,  sim¬ 
ilarly  placed  (b.  iv.,  p.  26) ;  therefore,  each  prism  may  be 
divided  into  the  same  number  of  triangular  prisms,  having 
their  faces  similar  and  like  placed  ;  hence,  their  polyedral 
angles  are  equal  (b.  VL,  P.  21,  s.  2) ;  and  consequently,  the 
triangular  prisms  are  similar  (d.  16).  But  these  triangular 
prisms  are  to  each  other  as  the  cubes  of  their  homolo¬ 
gous  edges,  and  being  like  parts  of  the  polygonal  prisms, 
their  sums,  that  is,  the  polygonal  prisms,  are  to  each  other 
as  the  cubes  of  their  homologous  edges. 

PPvOPOSITION  XX.  TIIEOKEM. 

Tu)o  similar  pyramids  are  to  each  other  as  the  cubes  of  their 

homologous  edges. 

For,  since  the  pyramids  are  similar,  the  homologous 
polyedral  angles  at  the  vertices  are  equal  (d.  16).  Hence, 
the  polyedral  angles  at  the  vertices  may  be  made  to  coin¬ 
cide,  or  the  two  pyramids  may  be  so  placed' as  to  have 
the  polyedral  angle  S  common. 

In  that  position  the  bases  ABODE, 
abode,  are  parallel  ;  for,  the  homologous 
faces  being  similar,  the  angle  Sab  is  equal 
to  SAB,  and  Sbc  to  SBC]  hence,  the  plane 
ABC,  is  parallel  to  the  plane  o.bc  (b.  vi., 
p.  13).  This  being  proved,  let  SO  be 
drawn  from  the  vertex  S,  perpendicu¬ 
lar  to  the  plane  A  BC,  and  let  o,  be  the 
point  where  this  perpendicular  pierces  the 
plane  abc  :  from  what  has  already  been 
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shown,  we  have  (p.  3), 

SO  :  :  :  SA  :  Sa  :  :  AB  .  ah; 

and  consequently,  ' 

^SO  :  iSo  :  :  AB  :  ah. 

But  the  bases  ABODE,  ahcde,  being  similar  figures,  we 
have  (b.  iv.,  p.  27), 

ABODE  :  ahcde  :  i  AB  :  ah  ; 

multiply  the  corresponding  terms  of  these  two  proportions, 
tliere  results, 

ABODE  X\SO  :  ahcdeXiSo  :  :  Hf  : 

Now,  ABODE  X^SO  measures  the  solidity  of  the  pyramid 
S- ABODE,  and  cd)cdeX\So  measures  that  of  the  pyramid 
S-ahcde  (p.  17) ;  hence,  two  similar  pyramids  are  to  each 
other  as  the  cubes  of  their  homologous  edges. 

GENERAL  SCHOLIUMS. 

1.  The  chief  propositions  of  this  Book  relating  to  the 
solidity  of  polyedrons,  may  be  expressed  in  algebraical 
terms,  and  so  recapitulated  in  the  briefest  manner  possible. 

2.  Let  B  represent  the  base  of  a  pdsm;  II  its  altitude  : 
then, 

solidity  of  prism=^X^. 

8.  Let B represent  the  base  of  a  pyramid;  II  its  altitude: 
then, 

solidity  of  pyramid=jBx 

4.  Let  H  represent  the  altitude  of  the  frustum  of  a  pyra¬ 
mid,  having  the  parallel  bases  A  and  B;  VAxB  is  the 
mean  proportional  between  those  bases ;  then 

solidity  of  frustum=^// (^4 AB A XB.) 

5.  In  fine,  let  P  and  p  represent  the  solidities  of  two  similar 
prisms  or  pyramids ;  A  and  a,  two  homologous  edges : 
then, 

’  ,3  3 

P  :  p  w  A  :  a . 
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1.  A  Cylinder  is  a  solid  wliicli  may  be  generated  by 
tbe  revolution  of  ,a  rectangle  ABGB^  turning  about  the 
immovable  side  AB, 

In  tbis  movement,  tbe  sides  AB,  BC, 
continuing  always  perpendicular  to  AB, 
describe  tbe  equal  circles  BHP,  CGQ, 
wbicb  are  called  tbe  bases  of  the  cylinder; 
tbe  side  GB,  describing,  at  tbe  same 
time,  tbe  convex  surface. 

Tbe  immovable  line  AB  is  called 
tbe  axis  of  the  cylinder. 

Every  section  MNKL,  made  in  tbe 
cylinder,  by  a  plane,  at  right  angles  to  tbe  axis,  is  a  circle 
equal  to  either  of  the  bases.  For,  whilst  tbe  rectangle 
ABGB  turns  about  AB,  tbe  line  AT,  perpendicular  to  AB, 
describes  a  circle,  equal  to  tbe  base,  and  tbis  circle  is 
nothing  else  than  the  section  made  by  a  plane,  perpendic¬ 
ular  to  tbe  axis  at  tbe  point  I. 

Every  section  QPHG,  made  by  a  plane  passing  through 
tbe  axis,  is  a  rectangle  double  tbe  generating  rectangle 
ABGB. 

2.  Similar  Cylinders  are  those  whose  axes  are  pro¬ 
portional  to  tbe  radii  of  their  bases :  hence,  they  are  gen¬ 
erated  by  similar  rectangles  (b.  IV.,  D.  1). 
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8.  If,  in  the  circle  ABCDE^  wliicli 
forms  the  base  of  a  cylinder,  a  polygon 
ABODE  be  inscribed,  and  a  right  prism, 
constructed  on  this  base,  and  equal 
in  altitude  to  the  cylinder  ;  then,  the 
prism  is  said  to  be  inscribed  in  the  cylin¬ 
der^  and  the  cylinder  to  be  circumscribed 
about  the  prism. 

The  edges  AE^  BO^  Oil,  &c.,  of  the 
prism,  being  perpendicular  to  the  plane 
of  the  base,  are  contained  in  the  convex 
surface  of  the  cylinder ;  hence,  the 


A 


M 


V 


EN 


\ 


B 


tJ 


prism  and  the  cylinder  touch  one  another  along  these 


edges. 


4.  In  like  manner,  if  ABCD  is  a 
polygon,  circumscribed  about  the  base 
of  a  cylinder,  a  right  prism  constructed 
on  this  base,  and  equal  in  altitude  to 
the  cylinder,  is  said  to  be  circumscribed 
about  the  cylinder^  and  the  cylinder  to  be 
inscribed  in  the  prism. 

Let  N,  &c.,  be  the  .points  of  con¬ 
tact  in  the  sides  AB^  BC^  &c. ;  and 
through  the  points  M,  V,  Ac.,  let  J/Z, 
NY^  kc.j  be  drawn  perpendicular  to  the 


plane  of  the  base:  these  perpendiculars  will  then  lie  both 
in  the  surface  of  the  cylinder,  and  in  that  of  the  circum¬ 
scribed  prism  5  hence,  they  will  be  their  lines  of  eontact. 

5.  A  Cone  is  a  solid  which  may  be  generated  by  the 
revolution  of  a  right-angled  triangle  SAB,  turning  about 


the  immovable  side  SA. 

In  this  movement,  the  side  AB  des¬ 
cribes  a  circle  BDCE,  called  the  base  of 
the  cone  ;  the  hypothenuse  SB  describes 
the  convex  surface  of  the  cone. 

The  point  S  is  called  the  vertex  of 
the  cone,  SA  the  axis,  or  the  altitude,  and 
SB  the  slant  height. 

Every  section  IIKFI,  made  by  a 
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plane,  at  riglit  angles  to  the  axis,  is 
a  circle.  Every  section  EDS^  made 
by  a  plane  passing  tlirough  the  axis, 
is  an  isosceles  triangle,  double  the 
generating  triangle  SAB. 

6.  If,  from  the  cone  S-CDB,  the 
cone  S-FKII  be  cut  off  by  a  plane 
parallel  to  the  base,  the  remaining 
solid  CFHB  is  called  a  truncated  cone, 
or  the  frustum  of  a  cone. 

The  frustum  may  be  generated  by  the  revolution  of  the 
trapezoid  ABHO^  turning  about  the  side  AG.  The  im¬ 
movable  line  6*^  is  called  the  axis^  or  altitude  of  the  frustum^ 
the  circles  BDC,  HFK^  are  its  hases^  and  BH  its  slant  height 

7.  Similar  Cones  are  those  whose  axes  are  propor¬ 
tional  to  the  radii  of  their  bases  :  hence,  they  are 
generated  by  similar  right-angled  triangles  (b.  iv.,  d.  1). 

8.  If,  in  the  circle  ABCDE^  which  g 

forms  the  base  of  a  cone,  any  poly¬ 
gon  ABODE  is  inscribed,  and  from 
the  vertices  E,  C,  E^  lines  are 
drawn  to  S^  the  vertex  of  the  cone, 
these  lines  may  be  regarded  as  the 
edges  of  a  pyramid  whose  base  is 
the  polygon  ABODE  and  vertex  S. 

The  edges  of  this  pyramid  are  in  the 
convex  surface  of  the  cone,  and  the 

pyramid  is  said  to  be  inscribed  in  the  cone.  The  cone  is 
also  said  to  be  circumscribed  about  the  pyramid. 

9.  The  Sphere  is  a  solid 
terminated  by  a  curved  sur¬ 
face,  all  the  points  of  which 
are  equally  distant  from  a 
point  within,  called  the  centre. 

The  spliere  may  be  gen¬ 
erated  by  the  revolution  of 
a  semicircle  DAE^  about  its 
diameter  DE :  for,  the  surface 
described  in  this  movement, 

E 


G  j 
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by  tlie  semicircumference  DAE^  will  liave  all  its  points 
equally  distant  from  its  centre  G. 

10.  Whilst  the  semicircle  DAE^  revolving  round  its 
diameter  EE.,  describes  the  sphere,  any  circular  sector,  as 
DCF^  or  EGA,  describes  a  solid,  called  a  spherical  sector, 

11.  The  radius  of  a  sphere  is  a  straight  line  drawn  from 
the  centre  to  any  point  of  the  surface ;  the  diameter  or  axis 
is  a  line  passing  through  the  centre,  and  terminated,  on 
both  sides,  by  the  surface. 

All  the  radii  of  a  sphere  are  equal ;  all  the  diameters 
are  equal,  and  each  is  double  the  radius. 

12.  It  will  be  shown  (p.  7,)  that  every  section  of  a 
sphere,  made  by  a  plane,  is  a  circle:  this  granted,  a  great 
circle  is  a  section  which  passes  through  the  centre ;  a  small 
circle^  is  one  which  does  not  pass  through  the  centre. 

13.  A  plane  is  tangent  to  a  sphere,  when  it  has  but  one 
point  in  common  with  the  surface. 

14.  A  zone  is  the  portion  of  the  surface  of  the  sphere 
included  between  two  parallel  circles,  which  form  its  bases. 
If  the  plane  of  one  of  these  circles  becomes  tangent  to  the 
sphere,  the  zone  will  have  only  a  single  base. 

15.  A  spherical  segment  is  the  portion  of  the  solid  sphere, 
included  between  two  parallel  circles  which  form  its  bases. 
If  the  plane  of  one  of  these  circles  becomes  tangent  to  the 
sphere,  the  segment  will  have  only  a  single  base. 

16.  The  altitude  of  a  zone^  or  of  a  segment,  is  the  distance 
between  the  planes  of  the  two  parallel  circles,  which  form 
the  bases  of  the  zone  or  segment. 

17.  The  Cylinder,  the  Cone,  and  the  Sphere,  are  the 
three  round  bodies  treated  of  in  the  Elements  of  Geometry, 
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PROPOSITION  I.  THEOREM. 

The  convex  surface  of  a  cylinder  is  equal  to  the  circumference 
of  its  hose  multiplied  by  its  altitude. 

Let  CA  be  the  radius  of  the  base  of  a  cylinder,  and 
II  its  altitude ;  denote  the  circumference  whose  radius  is 
CA  by  circ,  CA :  then  will  the  convex  surface  of  the  cylin¬ 
der  be  equal  to  circ,  CAxH. 

Inscribe  in  the  base  of  the 
cylinder  any  regular  polj^gon, 

BDEFGAj  and  construct  on 
this  polygon  a  right  prism 
having  its  altitude  equal  to 
If  the  altitude  of  the  cylin¬ 
der  :  this  prism  wdll  be  in¬ 
scribed  in  the  cylinder.  The 
convex  surface  of  the  prism 
is  equal  to  the  perimeter  of 
the  polygon,  multiplied  by  the  altitude  U  (b.  vil.,  P.  1). 
Let  now  the  arcs  which  are  subtended  by  the  sides  of  the 
polygon  be  continually  bisected,  and  the  number  of  sides 
of  the  polygon  continually  doubled :  the  limit  of  the  perime¬ 
ter  of  the  polygon  is  circ.  CA  (b.  5,  P.  12,  s.  2),  and  the  limit 
of  the  convex  surface  of  the  prism  is  the  convex  surface 
of  the  cylinder.  But  the  convex  surface  of  the  prism  is 
always  equal  to  the  perimeter  of  its  base  multiplied  by 
II ;  hence,  the  convex  surface  of  the  cylinder  is  equal  to  the 
circumference  of  its  hose  multiplied  by  its  altitude. 

PROPOSITION  II.  THEOREM. 

The  solidity  of  a  cylinder  is  equal  to  the  product  of  its  base  by 

its  altitude. 

Let  CA  be  the  radius  of  the  base  of  the  cylinder,  and 
II  the  altitude.  Let  the  circle  whose  radius  is  CA  be 
denoted  by  area  CA  :  then  will  the  solidity  of  the  cylinder 
be  equal  to  area  CA  X  H. 
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For,  inscribe  in  the  base 
of  tbe  cylinder  any  regular 
polygon  BDEFGA^  and  con¬ 
struct  on  this  polygon  a  riglit 
prism  having  its  altitude  equal 
to  the  altitude  of  the 
cylinder :  this  prism  will  be 
inscribed  in  the  cylinder.  The 

4/ 

solidity  of  this  prism  will  be 
equal  to  the  area  of  the  poly¬ 
gon  multiplied  by  the  altitude  H  (b.  Vii.,  P.  14). 

'  Let  now  the  number  of  sides  of  the  polygon  be  con¬ 
tinually  increased,  as  before  described ;  the  solidity  of 
each  new.  prism  will  still  be  equal  to  its  base  multiplied 
by  its  altitude:  the  limit  of  the  polygon  is  the  area  CA^ 
and  the  limit  of  the  prisms,  the  circumscribed  cylinder. 
But  the  solidity  of  each  new  prism  is  equal  to  the  base 
multiplied  by  the  altitude:  therefore,  the  solidity  of  the  cylin¬ 
der  is  equal  to  the  ‘product  of  its  base  by  its  altitude. 

Cor.  1.  Cylinders  of  equal  altitudes  are  to  each  other  as 
their  bases;  and  cylinders  of  equal  bases  are  to  each  other 
as  their  altitudes. 

Cor.  2.  Similar  cylinders  are  to  each  other  as  the  cubes 
of  their  altitudes,  or  as  the  cubes  of  the  radii  of  their 
bases.  For,  the  bases  are  as  the  squares  of  their  radii 
(b.  V.,  P.  13) ;  and  the  cylinders  .  being  similar,  the  radii  of 
their  bases  are  to  each  other  as  their  altitudes  (d.  2) ; 
hence,  the  bases  are  as  the  squares  of  the  altitudes;  there¬ 
fore,  the  bases  multiplied  by  the  altitudes,  or  the  cylinders 
themselves,  are  as  the  cubes  of  the  altitudes.  ^ 

Scholium.  Let  E  denote  the  radius  of  a  cylinder’s  base 
and  H  the  altitude ;  then  we  shall  have, 

2 

surface  of  base=7rXi^~, 
convex  surface=2^Xi?  Xlf 
solidity  ~^X  EX  H. 
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rEOPOSITION  III.  THEOREM. 

The  convex  surface  of  a  cone  is  equal  to  the  circumference  of 
its  hase^  multiplied  hy  half  the  slant  height. 

Let  the  circle  ABCD  be  the  base  of  a  cone,  B  the 
vertex,  SO  the  altitude,  and  SA  the  slant  height:  then 
will  the  convex  surface^be  equal  to  circ. 

For,  inscribe  in  the  base 
of  the  cone  any  regular  poly¬ 
gon  ABCI),  and  on  this  poly¬ 
gon  as  a  base  conceive  a  right 
pyramid  to  be  constructed, 
having  S  for  its  vertex :  this 
pyramid  will  be  inscribed  in 
the  cone. 

From  S,  draw  SG  perpen¬ 
dicular  to  one  of  the  sides 
of  the  polygon.  The  convex  surface  of  the  inscribed  pyra¬ 
mid  is  equal  to  the  perimeter  of  the  pol_ygon  which  forms 
its  base,  multiplied  by  half  the  slant  height  SG  (b.  vif.,  P.  4). 
Let  now  the  number  of  sides  of  the  -  inscribed  polygon  be 
continually  increased,  as  before  described :  the  limit  of 
the  perimeters  of  the  polygons  is  circ.  OA  ;  the  limit  of  the 
slant  height  of  the  pyramids  is  the  slant  height  of  the  cone, 
and  the  limit  of  their  surfaces,  is  the  convex  surface  of 
the  circumscribed  cone.  But  the  convex  surface  of  each 
new  pyramid  is  equal  to  the  perimeter  of  the  base  multi¬ 
plied  by  half  the  slant  height  (b.  vii.,  P.  4)  ;  hence,  the 
convex  surface  of  the  cone  is  equal  to  the  circumference  of  its 
base  midtiplied  hy  half  its  slant  height. 

Scholium.  Let  L  denote  the  slant  height,  and  R  the 
radius  of  the  base :  then, 

convex  surface=2'n'Xi?X|^L='n'Xi?XL. 
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PKOPOSITION  IV.  THEOREM. 


The  convex  nurface  of  the  frustum  of  a  cone  is  equal  to  iU 
slant  height,  multijjlied  hy  half  the  sum  of  the  circumferences 
of  its  bases. 

Let  BIA'DE  be  a  frustum  of  a  cone:  tlien  will, 
convex  surface=JLi)X^(cw’c.  OA-\-circ.  CD.) 

For,  inscribe  in  the  bases  of 
tlie  frustum  two  regular  poly¬ 
gons  of  the  same  number  of 
sides,  and  having  their  sides 
parallel,  each  to  each.  The  lines 
joining  the  vertices  of  the  corres¬ 
ponding  angles  may  be  regarded 
as  the  edges  of  the  frustum  of  a 
right  pyramid  inscribed  in  the 
frustum  of  the  cone.  The  convex  surface  of  the  frustum 
of  the  pyramid  ,is  equal  to  half  the  sum  of  the  perimeters 
'of  its  bases  multiplied  by  the  slant  height  fh  (b.  vii., 
p.  4,  c.)  Let  the  number  of  sides  of  the  inscribed  polygons 
be  continually  increased  as  before  described :  the  limits 
of  the  perimeters  of  the  polygons  are  circ.  OA  and  circ. 
CD  ;  the  limit  of  the  slant  height  is  the  slant  height  of 
the  frustum,  and  the  limit  of  the  convex  surface,  the  con¬ 
vex  surface,  of  the  frustum;  hence,  the  convex  surface^  of  the 
frustum  of  a  cone  is  equal  to  its  slant  height  multiplied  by  half 
the  sum  of  the  circumferences  of  its  bases. 


Cor.  Through  I,  the  middle  point  of  AD,  draw  IKL 
parallel  to  AB,  also  li,  Dd,  parallel  to  CO.  Then,  since  Al, 
ID,  are  equal,  Ai,  id,  are  also  equal  (b.  iv.,  p.  15,  c.  2): 
hence,  Kl  is  equal  to  \{0A-\-CD).  But  since  the  circum¬ 
ferences  of  circles  are  to  each  other  as  their  radii  (b.  v., 
p.  13), 

circ.  Kl^\{circ.  OAAcirc.  CD)', 

therefore,  the  convex  surface  of  the  frustum  of  a  cone  is  equal 
to  its  slant  height  multiplied  by  the  circumference  of  a  section 

at  equal  distances  from  the  two  bases. 

14 
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Scholium  1.  If  from  the  mid¬ 
dle  point  I  and  the  two  extrem¬ 
ities  A  and  of  a  line  AD^ 
lying  wholly  on  one  side  of  the 
line  0(7,  the  perpendiculars  DO^ 
IK,  and  A  0,  be  drawn,  and  then 
the  line  AD  be  revolved  around 
0(7.  we  shall  have 


surf,  described  by  AD—ADx\{circ.  OA+circ.  CD)] 
that  is,  =^J7Xc^Vc.  Kl. 


For,  it  is  evident  that  the  surface  described  by  AD  is  that 
of  the  frustum  of  a  cone,  having  OA  and  CD  for  the 
radii  of  its  bases. 


Scholium  2.  The  measure  found  above  applies  equally 
to  the  case  when  the  point  D  falls  at  (7,  and  the  surface 
becomes  that  of  a  cone ;  and  to  the  case  in  which  AD 
becomes  parallel  to  0(7,  and  the  surface  becomes  that  of  a 
cylinder.  In  the  first  case,  CD  is  nothing :  in  the  second, 
it  is  equal  to  OA, 


PKOrOSITION  V.  '  THEOREM. 


The  solidity  of  a  cone  is  equal  to  its  base  multiplied  by  a  third 

of  its  altitude.  \ 

Let  SO  be  the  altitude  of  a  cone,  OA  the  radius  of  its  | 
base,  and  let  the  area  of  the  base  be  designated  by  area  \ 
OA ;  then  will, 

solidity = area  OA  X  jS 0. 

Inscribe  in  the  base  of  the 
cone  any  regular  polygon 
and  join  the  vertices  A,  B,  (7,  &c., 
with  the  vertex  S  of  the  cone: 
then  will  there  be  inscribed  in 
the  cone  a  right  pyramid  having 
the  same  vertex  as  the  cone,  and 
having  for  its  base  the  polygon 
ABDEF.  The  solidity  of  this 

pyramid  will  be  equal  to  its  base  multiplied  by  one- 
of  its  altitude  (b.  vii.,  P.  17). 
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Let  the  arcs  be  bisected  and  the  number  of  sides 
of  the  polygon  be  continnally  increased :  the  limit  of  the 
polygons  will  be  the  area  OA^  and  the  limit  of  the  pyra¬ 
mids  will  be  the  cone  Avhose  vertex  is  S :  hence,  the  solid- 
ity  of  the  cone  is  equal  to  its  base  multiplied  by  a  third  of  its 
altitude. 

Cor.  1.  A  cone  is  the  third  of  a  cylinder  having  the 
same  base  and  the  same  altitude ;  whence  it  follows, 

1.  That  cones  of  equal  altitudes  are  to  each  other  as 
their  bases ; 

2.  That  cones  of  equal  bases  are  to  each  other  as  their 
altitudes ; 

8.  That  similar  cones  are  as  the  cubes  of  the  diameters 
of  their  bases,  or  as  the  cubes  of  their  altitudes. 

Cor.  2.  The  solidity  of  a  cone  is  equivalent  to  the 
solidity  of  a  pyramid  having  an  equivalent  base  and  the 
same  altitude. 

Scholium.  Let  R  be  the  radius  of  a  cone’s  base,  H  its 
altitude ;  then, 

solidity xR^xH. 


PROPOSITION  VI.  THEOREM. 


The  solidity  of  the  frustum  of  a  cone  is  equivalent  to  the  sum 
of  the  solidities  of  three  cones  luhose  common  altitude  is  the 
altitude  of  the  frustum,  and  whose  bases  are,  the  lower  base 
of  the  frustum,  the  upper  base  of  the  frustum,  and  a  mean 
proportional  between  them. 


Let  AEB-CD  be  the  frustum  of 
altitude ;  then  will  its  solidity  be 
equivalent  to 

i*x  OPx{OB'‘+Pd\OBxPC). 

For,  inscribe  in  the  lower  and 
upper  bases  two  regular  polygons 
having  the  same  number  of  sides, 
and  having  their  sides  parallel, 
each  to  each.  Join  the  vertices  of 
the  corresponding  angles,  and  there 


a  cone,  and  OR  its 
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will  tlien  be  inscribed  in  tbe 
frustum  of  the  cone,  the  frus¬ 
tum  of  a  regular  pyramid.  The 
solidity  of  the  frustum  of  this 
pyramid  will  be  equivalent  to 
three  pyramids  having  the  com¬ 
mon  altitude  of  the  frustum,  and 
for  bases,  the  lower  base  of  the 
frustum,  the  upper  base  of  the 
frustum,  and  a  mean  proportional 
between  them  (b.  vii.,  p.  18). 

Let  the  number  of  sides  of  the  inscribed  polygons  be 
continually  doubled  by  the  methods  before  described :  the 
limits  of  the  polygons  will  be,  area  OB  and  area  PC ;  and 
the  limit  of  the  frustums  of  the  pyramids  will  be  the  frustum 
of  the  cone:  the  expression  for  the  solidity  will  then  become: 

of  the  first  pyramid, 

'Of  the  second  ^OPxPC^X'^^ 

of  the  third/  J  OP  X  OB  X  PC  X 

hence,  the  solidity  of  the  frustum  of  the  cone  is  equivalent  to 

X  OP  X  ( 0P“+^'+  OB  X  PC.) 

PEOPOSITION  VII.  TIIEOKEM. 

Every  section  of  a  sphere^  made  hy  a  plane^  is  a  circle. 

Let  AMB  be  any  section  made  by  a  plane,  in  the 
sphere  whose  centre  is  C :  then  will  it  be  a  circle. 

For,  from  the  point  C,  draw 
CO  perpendicular  to  the  plane 
AMB]  and  different  lines  C3f 
C3f  to  different  points  of  the 
curve  AMB,  which  terminates 
the  section. 

The  oblique  lines  CM,  CM, 

CA,  are  equal,  being  radii  of  the 
sphere ;  hence,  they  pierce  the 
plane  AMB  at  equal  distances  from  the  perpendicular  CO 
(b.  VI.,  P.  5,  c.) ;  therefore,  all  the  lines  OM,  OM,  OB,  are 
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equal ;  consequently,  the  section  AMB  is  a  circle,  whose 
centre  is  0, 

Cor,  1.  If  the  section  pass  through  the  centre  of  the 
sphere,  its  radius  will  be  the  radius  of  the  sphere ;  hence, 
all  great  circles  are  equal. 

Cor.  2.  Two  great  circles  always  bisect  each  other ;  for 
their  common  intersection,  passing  through  the  centre,  is  a 
diameter. 

Cor.  8.  Every  great  circle  divides  the  sphere  and  its 
surface  into  two  equal  parts :  for,  if  the  two  parts  were 
separated  and  afterwards  placed  on  the  common  base, 
with  their  convexities  turned  the  same  way,  the  two  sur¬ 
faces  would  exactly  coincide,  no  point  of  the  one  being 
nearer  the  centre  than  any  point  of  the  other. 

Cor.  4.  The  centre  of  a  small  circle,  and  that  of  the 
sphere,  are  in  the  same  straight  line,  perpendicular  to  the 
plane  of  the  small  circle. 

Cor.  5.  The  radius  of  any  small  circle  is  less  than  the 
radius  of  the  sphere  \  and  the  further  its  centre  is  remov¬ 
ed  from  the  centre  of  the  sphere,  the  less  is  its  radius: 
for,  the  greater  CO  is,  the  less  is  the  chord  AB,  the  diam¬ 
eter  of  the  small  circle  AMB. 

Cor.  6.  An  arc  of  a  great  circle  may  always  be  made 
to  pass  through  any  two  given  points  of  the  surface  of  the 
sphere :  for,  the  two  given  points,  and  the  centre  of  the 
sphere  make  three  points,  which  determine  the  position  of 
a  plane.  But  if  the  two  given  points  were  at  the  extremi¬ 
ties  of  a  diameter,  these  two  points  and  the  centre  would 
then  lie  in  one  straight  line,  and  an  infinite  number  of 
great  circles  might  be  made  to  pass  through  the  two  given 

points. 

Cor.  7.  The  distance  hetween  any  two  points  on  the  surface  of 
a  sphere  is  less  when  measured  on  the  arc  of  a  great  circk 
than  when  measured  on  the  arc  of  a  small  circle. 

For,  let  A  and  B  be  any  two  points  on  the  surface  of 
a  sphere,  let  ADB  be  the  arc  of  a  great  circle,  and  AA[B 
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tlie  arc  of  a  small  circle  passing  throiigli  them,  and  AB 
the  common  chord.  Then,  since  the  radius  CA  is  greater 
than  the  radius  OA,  the  arc  ADB  is  less  than  the  arc 
AMB  (b.  V.,  p.  17). 


PROPOSITION  VIII.  THEOREM. 

Every  plane  perpendicular  to  a  radius  at  its  extremity  is  tanr 

gent  U)  the  sphere. 

Let  FAG  be  a  plane  perpendicular  to  the  radius 
OA,  at  its  extremity  A  :  then  will  it  be  tangent  to  the 
sphere. 

For,  assuming  any  other  point 
M  in  this  plane,  draw  OA,  OM : 
then  the  angle  0AM  is  a  right 
angle,  and  hence,  the  distance  OM 
is  greater  than  OA  :  therefore,  the 
point  M  lies  without  the  sphere ; 
hence,  the  plane  FAG,  can  have 
no  point  but  A  common  to  it 
and  the  surface  of  the  sphere ; 
consequently,  it  is  a  tangent  plane  (d.  13). 

Scholium.  In  the  same  way  it  may  be  shown,  that  two 
spheres  are  tangent  the  one  to  the  other,  when  the  dis¬ 
tance  between  their  centres  is  equal  to  the  sum  or  the 
difference  of  their  radii  ;  in  which  case,  the  centres  and 
the  point  of  contact  lie  in  the  same  straight  line. 

I 

PROPOSITION  IX.  LEMMA. 

If  a  regular  semipolygon  he  revolved  about  a  line  passing 
through  the  centre  and  the  vertices  of  two  opposite  angles, 
the  surface  described  by  its'  perimeter  will  be  equal  to  the 
axis  multiplied  by  the  circumference  of  the  inscribed  circle. 

Let  the  regular  semi-polygon  ABCDEF,  be  revolved 
about  the  line  AF  as  an  axis :  then  will  the  surface  des¬ 
cribed  by  its  perimeter  be  equal  to  AF  multiplied  by  the 
circumference  of  the  inscribed  circle. 
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For,  from  E  and  D,  the  extremities 
of  one  of  the  equal  sides,  let  fall  the 
perpendiculars  EH^  on  the  axis  AF\ 
and  from  the  centre  0,  draw  ON  per¬ 


pendicular  to  the  side  DE :  ON  will  be 
the  radius  of  the  inscribed  circle  (b.  V., 
p.  2).  Now,  the  surface  described  in  the 
revolution,  by  any  one  side  of  the  reg¬ 
ular  polygon,  as  DE^  has  been  shown 
to  be  equal  to  DE  X  circ.  NM  (p.  4,  s.  1). 
But  since  the  triangles  EDK^  ONM^  are 
similar  (b.  IV.,  P.  21), 


ED  :  EK  or  HI  ■.■.ON  :  NM  : :  circ.  ON  :  circ.  NM^, 
hence,  EDXcirc.  NM=HIXcirc.  ON^, 

and  since  the  like  may  be  shown  for  each  of  the  other 
sides,  it  is  plain  that  the  surface  described  by  the  entire 
perimeter  is  equal  to- 

(iY/+i?7+/P+P§+§A)Xc2Vc.  ON=AFXcirc.  ON 

Cor.  The  surface  described  by  any  portion  of  the  peri¬ 
meter,  as  EDC,  is  equal  to  the  distance  between  the  two 
perpendiculars  let  fall  from  its  extremities  on  the  axis, 
multiplied  by  the  circumference  of  the  inscribed  circle. 

For,  the  surface  described  by  DE  is  equal  to  HI  X  circ. 
ON,  and  the  surface  described  by  is  equal  to  IPXcirc. 
ON:  hence,  the  surface  described  by  ED+DC,  is  equal  to 
{III-{-IP)Xcirc.  ON,  or  equal  to  HP X circ.  ON 


PROPOSITION  X.  THEOREM. 


The  surface  of  a  sphere  is  equal  to  the  product  of  its  diameter 
hy  the  circumference  of  a  great  circle. 

Let  ABCDE  be  a  semicircle.  Inscribe  in  it  a  regu¬ 
lar  semi-polygon,  and  from  the  centre  0  draw  OF  perpen¬ 
dicular  to  one  of  the  sides. 

Let  the  semicircle  and  the  semi-polygon  be  revolved 
about  the  common  axis  AE :  the  semicircumference  ABODE 
will  describe  the  surface  of  a  sphere  (d.  9) ;  and  the  pen- 
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meter  of  tlie  semi-polygon  will  describe 
a  surface  which  has  for  its  measure 
AE  X  circ.  OF  (p.  9),  and  this  will  be 
true  whatever  be  the  number  of  sides  of 
the  semi-polygon. 

If  now,  the  arcs  be  continually  bisected, 
the  limit  of  the  perimeters  of  the  semi¬ 
polygons  will  be  the  semicircumference 
ABODE]  the  limit  of  the  area  described 
by  the  perimeter  will  be  surface  of  the 
sphere,  and  the  limit  of  the  perpendicular  OF  will  be  the 
radius  OE :  hence,  the  surface  of  the  sphere  is  equal  to. 
AEXcii'C,  OE, 

Cor  1.  Since  the  area  of  a  great  circle  is  equal  to  the 
product  of  its  circumference  by  half  the  radius,  or  one- 
fourth  of  the  diameter  (b.  v.,  p.  15),  it  follows  that  the  sur¬ 
face  of  a  sphere  is  equal  to  four  of  its  great  circles :  that  is, 
equal  to  47rx  OA^  (b.  v.,  p.  16).  • 

Cor,  2.  The  surface  of  a  zone  is  equal  to  its  altitude  mul¬ 
tiplied  hj  the  circumference  of  a  great  circle. 

For,  the  surface  described  by  any  por¬ 
tion  of  the  perimeter  of  the  inscribed 
polygon,  as  BC-rCD^  is  equal  to  EHx 
circ,  OF  (p.  9,  c.) :  and  when  we  pass  to 
the  limit,  we  have  the  surface  of  the  zone 
equal  to  EH X  circ,  OA, 

Cor,  8.  When  the  zone  has  but  one 
base,  as  the  zone  described  by  the  arc 
ABCD^  its  surface  will  still  be  equal  to 
the  altitude  AE  multiplied  by  the  circum¬ 
ference  of  a  great  circle. 

Cor,  4.  Two  zones,  taken  in  the  same  sphere  or  in 
equal  spheres,  are  to  each  other  as  their  altitudes ;  and 
any  zone  is  to  the  surface  of  the  sphere  as  the  altitude  of 
the  zone  is  to  the  diameter  of  the  sphere. 
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PROPOSITION  XL  LEMMA. 

If  a  triangle  and  a  rectangle,  having  the  same  base  and  the 
same  altitude,  turn  together  about  the  common  base,  the  solid 
generated  by  the  triangle  is  a  third  of  the  cylinder  generated 
by  the  rectangle. 


Let  BAC  be  a  triangle,  BFEG  a  rectangle,  having  the 
common  base  BG,  about  which  they  are  to  be  revolved. 

On  the  axis,  let  fall  the  per¬ 
pendicular  AD :  then,  the  cone 
generated  by  the  triangle  BAD  is 
a  third  part  of  the  cylinder  gen¬ 
erated  by  the  rectangle  BEAD  (p. 

V.,  C.  1) :  also,  the  cone  generated 
the  triangle  DAG  is  a  third 


part  of  the  cylinder  generated  by  the  rectangle  DABG: 
hence,  the  sum  of  the  two  cones,  or  the  solid  generated 
by  BAG,  is  a  third  part  of  the  sum  of  the  cylinders  gen¬ 
erated  by  the  two  rectangles,  or  a  third  part  of  the  cylinder 
generated  by  the  rectangle  BFEG. 

If  the  perpendicular  AD  falls 
without  the  triangle  ;  the  solid 
generated  by  GBA  is,  in  that 
case,  the  difference  of  the  two 
cones  generated  by  BAD  and 


GAD]  but  at  the  same  time,  the  cylinder  generated  by 
BFEG,  is  the  difference  of  the  two  cylinders  generated 
by  BEAD  and  GEAD.  Hence,  the  solid,  generated  by  the 
revolution  of  the  triangle,  is  still  a  third  part  of  the  cylin¬ 
der  generated  by  the  revolution  of  the  rectangle  having 
the  same  base  and  the  same  altitude. 


Scholium.  The  circle  of  which  AD  is  the  radius,  has 
for  its  measure  ]  hence,  measures  the 

cylinder  generated  by  BFEG,  and  ^r^xAD^xBG  measurea 
'the  solid  generated  by  the  triangle  BAG. 
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PKOPOSITION  XII.  LEMMA.  x' 

If  a  triangle  he  revolved  about  any  line  dravm  through  its  ver¬ 
tex  in  the  same  gflane^  the  solid  generated  will  have  for  its 
measure,  the  area  of  the  triangle  midtiplied  by  two-thirds  of 
the  circumference  traced  by  the  middle  point  of  the  base. 

Let  CAB  be  a  triangle,  I  tbe  middle  point  of  the  oase, 
and  CD  the  line  about  which  it  is  to  be  revolved :  then 
will  the  solid  generated  be  measured  by 

area  CAB  X  f  circ.  IK. 

Prolong  the  base  AB  till  it 
meets  the  axis  CD  in  D ;  from 
the  points  A  and  draw  AM, 

BN,  perpendicular  to  the  axis, 
and  draw  CP  perpendicular  to 
DA  produced. 

The  scholium  to  the  last  proposition  gives  the  following 
measures : 

solid  generated  by  CAD=l>:tXAM^X  CD, 
solid  generated  by  CBD=\  ^  x  Bft  X  CD  : 

hence,  the  difference  of  these  solids,  which  is  the  solid 
generated  by  the  triangle  CAB,  has  for  its  measure 

\<r^X{AM^-W^)XCD. 

To  this  expression  another  form  may  be  given.  From  I, 
the  middle  point  of  AB,  draw  IK  perpendicular  to  CD', 
and  through  B,  draw  BO  parallel  to  CD.  We  shall  then 
have  (b.  iv.,  p.  7,  s.), 

AM-\-BN^2IK,  and  AM-BN=-AO', 

hence,  {AM+BN)X{AM-BN)^AM''-BN'^^=2IKxAO  : 

hence,  the  measure  of  the  solid  is  also  equal  to 

^‘TfXlKxAOx  CD. 

But  CP  being  perpendicular  to  AB  produced,  the  triangles 
A  OB  and  CPD  are  similar ;  hence, 

AO  :  CP  AB  :  CD. 
and,  AOxCD=CPxAB. 
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;  But  CPxAB  is  double  tlie  area  of  tlie  triangle  CAB\ 
therefore, 

.  A0xCD=2GAB-. 

;  hence,  the  solid  generated  by  the  triangle  CAB  is  measured  by 
I  lr*xCABxIK=CABxi'«xnC-, 

;  and  since  2’^XlK=circ,  IK^  we  have, 

solid  =  CAB  X I  circ.  IK, 

Cor.  If  tlie  triangle  is 
isosceles,  tlie  perpendicular 
CP  will  pass  througli  I, 
the  middle  point  of  the 
base;  and  we  shall  have 

CAB=^ABx\CL 
Substituting  this  value  of 

CAB  in  the  measure  of  the  solid  before  found,  viz.  : 

solid=:(7J.^X|‘7rx/Y;  gives, 
solid=|-  <  X  AB  X  IK  X  CL 

But  the  triangles  A  OB^  CIO]  are  similar  (b.  iv.,  p.  21) ; 
hence,  AB  :  BO  or  MN  :  :  Cl  :  IK^ 
which  gives,  ABxIK—MNxCl, 

Substituting  for  ABxIK^  we  have, 

solid = f  “Tr  (7/^  X -MY : 


A 


that  is,  the  solid  generated  by  the  revolution  of  an  isos¬ 
celes  triangle  about  any  line  drawn  through  its  vertex,  is 
measured  hy  two-thirds  of  ‘tt  into  the  square  of  the  perqoendicular 
'  let  fall  on  the  base,  into  the  distance  between  the  two  perpendic¬ 
ulars  let  fall  from  the  extremities  of  the  base  on  the  axis. 


Scholium.  The  demonstration  appears  to  involve  the  sup¬ 
position  that  AB  prolonged  will  meet  the  axis:  but  the 
results  tire  eq^ually  true  if  AB  is  parallel  to  the  axis. 

Thus,  the  cylinder  generated  by 
MNBA  is  measured  by  X  AirxMN: 
the  cone  generated  by  CAM  is  mea¬ 
sured  by  ^<ifXAM^xCM]  and  the 
cone  generated  by  CBN  is  measured 
by  ^<X  Aii  X  (7Y. 
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Add  the  first  two  solids,  and  from  the  sum 
subtract  the  third  :  we  shall  then  have 

solid  by  CAB=‘t(X  AM  x(JiY+ 

\CM-^^CN) 


and  since  \MN •\-\CM=^\GN^  we  have 

solid  by  CAB=^‘^  XAM^X^MN, 

But  AM— CP  and  MN^AB'^  hence, 

solid  by  CAB=AB'KCP'>\^i^X.CP=^CAB'K^circ.  CP, 
But  the  circumference  traced  by  P  is  equal  to  the  circum¬ 
ference  traced  by  the  middle  point  of  the  base :  hence,  the 
result  agrees  with  the  general  enunciation. 


PROPOSITION  XIII.  LEMMA. 

If  a  regular  semi-polygon  he  revolved  about  a  line  passing 
through  its  centre  and  the  vertices  of  two  opposite  angles^  the 
solid  generated  will  he  measured  hy  two-thirds  the  area  of 
the  inscribed  circle  multiplied  hy  the  axis. 


Let  GDBF  be  a  regular  semi-polygon  and  01  the  radius 
of  the  inscribed  circle :  then,  if  this  semi-polygon  be  re¬ 
volved  about  GF^  the  solid  generated  will  have  for  dts 
measure. 


f  area  01 X  GF. 

For,  since  the  polygon  is  regular, 
the  triangles,  OFA^  OAB,  OBG^  &c.,  are 
isosceles  and  equal ;  then,  all  the  per¬ 
pendiculars  let  fall  from  0  on  their 
bases,  will  be  equal  to  Of  the  radius 
of  the  inscribed  circle. 

Now,  we  have  the  following  mea¬ 
sures  for  the  solids  generated  by  these 
triangles  (p.  12,  c.)  :  viz., 

OF  A  is  measured  by  ^kxOFxFM^ 


F 


OAB  “ 
OBC 


“  ^'r(XOI  xMN^ 

I  ^X  (5? X  ON,  &c. ; 


It 


II 


I 
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1 

i 

j  hence,  the  entire  solid  generated  by  the  semi-polygon  is 

!  measured  by  ^ 

[I  f  crx  ^\FM+MN-\-N0-\-  OQ^-QR+RG)  : 

that  is,  by  ^‘^XOI^XGF. 

But,  'kX  OF— area  01  (b.  V.,  P.  16)  : 

I  hence,  solidity  area  01 X  GF, 

t 

PROPOSITION  XIV.  THEOREM. 

L 

j  The  solidity  of  a  sphere  is  equal  to  its  surface  multiplied  hy  a 

third  of  its  radius. 

Let  0  be  the  centre  of  a  sphere  and  OA  its  radius; 
then  its  solidity  is  equal  to  its  surface  into  one-third  of 
OA. 

For,  inscribe  in  the  semi-circle 
ABODE  a  regular  semi-polygon,  hav¬ 
ing  any  number  of  sides,  and  let  01 
be  the  radius  of  the  circle  inscribed  in 
the  polygon. 

If  the  semicircle  and  semi-pol3^gon 
be  revolved  about  EA^  the  semicircle 
will  generate  a  sphere,  and  the  semi¬ 
polygon  a  solid  which  has  for  its  mea¬ 
sure  ^>j(OfxEA  (P.  13);  and  this  is 
true  whatever  be  the  number  of  sides 
of  the  semi-polygon.  But  if  the  number  of  sides  of  the 
polygon  be  continually  doubled,  the  limit  of  the  solids 
generated  by  the  polygons  will  be  the  sphere;  and  when 
we  pass  to  the  limit  the  expression  for  the  solidity  will 
become  \^xOJCxEA^  or  by  substituting  20A  for  EA,  it 

<7  - ^2 

becomes  ^<!rX  OA^'x  OA,  which  is  also  equal  to  I-TrXO/i'X 
I  OA.  But  4:rrx6A^  is  equal  to  the  surface  of  the  sphere 
(p.  X.,  C.  1) :  hence,  the  solidity  of  a  sphere  is  equal  to  its 
surface  multiplied  by  a  third  of  its  radius. 

Scholium  1.  The  solidity  of  every  spherical  sector  is  equal 
to  the  zone  which  forms  its  hase^  multiplied  hy  a  third  of  the 
radius. 
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For,  the  solid  described  bj  any 
portion  of  the  regular  polygon,  as  the 
isosceles  triangle  OAB^  is  measured  by 
(p.  12,  c.) ;  and  when  we 
pass  to  the  limit  which  is  the  spherical 
sector,  the  expression  for  this  measure 

- O 

becomes  ^'^XAO'XAF^  which  is  equal 
to  ^‘t^xAOxAF X^AO.  But  ^‘tfXAO 
is  the  circumference  of  a  great  circle 
of  the  sphere  (b.  v.,  p,  16),  which  being 
multiplied  by  AF  gives  the  surface 
of  the  zone  which  forms  the  base  of  the  sector  (p.  x., 
c.  2) ;  and  the  proof  is  equally  applicable  to  the  spherical 
sector  described  by  the  circular  sector  BOG :  hence,  the 
solidity  of  the  spherical  sector  is  equal  to  the  zone  which  forms 
its  base,  multiplied  hy  a  third  of  the  radius. 

Scholium  2.  Since  the  surface  of  a  sphere  whose  radius 
IS  R,  is  expressed  by  (p.  X.,  c.  1),  it  follows  that 

the  surfaces  of  spheres  are  to  each  other  as  the  squares  of 
their  radii ;  and  since  their  solidities  are  as  their  surfaces 
multiplied  by  their  radii,  it  follows  that  the  solidities  of  spheres 
are  to  each  other  as  the  cubes  of  their  radii,  or  as  the  cubes  of 
tfieir  diametefs. 

Scholium  8.  Let  R  be  the  radius  of  a  sphere ;  its  sur- 
face- will  be  expressed  by  4^'^XR,  and  its  solidity  by 

^  3 

4c^fXR  X\R,  or  f^Xi?  .  If  the  diameter  be  denoted  by  D, 

3  3 

we  shall  have  R=\J),  and  R  =\B  :  hence,  the  solidity  of 
the  sphere  may  be  expressed  by 

^^x\b^^\^xb\ 


PKOPOSITION  XV.  TIIEOKEM. 

The  surface  of  a  sphere  is  to  the  whole  surface  of  the  circum¬ 
scribed  cylinder,  including  its  bases,  as  2  is  to  8  :  and  the 
solidities  of  these  two  bodies  are  to  each  other  in  the  same 
ratio. 

Let  MPNQ  be  a  great 'circle  of  the  sphere;  ABCD  the 
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circumscribed  square ;  if  ibe  semi¬ 
circle  PMQ  and  the  half  square 
PADQ  are  at  the  same  time  made 
to  revolve  about  the  diameter 
the  semicircle  Avill  generate  the 
sphere,  Avhile  the  half  square  will 
generate  the  cylinder  circumscribed 
about  that  sphere. 

The  altitude  AD  of  the  cylinder 
is  equal  to  the  diameter  PQ ;  the 
base  of  the  cylinder  is  equal  to  a  great  circle,  since  its 
diameter  AB  is  equal  to  MN  \  hence,  the  convex  surface 
of  the  cylinder  is  equal  to  the  circumference  of  the  great 
circle  multiplied  by  its  diameter  (p.  1).  This  measure  is 
the  same  as  that  of  the  surface  of  the  sphere  (p.  10) ; 
hence,  the  surface  of  the  sphere  is  equal  to  the  convex  surface 
of  the  circumscribed  cylinder. 

But  the  surface  of  the  sphere  is  equal  to  four  great 
circles ;  hence,  the  convex  surface  of  the  cylinder  is  also 
equal  to  four  great  circles :  and  adding  the  two  bases,  each 
equal  to  a  great  circle,  the  total  surface  of  the  circumscrib 
ed  cylinder  is  equal  to  six  great  circles ;  hence,  the  surface 
of  the  sphere  is  to  the  total  surface  of  the  circumscribed 
cylinder,  as  4  is  to  6,  or  as  2  is  to  3  ;  which  is  the  first 
branch  of  the  proposition. 

In  the  next  place,  since  the  base  of  the  circumscribed 
cylinder  is  equal  to  a  great  circle  of  the  sphere,  and  its 
altitude  to  the  diameter,  the  solidity  of  the  cylinder  is 
equal  to  a  great  circle  multiplied  by  its  diameter  (p.  2). 
But  the  solidity  of  the  sphere  is  equal  to  four  great  circles 
multiplied  by  a  third  of  the  radius  (p.  14) ;  in  other  terms, 
to  one  great  circle  multiplied  by  ^  of  the  radius,  or  by  f 
of  the  diameter ;  hence,  the  sphere  is  to  the  circumscribed 
cylinder  as  2  to  3,  and  consequently,  the  solidities  of  these 
two  bodies  are  as  their  surfaces. 

Scholium  1.  Conceive  a  polyedron,  all  of  whose  faces 
touch  the  sphere;  this  polyedron  may  be  considered  as 
composed  of  pyramids,  each  pyramid  having  for  its  vertex 
the  centre  of  the  sphere,  and  for  its  base  one  of  the  poly- 
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edron’s  faces.  Kow,  it  is  evident  that  all  these  pyramids 
have  the  radius  of  the  sphere  for  their  common  alti¬ 
tude  :  so  that  the  solidity  of  each  pyramid  will  be  equal 
to  one  face  of  the  polyedron  multiplied  by  a  third  of 

the  radius  :  hence,  the  whole  polyedron  is  equal  to  its 

surface  multiplied  by  a  third  of  the  radius  of  the  inscrib¬ 
ed  sphere. 

It  is  therefore  manifest,  that  the  solidities  of  polye- 
•drons  circumscribed  about  the  sphere,  are  to  each  other 
as  their  surfaces.  Thus,  the  property,  which  we  have 
shown  to  be  true  with  regard  to  the  circumscribed  cylin¬ 
der,  is  also  true  with  regard  to  an  infinite  number  of 

other  solids. 

We  mio-ht  likewise  have  observed,  that  the  surfaces  of 
polygons,  circumscribed  about  a  circle,  are  to  each  other 
as  their  perimeters. 


PEOPOSITION  XVI.  TIIEOEEM. 


If  a  circular  segment  is  revolved  about  a  diameter  exterior  to 
it^  the  solid  generated  is  measured  by  one-sixth  of  ^  into 
the  square  of  the  chord,  into  the  distance  between  two  per¬ 
pendiculars  let  fall  from  the  extremities  of  the  arc  on  the 
axis. 


Let  DMB  be.  a  circular  segment,  and  AG  the  axis 
about  which  it  is  revolved. 

On  the  axis,  let  fall  the  perpendic-  A 

ulars  BE,  DF  \  from  the  centre  G, 
draw  GI  perpendicular  to  the  chord 
BD  ;  also  draw  the  radii  GB,  CD. 

The  solid  generated  by  the  sector 
CD  MB  is  measured  by  l^xCB'xEF 
(p.  14,  s.  1).  The  solid  generated  by 
the  isosceles  triangle  CDB  has  for 


o 

rO 


its  measure  ^’^X  Cl^xEE  (p.  12,  c.) ;  hence,  the  solid  gen* 
•  erated  by  the  segment  DMB,  is  measured  by 
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i'^xEFx{VB'-Cl\ 

But  in  tlie  riglit-angled  triangle  CBI^  we  have  (b.  IV.  P.  8,  C.), 

Bif : 

hence,  the  solid  generated  by  the  segment  DMB^  has  for 
its  measure 

l«xEFx\DTT=k«xB]fxEF. 

Scholium.  The  solid  generated  by  the  segment  BUD  is 
to  the  sphere  which  has  BD  for  a  diameter, 

as  XEF  is  to  \^xBD^^  or  as  to  BD. 

PROPOSITION  XVII.  THEOREM. 

Every  segment  of  a  sphere  is  measured  hy  half  the  sum  of  its 
bases  multiplied  hy  its  altitude.^  plus  the  solidity  of  a  sphere 
whose  diameter  is  this  same  altitude. 

Let  DMB  be  the  arc  of -a  circle,  and  DF^  BE,  per¬ 
pendiculars  let  fall  on  the  radius  OA  :  then,  if  the  area 
FDMBE  be  revolved  about  the  radius  QA  it  will  generate 
a  spherical  segment.  It  is  required  to  find  the  measure  of 
this  segment. 

•  The  solid  generated  by  the  circular 
segment  DMB  is  measured  by  (p.  16) 

\>T(XMrxEF\ 

the  frustum  of  the  cone  described  by 
the  trapezoid  FDBE  is  measured  by 
(p.  6) 

1-sXEFx{BE~+DF'^+BExDF)  : 
hence,  the  segment  of  the  sphere,  which  is  the  sum  of 
these  two  solids,  is  measured  by 

^^XEFx{2BE"-\-2DF^-\-2BExDFABlf). 

But  by  drawing  BO  parallel  to  EF,  we  have,  ; 

DO=DF-BE  and  Da=DF‘^-2DFxBEAm^ ; 

and,  BD  ~BO  ’{‘DO  =EF  ADF  2DF xBE ABE  . 

Substituting  this  value  for  Blf  in  the  expression  for  the 

solidity  of  the  segment,  we  have, 

15 
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equal  to  \^xEF X{^BE^+^I)F^+EF^)  ] 
an  expression  whicli  may  be  written  in  two  parts,  viz., 

and  ^■kXEF^-, 

niid  these  parts  correspond  with  the  enunciation. 

Cor.  If  the  radius  of  either  base  is  nothing,  the  seg¬ 
ment  becomes  a  spherical  segment  with  a  single  base ; 
hence,  any  spherical  segment,  with  a  single  base,  is  equivalent 
to  half  the  cylinder  having  the  same  base  and  the  same  altitude, 
plus  the  sphere  of  which  this  altitude  is  the  diameter. 

GENEKAL  SCHOLIUMS. 

1.  Let  R  be  the  radius  of  a  cylinder’s  base,  H  its  alti¬ 
tude  :  the  solidity  of  the  cylinder  is 

1.  Let  R  be  the  radius  of  a  cone’s  base,  H  its  alti¬ 
tude  :  the  solidity  of  the  cone  is 

8.  Let  A  and  B  be  the  radii  of  the  bases  of  a  frust'ftm 
of  a  cone,  H  its  altitude  :  the  solidity  of  the  frustum  is 

1'^xHx{a^+b'‘+axB). 

4.  Let  R  be  the  radius  of  a  sphere ;  its  solidity  is 

5.  Let  R  be  the  radius  of  a  spherical  sector,  H  the 
altitude  of  a  zone,  which  forms  its  base :  the  solidity  of 
the  sector  is 

l>r(XR^XE. 

6.  Let  P  and  §  be  the  two  bases  of  a  spherical  seg¬ 
ment,  H  its  altitude :  the  solidity  of  the  segment  is 

P+Q 

--^XHA\^xH\ 

7.  If  the  spherical  segment  has  but  one  base,  its 

soli dity  is  \P  xHA\'r(X 
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SPHERICAL  GEOMETRY. 

DEFINITIONS. 

1.  A  Spherical  Triangle  is  a  portion  of  the  surface 
of  a  sphere,  bounded  by  three  arcs  of  great  circles. 

These  arcs  are  named  the  sides  of  the  triangle,  and 
each  is  less  than  a  semicircumference.  The  angles  which 
the  planes  of  the  circles  make  with  each  other,  are  the 
angles  of  the  triangle. 

2.  A  spherical  triangle  takes  the  name  of  right-angled^ 
isosceles^  equilateral^  in  the  same  cases  as  a  rectilineal  tri¬ 
angle. 

3.  A  Spherical  Polygon  is  a  portion  of  the  surface 
of  a  sphere  bounded  by  three  or  more  arcs  of  great  circles. 

4.  A  Lune  is  a  portion  of  the  surface  of  a  sphere  in¬ 
cluded  between  two  semi-circles  intersecting  in  a  common 
diameter  of  the  sphere. 

5.  A  Spherical  Wedge,  or  Ungula,  is  that  portion 
of  a  solid  sphere,  included  between  two  planes  passing 
through  the  eentre,  and  the  lune  which  forms  its  base. 

6.  A  Spherical  Pyramid  is  a  portion  of  the  solid 
sphere,  included  between  three  or  more  planes.  The  base 
of  the  pyramid  is  the  spherical  polygon  intercepted  by  the 
same  planes.  These  planes  bound  a  polyedral  angle,  whose 
vertex  is  at  the  centre  of  the  sphere. 

7.  The  Pole  of  a  Circi.e  is  a  point  on  the  surface  of 
the  sphere,  equally  distant  from  every  point  in  the  circum* 
ference. 


228 


GEOMETKY. 


PEOPOSITION  I.  TIIEOKEM. 

In  every  sjyherical  triangle^  any  side  is  less  than  the  sum  of  the 

two  other  sides. 

Let  0  be  the  centre  of  the  sphere,  and  ACB  a  spheri¬ 
cal  triangle:  then  will  any  side  be  less  than  the  sum  of 
the  two  other  sides. 

For,  draw  the  radii  OA^  OB^  OC. 

Conceive  the  planes  AOB^  AOC,  COB^ 
to  be  drawn  ;  these  planes  bound  a 
polyedral  angle  whose  vertex  is  at 
the  centre  0 ;  and  the  plane  angles 
AOB,  AOG,  COB,  are  measured  by 
AB,  AC,  BCy  the  sides  of  the  spheri¬ 
cal  triangle.  But  each  of  the  three 
plane  angles  which  bound  a  polyedral  ^ 
angle  is  less  than  the  sum  of  the  two  other  angles  (b.  vi., 
P.  19) ;  hence,  any  side  of  a  spherical  triangle  is  less  than 
the  sum  of  the  two  other  sides. 

PEOPOSITION  II.  TIIEOEEM. 

The  sum  of  all  the  sides  of  any  spherical  polygon  is  less  than 
the  circumference  of  a  great  circle. 

I 

Let  ABCDE  be  any  spherical  polygon,  and  0  the  cen¬ 
tre  of  the  sphere. 

Conceive  0  to  be  the  vertex 
of  a  polyedral  angle  bounded 
by  the  plane  angles  A  OB,  BOC, 

COD,  &c.  Now,  the  sum  of  the 
plane  angles  which  bound  a  poly¬ 
edral  angle  is  less  than  four 
right  angles  (b.  vi.,  p.  20) ;  hence, 
the  sum  of  the  sides  of  any 
spherical  polygon  is  less  than  the  circumference. 

Cor.  The  sum  of  the  three  sides  of  any  spherical  tri¬ 
angle  is  less  than  the  circumference;  for,  the  triangle  is  a 
polygon  of  three  sides. 
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PROPOSITION  III.  THEOREM. 


The  poles  of  a  great  circle  of  a  sphere  are  the  extremities  of 
that  diameter  of  the  sjjhere  ivhich  is  perpendicular  to  the 
circle ;  and  these  extremities  are  also  the  poles  of  all  small 
circles  parallel  to  it. 

Let  ED  be  perpendicular  to  the  great  circle  AMB ;  then 
will  E  and  D  be  its  poles ;  and  they  will  also  be  the  poles 
of  every  parallel  small  circle  ENG. 

For,  DC  being  perpen-  D 


dicular  to  the  plane  AMB^ 
is  perpendicular  to  all  the 
straight  lines  CA,  CM,  CBj 
&c.,  drawn  through  its  foot 
in  this  plane  (b.  VI.,  D.  1) ; 
hence,  all  the  arcs  DA , 
DM^  DB^  (fee.,  are  quarters 
of  the  circumference.  So 
likewise  are  all  the  arcs 


EA^  Elf  EB^  &c. ;  there- 
fore,  the  points  D  and  E 

are  each  equally  distant  from  all  the  points  of  the  circum¬ 
ference  AlfB  5  hence,  they  are  the  poles  of  that  circum¬ 
ference  (d.  7). 

Again,  the  radius  DC,  perpendicular  to  the  plane 
is  perpendicular  to  the  parallel  ENG  ;  hence,  it  passes 
thiough  0,  the  centre  of  the  circle  ENG  (b.  viii.,  p.  7,  c.  4); 
hence,  if  the  chords  DF,  DN,  DG,  be  drawn,  these  oblique 
lines  will  cut  off  equal  distances  measured  from  0 ;  lienee, 
they  will  be  equal  (b.  VI.,  P.  5).  But,  the  chords  being 
equal,  the  arcs  are  equal;  hence,  the  point  D  is  the  pole 
of  the  small  circle  ENG  ;  and  for  like  reasons,  the  point 
E  is  the  other  pole. 

Cor.  If  through  the  pole  D  and  any  point  If  in  the  arc 
of  a  great  circle  AMB,  an  arc  of  another  great  circle  MD  be 
drawn,  the  arc  MD  is  a  quarter  of  the  circumference,  and  is 
called  a  quadrant.  This  quadrant  makes  a  right  angle  with 
the  arc  AM.  For,  the  line  DC  being  perpendicular  to  the 
plane  AMC,  every  plane  DME,  passing  through  the  liiie  DC  is 
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perpendicular  to  tlie  plane 
AMC  (b  VI.,  p.  16);  hence, 
the  angle  of  these  planes, 
or  the  angle  AMD  is  a 
right  angle. 

Cor.  2.  Conversely :  If 
the  distance  of  the  point 
D  from  each  of  the  points 
A  and  in  the  circum¬ 
ference  of  a  great  circle, 
is  equal  to  a  quadrant,  the 
point  D  is  the  pole  of  the 
arc  AM. 

For,  let  G  be  the  centre  of  the  sphere,  and  draw  the 
radii  CD,  CA^^  CM.  Since  the  angles  ACD,  MCD^  are  right 
angles,  the  line  CD  is  perpendicular  to  the  two  straight 
lines  CA^  CM]  hence,  it  is  perpendicular  to  their  plane 
(b.  VI.,  P.  4) :  hence,  the  point  D  is  the  pole  of  the  arc  AM. 

*  Scholium.  The  properties  of  these  poles  enable  us  to 
describe  arcs  of  a  circle  on  the  surface  of  a  sphere,  with 
the  same  facility  as  on  a  plane  surface.  It  is  evident,  for 
instance,  that  by  turning  the  arc  DF^  or  any  other  line 
extending  to  the  same  distance,  round  the  point  the 
extremity  F  will  describe  the  small  circle  FNG ;  and  by 
turning  the  quadrant  DFA  round  the  point  D^  its  extrem¬ 
ity  A  will  describe  the  arc  of  a  great  circle  AMB. 

PKOPOSITION  IV.  TIIEOKEM. 

The  angle  formed  by  two  arcs  of  great  circles^  is  equal  to  the 
angle  formed  by  the  tangents  of  these  arcs  at  their  point 
of  intersection.  The  angle  is  measured  by  the  arc  of  a 
great  circle  described  from  the  vertex  as  a  pole^  and  limited 
by  the  sideSj  produced  if  necessary. 

Let  the  angle  BAG  be  formed  by  the  two  arcs  AB, 
A  G ;  then  will  it  be  equal  to  the  angle  FA  G  formed  by 
the  tangents  AF^  AG^  and  be  measured  by  the  arc  DE  of 
a  great  circle,  described  about  A  as  a  pole. 


IB 
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'  For,  the  tangent  AF,  drawn  in  the 
plane  of  the  arc  AB,  is  perpendicular  to 
the  radius  A  0 ;  and  the  tangent  A  (r, 

I  drawn  in  the  plane  of  the  arc  AG<^  is 
'  perpendicular  to  the  same  radius  A  0. 

Hence,  the  angle  FAG  is  equal  to  the 
I  angle  contained  by  the  planes  ABDII, 
(b.  VL,  D.  4) ;  which  is  that  of 
I  the  arcs  AB^  AC^  and  is  called  the  angle 
BAG. 


Again,  if  the  arcs  AD  and  AE  are 
both  quadrants,  the  lines  0Z>,  OE,  are  perpendicular  to  OA, 
and  the  angle  DOE  is  equal  to  the  angle  of  the  planes 
ABDHj  A  GEH ;  hence,  the  arc  DE  is  the  measure  of  the 
angle  contained  by  these  planes,  or  of  the  angle  GAB. 

Gor  1.  The  angles  of  spherical  triangles  may  be  com- 
pared  together,  by  means  of  the  arcs  of  great  circles  des- 
cribed  from  their  vertices  as  poles  and  included  between 
their  sides:  hence,  it  is  easy  to  make  an  angle  of  this 


kind  equal  to  a  given  angle. 

Gor.  2.  Vertical  angles,  such 
as  AGO  and  BGN  are  equal;  for 
either  of  them  is  still  the  angle 
formed  by  the  two  planes  AGB^ 

OGK 

It  is  further  evident,  that,  when 
two  arcs  AGB,  OGN^  intersect, 
the  two  adjacent  angles  AGO^ 
0  GB,  taken  together,  are  equal 
to  two  right  angles. 


j 

i  PKOPOSITION  V.  TIIEOEEM. 


Tf  from  the  vertices  of  the  three  angles  of  a  spherical  triangle, 
as  voles,  arcs  be  described  forming  a  spherical  triangle; 
then,  the  vertices  of  the  angles  of  this  second  triangle,  will 
he  respectively  poles  of  the  sides  of  the  first. 

From  the  vertices  A,  B,  C,  as  poles,  let  the  axes  EF, 
FD,  ED,  be  described,  forming  on  the  surface  of  the  sphere, 
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the  triangle  DFE ;  then  will  the  vertices  Z),  Z'  and  be 
respectively  poles  of  the  sides  BC^  ACj  AB. 

For,  the  point  A  being 
the  pole  of  the  arc  EF^  the 
distance  AE  is  a  quadrant ; 
the  point  C  being  the  pole 
of  the  arc  BE,  the  distance 
CE  is  likewise  a  quadrant: 
hence,  the  point  E  is  re¬ 
moved  the  length  of  a  quad¬ 
rant  from  each  of  the  points 
A  and  C ;  hence,  it  is  the 
pole  of  the  arc  AC  (p.  8,  c.  2).  It  may  be  shown  by  simi¬ 
lar  reasoning,  that  D  is  the  pole  of  the  arc  BC,  and  F 
that  of  the  arc  AB. 

Scholium.  Hence,  the  triangle  ABC  may  be  described 
by  means  of  DEF,  as  DEF  is  described  by  means  of  ABC. 
Triangles  so  described,  are  called  polar  triangles^  or  supple¬ 
mental  triangles. 


D 


PKOPOSITION  VI.  TIIEOKEM. 

The  same  supposition  continuing  as  in  the  last  Proposition^ 
each  angle  in  one  of  the  triangles^  loill  he  measured  by  a 
semicircumference^  minus  the  side  lying  opposite  to  it  in  the 
other  triangle. 


For,  produce  the  Mes 
AB^  AC,  if  necessary,  till 
they  meet  EF,  in  G  and  II. 

The  point  A  being  the  pole 
of  the  arc  Gif  the  angle 
A  is  measured  by  that  arc 
(p.  4),  But,  since  E  is  the 
pole  of  Alf  the  arc  EH  is 
a  quadrant ;  and  since  F  is 
the  pole  of  AG,  FG  is  a 
quadrant :  hence,  EH  -f  GF  is  equal  to  a  semicircumference. 
But,  EHAGF=EF-\-GH\  hence  the  arc  GH,  which  mea- 
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j  sures  the  angle  A,  is  equal  to  a  semicircumference  mijius 
the  side  EF.  In  like  manner,  the  angle  B  is  measured 
by  \circ.—DF\  the  angle  (7,  by  \circ,—I)E. 

I  This  property  is  reciprocal  in  the  two  triangles,  since 
each  of  them  is  described  in  a  similar  manner  by  means 
of  the  other.  Tims  the  angle  i),  for  example,  of  the  tri¬ 
angle  EDF^  is  measured  by  the  arc  Ml ;  but  Ml  •]rBC= 
MG-\-BI=\circ.\  hence,  the  arc  if/,  the  measure  of  1),  is 
!  equal  to  \circ.—  BG\  the  angle  E  is  measured  by  \circ.—AG^ 
and  the  angle  F  bj^  \circ,  -AB. 


Scholium.  It  must  further  be  ob¬ 
served,  that  besides  the  triangle  DEF^ 
three  others  might  be  formed  by  the 
intersection  of  the  three  arcs  DE^ 

EF^  DF.  But  the  proposition  is  ap¬ 
plicable  only  to  the  central  triangle, 

^vhich  is  distinguished  from  the  other 
three  by  the  circumstance,  that  the  two  angles  X  and  /7 
lie  on  the  same  side  of  BG,  the  two  B  and  E  on  the  same 
side  of  A  (7,  and  the  two  G  and  F  on  the  same  side  of  AB. 


PROPOSITION  VII.  THEOREM. 

If  around  the  vertices  of  any  two  angles  of  a  given  spherical 
triangle,  as  poles,  the  circumferences  of  two  circles  he  des^ 
crihed  which  shall  pass  through  the  vertex  of  the  third  an- 
gle  of  the  triangle:  if  then,  through  the  other  point  in  which 
these  circumferences  intersect  and  the  vertices  of  the  first  two 
angles  of  the  triangle,  two  arcs  of  great  circles  he  drawn, 
the  triangle  thus  formed  will  have  all  its  parts  equal  to 
those  of  the  given  triangle,  each  to  each. 

Let  ABG  be  the  given  triangle,  GED,  DFG,  the  arcs 
described  about  A  and  B  as  poles ;  then  will  the  triangles- 
ABG,  ABB  have  all  their  parts  equal  each  to  each. 

For,  by  construction,  the  side  AD=AG,  DB—BG,  and 
AB  is  common ;  hence,  these  two  triangles  have  their  sides 
equal,  each  to  each.  We  are  now  to  show,  that  the  angles 
opposite  these  equal  sides  are  also  equal,  each  to  each. 
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If  the  centre  of  the  sphere  is 
at  0,  a  triedral  angle  may  be  con¬ 
ceived  as  formed  at  0  by  the  three 
plane  angles  A  OB,  AOC,  BOG\ 
likewise  another  triedral  angle  may 
be  conceived  as  formed  by  the 
three  plane  angles  AOB,  AOD^ 

BOD.  And,  because  the  sides  of 
the  triangle  ABG  are  equal  to 
those  of  the  triangle  ADB,  the  plane  angles  forming  the 
one  of  these  triedral  angles,  are  equal  to  the  plane  angles 
forming  the  other,  each  to  each  :  hence,  the  planes  are 
equally  inclined  to  each  other  (b.  vi.,  p.  21) ;  and  all  the 
angles  of  the  spherical  triangle  DAB,  are  respectively 
equal  to  those  of  the  triangle  GAB,  namely,  DAB— BAG, 
DBA— ABG,  and  ADB—AGB',  consequently,  the  sides  and 
the  angles  of  the  triangle  ADB,  are  equal  to  the  sides  and 
the  angles  of  the  triangle  AGB,  each  to  each. 

Scholium.  The  equality  of  these  triangles  is  not,  how¬ 
ever,  an  absolute  equality,  or  one  of  superposition  :  for,  it 
would  be  impossible  to  apply  them  to  each  other,  unless 
they  were  isosceles.  The  equality  meant  here  is  Avhat  we 
have  already  named  an  equality  by  symmetry  (b.  vi.,  21,  S.  8) ; 
therefore,  we  shall  call  the  triangles  AGB,  ADB,  symmetri¬ 
cal  triangles. 

PKOPOSITION  VIII.  THEOEEM. 

Two  triangles  on  the  same  sphere,  or  on  equal  spheres,  are 
equal  in  all  their  parts,  ivhen  two  sides  and  the  included 
angle  of  the  one  are  equal  to  two  sides  and  the  included 
angle  of  the  other,  each  to  each. 

Let  ABG,  EFO,  be  two  trian¬ 
gles  having  the  side  AB—EF, 
the  side  AG— EG,  and  the  angle 
BAG—FEG’,  then  will  the  two 
triangles  be  equal  in  all  their 
parts. 

For,  the  triangle  EFG  may  be 
placed  on  the  triangle  ABG,  or  on 
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ABD  symmetrical  with  ABO,  just  as  two  rectilineal  trian¬ 
gles  are  placed  upon  each  other,  when  they  have  an  equal 
angle  included  between  equal  sides.  Hence,  all  the  parts 
of  the  triangle  EFO  are  equal  to  all  the  parts  of  the  tri¬ 
angle  ABC\  that  is,  besides  the  three  parts  equal  by 
hypothesis,  we  have  the  side  BC=FG,  the  angle  ABO— 
FFG,  and  the  angle  ACB=FGF, 


PROPOSITION  IX.  THEOREM. 

Two  triangles  on  the  same  sphere  or  on  equal  spheres,  are  equal 
in  all  their  parts,  lohen  two  angles  and  the  included  side 
of  the  one  are  equal  to  two  angles  and  the  included  side  of 
the  other,  each  to  each. 

For,  one  of  these  triangles,  or  the  triangle  symmetrical 
with  it,  may  be  placed  on  the  other,  as  is  done  in  the 
corresponding  case  of  rectilineal  triangles  (b.  i.,  P.  6). 


.  PROPOSITION  X.  THEOREM. 

Jf  two  triangles  on  the  same  sphere,  or  on  equal  spheres,  have 
all  their  sides  equal,  each  to  each,  their  angles  loill  likewise 
he  equal,  each  to  each,  the  equal  angles  lying  opposite  the 
equal  sides. 

The  truth  of  this  proposition  is  evi¬ 
dent  from  Prop.  VII.,  where  it  was 
shown,  that  with  three  given  sides  AB, 

AC,  BC,  only  two  triangles  ACB,  ABD, 
can  be  constructed,  and  that  these  tri¬ 
angles  will  have  all  their  parts  equal 
each  to  each.  Hence,  the  two  trian¬ 
gles,  having  all  their  sides  respectively 
equal,  must  either  be  absolutely  equal, 
or  symmetrically  equal  j  in  either  of  which  cases,  their  cor¬ 
responding  angles  are  equal,  and  lie  opposite  to  equal 
sides. 
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PROPOSITION  XI.  THEOREM. 


In  every  isosceles  sphefi'ical  triangle^  the  angles  opposite  the  equal 
sides  are  equal ;  and  conversely j  if  two  angles  of  a  spherical 
triangle  are  equa\  the  triangle  is  isosceles. 


First  Suppose  the  side  AB—AG\  we  shall  have  the 
angle  Q—B. 

For,  if  the  are  AD  be  drawn  from 
the  vertex  A  to  the  middle  point  B  of 
the  base,  the  two  triangles  ABD^  ACD, 
will  have  all  the  sides  of  the  one  res¬ 
pectively  equal  to  the  corresponding  sides 
of  the  other,  viz.,  AD  common,  BD—DG^ 
and  AB  =  G  :  hence,  by  the  last  propo¬ 
sition,  their  angles  will  be  equal;  therefore,  B=G. 


C 


Secondly.  Suppose  the  angle  B  =  G  ]  we  shall  have,  the 
side  AG=AB. 

For,  if  not,  let  AB  be  the  greater  of  the  two ;  take 
BO—AG^  and  draw  OG.  Then,  in  the  two  triangles  BOG^ 
BAG^  the  two  sides  BO,  BG,  are  equal  to  the  two  AG,  BG\ 
the  angle  OBG,  contained  by  the  first  two  is  equal  to  AGB 
contained  by  the  second  two.  Hence,  the  two  triangles 
BOG,  AGB,  have  all  their  other  parts  equal  (p.  8) ;  hence, 
the  angle  OGB—ABG\  but,  by  hypotliesis,  the  angle 
AEG = AGE]  hence,  we  have  0GB— AGB,  v/'hich  is  absurd 
(a.  8);  therefore,  an  absurdity  follows  if  we  suppose  AB 
difierent  from  AG',  hence,  the  sides  AB,  AG,  opposite  to 
the  equal  angles  B  and  G,  are  equal. 


Scholiwn.  Since,  the  triangles  BAD,  DAG,  are  equal  in 
all  their  parts  (p.  10),  the  angle  BAD=DAG,  and  BDA= 
ADG\  consequently,  ADB  and  ADG,  are  right  angles: 
hence,  the  arc  drawn  from  the  vertex  of  an  isosceles  spherical 
triangle  to  the  middle  of  the  base,  is  at  right  anghs  to  the  base 
and  bisects  the  vertical  angle. 
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PKOrOSITIOK  XII.  TIIEOEEM. 

In  any  spherical  triangle,  the  greater  side  is  opposite  the  greater 
angle;  and  conversely,  the  greater  angle  is  opposite  the 

greater  side. 

Let  tlie  angle  A  be  greater  than  tbe  angle  B,  then  will 
BO  be  greater  than  AC;  and  conversely,  if  BO  is  greater 
than  AO,  then  will  the  angle  A  be  greater  than  B. 

First.  Suppose  tlie  angle 
A>B]  make  tke  angle  BAD 
= B ;  tken  we  skall  kave 
AB=-DB  (p.  11) ;  kut  AD^- 

Z)  (7  is  greater  than  ^(7;  lienee, 
putting  DB  in  place  of  AD^ 
we  shall  have  DB  +DCyAC,  or  BGyAG. 

Secondly.  If  we  suppose  BG>AG,  the  angle  wik 

be  greater  than  ABG.  For,  if  BAG  were  equal  to  ABC 
we  should  have  BG=AG-,  if  BAG  were  less  than 
we  should  then,  as  lias  just  been  shown,  find  BG <AC. 
Either  of  these  conditions  is  contrary  to  the  supposition: 
hence,  the  angle  BAG  is  greater  than  ABG. 


PKOPOSITION  XIII.  THEOREM. 

If  tioo  triangles  on  the  same  sphere,  or  on  equal  spheres,  are 
mutually  equiangular,  they  are  also  mutually  equilateral. 

Let  A  and  B  be  the  two  given  triangles ;  P  and  Q 
their  polar  triangles. 

Since  the  angles  are  equal,  each  to  each, 
in  the  triangles  A  and  B,  the  sides  are  equal 
each  to  each,  in  their  polar  triangles  P  and  Q 
(p.  6) :  but,  since  the  triangles  P  and  Q  are 
mutually  equilateral,  they  must  also  be  mutu¬ 
ally  equiangular  (P.  10);  and  lastly,  the  an¬ 
gles  being  equal,  each  to  each,  in  the  triangles 
P  and  g,  it  follows  that  the  sides  are  equal 
each  to  each,  in  their  polar  triangles  A  and  B. 
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Hence,  the  mutually  equiangular  triangles  A  and  ^  are  at 
the  same  time,  mutually  equilateral. 

Scholium.  This  proposition  is  not  applicable  to  recti¬ 
lineal  triangles;  in  which  equality  among  the  angles  indi¬ 
cates  only  proportionality  among  the  sides.  Nor  is  it  diffi¬ 
cult  to  account  for  the  difference,  in  this  respect,  between 
spherical  and  rectilineal  triangles.  In  the  proposition  now 
before  us,  as  well  as  in  the  preceding  ones,  which  treat 
of  the  comparison  of  triangles,  it  is  expressly  required  that 
the  arcs  be  traced  on  the  same  sphere,  or  on  equal  spheres. 
Now,  similar  arcs  are  to  each  other  as  their  radii ;  hence, 
on  equal  spheres,  two  triangles  cannot  be  similar  without 
being  equal.  Therefore,  it  is  not  strange  that  equality 
among  the  angles  should  produce  equality  among  the 
sides. 

The  case  would  be  different,  if  the  triangles  were  drawn 
upon  unequal  spheres ;  there,  the  angles  being  equal,  the 
triangles  would  be  similar,  and  the  homologous  sides  wouhl 
be  to  each  other  as  the  radii  of  their  spheres. 

A 

PKOPOSITION  XIV.  THEOREM. 

The  sum  of  all  the  angles fn  any  spherical  triangle,  is  less  than 
six  right  angles  and  greater  than  two. 

/• 

For,  in  the  first  place,  every  angle  of  a  spherical  trian¬ 
gle  is  less  than  two  right  angles:  hence,  the  sum*  of  the 
three  is  less  than  six  right  angles. 

Secondly,  the  measure  of  each  angle  of  a  spherical  trian¬ 
gle  is  equal  to  the  semicircumference  minus  the  correspond¬ 
ing  side  of  the  polar  triangle  (p.  6)  ;  hence,  the  sum  of 
the  three,  is  measured  by  the  three  semicircumferences, 
'minus  the  sum  of  the  sides  of  the  polar  triangle.  Now, 
this  latter  sum  is  less  than  a  circumference  (p.  2,  c.) ;  there¬ 
fore,  taking  it  away  from  three  semicircumferences,  the 
remainder  is  greater  than  one  semicircumference,  which 
is  the  measure  of  two  right  angles;  hence,  the  sum  of  the 
three  angles  of  a  spherical  triangle  is  greater  than  two 
right  angles. 
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Cor,  1.  The  sum  of  the  three  angles  of  a  spherical  tri¬ 
angle  is  not  constant,  like  that  of  the  angles  of  a  recti¬ 
lineal  triangle,  but  varies  between  two  right  angles  and 
six,  without  ever  reaching  either  of  these  limits.  Two 
given  angles  therefore  do  not  serve  to  determine  the  third. 

Cor.  2.  A  spherical  triangle  may  have  two,  or  even 
three  of  its  angles  right  angles ;  also  two,  or  even  three 
of  its  angles  obtuse. 


Cor,  3.  If  the  triangle  ABC  is  U-rectan- 
gular^  in  other  words,  has  two  right  angles 
B  and  (7,  the  vertex  A  is  the  pole  of  the 
base  BC ;  and  the  sides  AB,  A  G,  are  quad¬ 
rants  (p.  3,  c.  2). 

If  the  angle  A  is  also  a  right  angle,  the 
triangle  ABC  is  tri-rectangular ;  each  of  its  angles  is  a  right 
angle,  and  its  sides  are  quadrants.  Two  tri-rectangular  tri¬ 
angles  make  half  a  hemisphere,  four  make  a  hemisphere, 
and  eight  the  entire  surface  of  a  sphere. 


PKOPOSITION  XV.  THEOKEM. 

Tlie  surface  of  a  lune  is  to  the  surface  of  the  sphere,  as  the 
angle  of  the  lune,  to  four  right  angles;  or,  as  the  arc 
which  measures  that  angle,  to  the  circumference. 

Let  AMBN  be  a  lune,  and  NCM  the  angle  included 
between  its  two  great  circles :  then  will  its  surface  be  to  the 
surface  of  the  sphere  as  the  angle  NCM  to  four  right  angles, 
or  as  the  arc  NM  to  the  circumference  of  a  great  circle. 

For,  suppose  the  arc  MJSf  to  be 
to  the  circumference  MNPQ,  as  some 
one  integer  number  to  another,  as 
5  to  48,  for  example.  Divide  the 
circumference  MNPQ,  into  48  equal 
parts,  MN  will  contain  6  of  them  j 
and  if  the  pole  A  were  joined  with 
the  several  points  of  division,  by  as  ^ 

many  quadrants,  we  should  in  the 

hemisphere  AMNPQ,  have  48  triangles,  all  equal,  because 
all  the  corresponding  parts  are  equal.  The  whole  sphere 


A 
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would  contain  96  of  these  triangles,  and  the  lune  AMBNA^ 
10  of  them  ;  hence,  the  lune  is  to  the  sphere  as  10  is  to 
96,  or  as  5  to  48 ;  in  other  words,  as  the  arc  MN  is  to 
the  circumference. 

If  the  arc  MN  is  not  commensurable  with  the  circum¬ 
ference,  it  may  still  be  shown,  that  the  lune  is  to  the 
sphere  as  MN  to  the  circumference  (b.  hi.,  p.  17). 

Cor.  1.  Two  lunes  on  the  same  or  on  equal  spheres, 
are  to  each  other  as  their  respective  angles. 

Cor.  2.  It  was  shown  above,  that  the  whole  surface  of 
the  sphere  is  equal  to  eight  tri-rectangular  triangles  (p.  14, 
C.  3) ;  hence,  if  the  area  of  one  such  triangle  be  represent¬ 
ed  by  Y,  the  surface  of  the  whole  sphere  will  be  express¬ 
ed  by  8Y.  This  granted,  if  the  right  angle  be  assumed 
equal  to  1,  the  surface  of  the  lune  whose  angle  is  A^  will 
be  expressed  by  2AxT.  For, 

4  :  A  :  :  8Y  :  2AxT, 

in  which  expression,  A  represents  such  a  part  of  unity,  as 
the  angle  of  the  lune  is  of  one  right  angle. 

Scholium.  The  spherical  ungula,  bounded  by  the  planes 
AMB^  ANB^  is  to  the  whole  solid  sphere,  as  the  angle  A 
is  to  four  right  angles.  For,  the  lunes  being  equal,  the 
spherical  ungulas  are  also  equal ;  hence,  two  spherical 
ungulas  are  to  each  other,  as  the  angles  formed  by  the 
planes  which  bound  them. 

PEOPOSITION  XVI.  TIIEOKEM. 

Two  symmetrical  sj)Jie7'ical  ii'iangles  are  equivalent. 

Let  ABC^  DEF^  be  two  symmetrical  triangles,  that  is 
to  say,  two  triangles  having  their  sides  AB=DE^  AC~DF^ 
CB—EF^  and  yet  incapable  of  superposition:  we  are  to 
show  that  the  surface  ABC  is  equal  to  the  surface  DEF. 

Let  P  be  the  pole  of  the  small  circle  passing  through 
the  three  points  C  from  this  point  draw  the  equal 

*  The  circle  which  passes  through  the  three  points  A,  C,  or  which  circum- 
Bcrihes  the  triangle  ABC,  can  only  he  a  small  circle  of  the  sphere;  for  if  it  were 
a  great  circle,  the  three  sides,  AB,  BC,  AC,  would  lie  in  one  plane,  and  the  tri¬ 
angle  ABC  would  be  reduced  to  one  of  its  sides. 
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arcs  PA,  PB,  PC  (p.  3);  at  the 
point  F  make  the  angle  DFQ— 

AGP,  the  ViVQ  FQ=CP  \  and  draw 
DQ,  EQ, 

The  sides  IJF,  FQ,  are  equal 
to  the  sides  AC,  CP  \  the  angle 
1)FQ~-ACP  \  hence,  the  two  tri¬ 
angles  DFQ,  AGP,  are  equal  in 
all  their  parts  (p.  8)  ;  consequently,  the  side  DQ—AP, 
and  the  angle  DQF —APG.  ^ 

In  the  triangles  DFE,  ABC,  the  angles  DFE,  ACB, 
opposite  to  the  equal  sides  BE,  AB,  are  equal  (p.  10).  If 
the  angles  BFQ,  AGP,  which  are  equal  by  construction, 
be  taken  away  from  them,  there  will  remain  the  angle 
QEE,  equal  to  PCB.  The  sides  QF,  FE,  are  equal  to  the 
sides  PC,  CB ;  hence,  the  two  triangles  FQE,  CPB,  are 
equal  in  all  their  parts  (p.  8) ;  hence,  the  side  QE—PB^ 
and  the  angle  FQE —CPB, 

Now,. the  triangles  DFQ,  AGP,  which  have  their  sides 
respectively  equal,  are  at  the  same  time  isosceles,  and  capa¬ 
ble  of  coinciding,  when  applied  the  one  to  the  other. 
For,  having  placed  on  its  equal  DF)  the  equal  sides 
will  fall  the  one  on  the  other,  and  thus  the  two  triangles 
will  exactly  coinc’de :  hence,  they  are  equal;  and  the  sur- 
hxce  DQF  =^APG.  For  a  like  reason,  the  surface  FQE  = 
CPB,  and  the  surface  DQE=APB',  hence  we  have, 

DQF-VFQE-DQE^APG-VGPB-APB, 
or,  DFE  ^  ABC] 

hence,  the  two  symmetrical  triangles  ABC,  DEF,  arc  equal 
in  surface. 

Scholium.  The  poles  P  and  Q  might  lie  within  triangles 
ABC,  DEF:  in  which  case  it  would  be  requisite  to  add 
the  three  triangles  DQF,  FQE,  DQE,  together,  in  order  to 
make  up  the  triangle  DEF',  and  in  like  manner,  to  add 
the  three  triangles  APG,  CPB,  APB,  together,  in  order  to 
make  up  the  triangle  ABC:  in  all  other  respects,  the 
demonstration  and  the  result  would  be  the  same. 
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PROPOSITION  XVII.  THEOREM. 

If  till!  circumferences  of  two  great  circles  intersect  each  /Jier  on 
the  surface  of  a  hemisphere,  the  sum  of  the  opposite  trian¬ 
gles  thus  formed,  is  equivalent  to  the  surface  of  a  lune 
icliose  angle  is  equal  to  the  angle  formed  by  the  circles. 

Let  the  circumferences  A  OB,  COD,  intersect  on  the  sur¬ 
face  of  a  hemisphere;  then  will  the  opposite  triangles 
AOC,  BOD,  be  equivalent  to  the  lune  whose  angle  is  BOD. 

For,  produce  the  arcs,0^,  OD,  on 
the  other  hemisphere,  till  they  meet 
in  N.  Now,  since  AOB  and  OBN 
are  semicircumferences,  if  we  take 
away  the  common  part  OB,  we  shall 
have  BN=AO.  For  a  like  reason, 
we  have  DN=GO,  and  BD=AO. 

Hence,  the  two  triangles  AOC,  BDN, 
have  their  three  sides  respectively  equal :  they  are  there¬ 
fore  symmetrical ;  hence,  they  are  equal  in  surface  (p.  16). 
But  the  sum  of  the  triangles  BDN,  BOD,  is  equivalent  to 
the  lune  OBNDO,  whose  angle  is  BOD  :  hence,  AOC  -{-BOD 
IS  equivalent  to  the  lune  whose  angle  is  BOD. 

Scholium.  It  is  likewise  evident,  that  the  two  spherical 
pyramids,  which  have  the  triangles  AOC,  BOD,  for  bases, 
are  together  equivalent  to  the  spherical  ungula  whose  angle 
is  BOD. 

PROPOSITION  XVIII.  THEOREM. 

The  surface  of  a  spherical  triangle  4s  equal  to  the  excess  of  the 
sum  of  its  three  angles  above  two  right  angles,  muUiqolied 
by  the  tri-rectangular  triangle. 

Let  ABC  be  any  spherical  triangle ;  then  will  its  sur- 
“Sace  be  equal  to 

{A^BA-C-2)XT. 

For,  produce  its  sides  till  they  meet  the  great  circle 
DEFG,  drawn  at  pleasure,  without  the  triangle.  By  the 
last  theorem,  the  two  triangles  ADJE,  AGH,  are  together 
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equivalent  to  tile  lune  wliose  angle  is 

and  which  is  measured  by  2AxT 
(p.  15,  c,  2).  Hence,  we  have  ADE  + 

AGH=2Ax7'  \  and,  for  a  like  reason, 

BGFaBW=-2BxT,  and  CIH+CFE 
~2CxT.  But  the  sum  of  these  six 
triangles  exceeds  the  hemispheie  by 
twice  the  triangle  ABC^  and  the  hemisphere  is  represented 
by  4T:  therefore,  twice  the  triangle  ABC\  is  equivalent  to 

2AxT+2BxT+2Cx  T-4.T- 

and,  consequently, 

ABC=o{AAB  +  G-2)xr^, 

hence,  every  spherical  triangle  is  measured  by  the  sum  of 
its  three  angles  minus  two  right  angles,  multiplied  by  the 
tri-rectangular  triangle. 

Scholium  1.  When  we  speak  of  the  spherical  angles^  we 
regard  the  right  angle  as  unity,  and  compare  the  sum  of 
the  three  angles  with  this  standard.  Hence,  however 
many  right  angles  there  may  be  in  the  sum  of  the  three 
angles  minus  two  right  angles,  just  so  many  tri-rectangular 
triangles,  will  the  proposed  triangle  contain.  If  the  angles, 
for  example,  are  each  equal  to  f  of  a  right  angle,  the 
sum  of  the  three  angles  is  equal  to  4  right  angles; 
and  this  sum,  minus  two  right  angles,  is  represented 
•by  4—2,  or  2  ;  therefore,  the  surface  of  the  triangle  is 
eoual  to  two  tri-rectangular  triangles,  or  to  the  fourth 
part  of  the  surface  of  the  entire  sphere. 

Scholium  2.  The  same  proportion  which  exists  between 
the  spherical  triangle  ABC,  and  the  tri-rectangular  triangle, 
exists  also  between  the  spherical  pyramid  which  has  ABC 
for  its  base,  and  the  tri-rectangular  pyramid.  The  triedral 
angle  of  the  pyramid  is  to  the  triedral  angle  of  the  tri- 
rec '.angular  pyramid,  as  the  triangle  ABC  to  the  tri-rectan¬ 
gular  triangle.  From  these  relations,  the  following  conse¬ 
quences  are  deduced. 

First.  Two  triangular  spherical  pyramids  are  to  each 
other  as  their  bases:  and  since  a  polygonal  pyramid  may 
always  be  divided  into  a  certain  number  of  triangular 
pyiamids,  it  follows  that  any  two  spherical  pyramids  are  to 
each  other,  as  the  polj^gons  whicli  form  their  bases. 
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Second.  The  poljedral  angles  at  the  vertices  of  these 
pyramids,  are  also  as  their  bases ;  hence,  for  comparing 
any  two  polyedral  angles,  we  have  merely  to  place  their 
vertices  at  the  centres  of  two  equal  spheres;  the  angles  are 
to  each  other  as  the  spherical  polygons  intercepted  between 
their  faces. 

The  vertical  angle  of  the  tri-rectangular  pyramid  is 
formed  by  three  planes  at  right  angles  to  each  other :  this 
angle,  which  may  be  called  a  right  polyedral  angle^  will 
serve  as  a  very  natural  unit  of  measure  for  all  other  poly¬ 
edral  angles.  If,  for  example,  the  area  of  the  triangle  is 
f  of  the  tri-rectangular  triangle,  the  corresponding  trie 
dral  angle  is  also  f  of  the  right  polyedral  angle. 

PROPOSITION  XIX.  THEOREM. 

The  surface  of  a  spherical  polygon  is  equal  to  the  excess  of  the 
sum  of  all  its  angles^  over  two  right  angles  taken  as  many 
times  as  there  are.  sides  in  the  polygon  less  two^  multiplied 
hy  the  tri-rectangular  triangle. 

Let  ABODE  be  a  spherical  polygon. 

From  one  of  the  vertices  let 
diagonals  AG,  AD^  be  drawn  to  the 
other  vertices ;  the  polygon  ABODE 
will  be  divided  into  as  many  tri¬ 
angles  less  two,  as  it  has  sides. 

Now,  the  surface  of  each  triangle 
is  equal  to  the  sum  of  all  its  angles  less  two  right  angles, 
into  the  tri-rectangular  triangle.  The  sum  of  the  angles 
of  all  the  triangles  is  the  same  as  that  of  all  the  angles  of 
the  polygon;  hence,  the  surface  of  the  polygon  is  equal  to 
the  sum  of  all  its  angles,  diminished  by  twice  as  many 
right  angles  as  it  has  sides  less  two,  into  the  tri-rectangu¬ 
lar  triangle. 

Scholium.  Let  s  be  the  sum  of  all  the  angles  of  a  spheri 
cal  polygon,  n  the  number  of  its  sides,  and  T  the  tri-rect¬ 
angular  triangle ;  the  right  angle  being  taken  as  unity,  the 
surface  of  the  polygon  will  be  equal  to 

L-2  (n-2,))  X  r=(s-2  n+4)  X  T. 
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NOTE  A.— Page  22. 


A  Demonstration  is  a  train  of  logical  arguments 
brought  to  a  conclusion.  The  bases  or  premises  of  a 
demonstration,  are  definitions,  axioms,  propositions  pre¬ 
viously  established,  and  hypotheses.  The  arguments  are 
the  links  which  connect  the  premises,  logically,  with  the 

conclusion  or  ultimate  truth  to  be  proved. 

In  Geometry  we  employ  two  kinds  of  demonstration 
the  Direct,  and  the  Indirect  or  the  method  involving  the 
Eeductio  ad  absurdum. 

These  are  also  called  Positive  and  Negative  Demonstra¬ 
tions.  In  the  direct  method,  the  premises  are  definitions, 
axioms,  and  previous  propositions;  and  by  a  process  of 
logical  argumentation,  the  magnitudes  of  which  something 
is  to  be  proved,  are  shown  to  bear  the  maik  by  which 
that  may  always  be  inferred,  or,  in  dther  words,  aie  shown 
to  fall  under  some  definition,  axiom,  or  proposition,  pre¬ 
viously  laid  down.  The  direct  demonstration  may  be 
divided  into  two  classes: 

1st.  Where  the  argument  depends  on  superposition — 
that  is,  on  the  coincidence  of  magnitudes  when  applied  the 
one  to  the  other:  and 

2dly.  Where  it  depends  on  addition  and  subtraction, 
or  fmmediately  on  principles  previously  laid  down. 

The  indirect  method  rests  on  a  hypothesis.  This  hypo¬ 
thesis  is  combined  in  a  process  of  logical  argumentation, 
with  definitions,  axioms,  and  previous  propositions,  until 
a  conclusion  is  obtained,  which  agrees  or  disagrees  with 
seme  known  truth.  Now,  if  the  conclusion  so  deduced,  is 
excluded  from  the  truths  previously  established,  that  is,  il 
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it  is  opposed  to  any  of  them,  then  it  follows  that  the  hy¬ 
pothesis,  leading  to  a  result  contradictory  to  such  ti'uth, 
must  be  false.  In  the  indirect  demonstration,  therefore,  the 
conclusion  is  compared  with  the  truths  known  antecedently 
to  the  proposition  in  question ;  if  it  disagrees  with  any  of 
them,  the  hypothesis  is  false. 

We  have  examples  of  the  first  class  of  the  direct  demon¬ 
stration  in  the  reasoning  which  establishes  Propositions  V. 
and  VI. — and  of  the  second  class  in  that  which  establivshes 
Propositions  I.  and  lY.  We  have  also  examples  of  the 
indirect  method  in  the  demonstrations  of  Propositions  IL 
and  III. 

It  is  often  supposed,  though  erroneously,  that  the  indi¬ 
rect  demonstration  is  less  conclusive  and  satisfactory  than 
the  direct.  This  impression  is  simply  the  result  of  a  want 
of  proper  analysis.  For  example :  in  the  demonstration 
of  Proposition  IL  we  propose  to  prove  “  that  two  straight 
lines  having  two  points  in  common  coincide  throughout 
their  whole  extent.”  Now,  it  is  evident  that  they  either 
coincide  or  separate.  If  they  separate,  they  must  separate 
at  some  point,  as  G.  But  the  supposition  or  hyjyotliesis  of 
their  separating  at  this  point,  involves  the  conclusion,  that 
a  part  is  equal  to  the  whole,  which  is  contrary  to  Axiom  8, 
and  therefore  untrue:  Hence,  they  do  not  separate,  and 
therefore^  they  coincide.  Similar  remarks  apply  to  all  indi¬ 
rect  demonstrations. 

In  both  kinds  of  demonstrations  the  premises  and  con¬ 
clusion  agree:  that  is,  they  are  both  true  or  both  false, 
the  reasoning  or  argument  in  both  being  supposed  strictly 
logical. 

For  a  more  full  discussion  of  this  subject,  see  Davies’ 
Logic  of  Mathematics. 
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THE  REGULAR  POLYEDRONS. 

A  Regulak  Polyedron  is  one  whose  faces  are  all 
equal  regular  polygons,  and  whose  polyedral  angles  are  all 
equal  to  each  other. 

1.  The  Tetraedron,  or  regular  pyramid^  is  a  solid 
bounded  by  four  equal  equilateral  triangles. 

2.  The  Hexaedron,  or  Oabe^  is  a  solid  bounded  by 
six  equal  squares. 

3.  The  OcTAEDRON,  is  a  solid  bounded  by  eight  equal 
equilateral  triangles. 

4.  The  Dodecaedron,  is  a  solid  bounded  by  twelve 
equal  and  regular  pentagons. 

5.  The  IcosAEDRON  is  a  solid  bounded  by  twenty 
equal  equilateral  triangles. 

First  If  the  faces  are  equilateral  triangles,  polyedrons 
may  be’  constructed  bounded  by  such  triangles  and  will 
have  polyedral  angles  contained  either  by  three  four  or 
five  of  them;  hence  arise  three  regular  polyedral  bodies, 
viz:  the  tetraedron,  the  octaedron,  and  the  icosaedron  and  no 
others  can  be  constructed  with  equilateral  triangles.  Fo^ 
each  angle  of  an  equilateral  triangle  being  equal  to  a  third 
part  of  two  right,  six  such  angles  about  the  vertex  of  a 
polyedral  angle  would  be  equal  to  four  right  angles,  which 

is  impossible  (b.  vi.,  p.  20, 

Secondly.  If  the  faces  are  squares,  their  angles  may  be 
arran<red  by  threes;  hence,  results  the  hexaedron,  or  cute. 
Four  “angles  of  a  square  are  equal  to  four  right  ang  es, 
and  cannot  form  a  polyedral  angle. 

Thirdly.  In  fine,  if  the  faces  are  regular  pentagons, 
their  angles  likewise  may  be  arranged  by  threes :  t  e 
regular  dodecaedron  will  result. 

We  can  proceed  no  farther :  three  angles  of  a  regular 
hexagon  are  equal  to  four  right  angles ;  three  of  a  hepta- 
jjon  are  greater. 
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Ilencc,  there  can  only  be  five  regular  polyeclrons ;  three 
formed  with  equilateral  triangles,  one  with  squares,  and 
one  with  pentagons. 


CONSTRUCTION  OF  THE  TETRAEDRON. 


Let  ABO  be  the  equilateral  triangle  which  is  to  form 
one  face  of  the  tetraedron.  At  the  point  0,  the  centre  of 
this  triangle,  erect  OS  perpendicular  to  the  plane  ABO\ 
terminate  this  perpendicular  in  N,  so  that  AS=AB]  draw 
NA,  SG\  the  pyramid  S-ABC  is  the  tetraedron  required. 

For,  by  reason  of  the  equal  distan¬ 
ces  OA^  OB^  00^  the  oblique  lines  aSA, 

SB^  SC,  cut  off  equal  distances  esti¬ 
mated  from  the  foot  of  the  perpendic¬ 
ular  SO,  and  consequently  are  equal 
(b.  VI.,  P.  5).  One  of  them  SA=AB; 
hence,  the  four  faces  of  the  pyramid 
S-ABO,  are  triangles,  equal  to  the 
given  triangle  ABO.  The  triedral  angles  of  this  pyramid 
are  all  equal,  because  each  of  them  is  bounded  by  three 
equal  plane  angles  (b.  vl,  p.  21,  s.  2);  hence,  this  pyramid 
is  a  regular  tetraedron. 


CONSTRUCTION  OF  THE  HEXAEDRON. 

Let  A  BCD  be  a  given  square.  On  the 
base  ABCD,  construct  a  right  prism  Avhose 
altitude  AE  shall  be  equal  to  the  side 
AB.  The  faces  of  this  prism  will  evident¬ 
ly  be  equal  squares ;  and  its  triedral  an¬ 
gles  all  equal,  each  being  formed  with 
three  equal  faces :  hence,  this  prism  is  a 
regular  hexaedron  or  cube. 

The  following  propositions  can  be  easily  proved. 

1.  Any  regular  polyedron  may  be  divided  into  as  many 
right  pyramids  as  the  ■  polyedron  has  faces  ;  the  common 
vertex  of  these  pyramids  will  be  the  centre  of  the  pblye- 


APPLICATION  OF  ALGEBEA. 


249 


dron;  and  at  the  same  time,  that  of  an  inscribed  and  of 
a  circumscribed  s|,)here. 

2.  The  solidity  of  a  regular  poljedron  is  equal  to  its 
surface  multiplied  by  a  third  part  of  the  radius  of  the 
inscribed  sphere. 

3.  Tv\m  regular  polyedrons  of  the  same  name,  are  two 
similar  solids,  and  their  homologous  dimensions  are  pro¬ 
portional  5  hence,  the  radii  oi  the  inscribed  or  the  circum¬ 
scribed  spheres  are  to  each  other  as  the  edges  of  the  poly¬ 
edrons. 

4.  If  a  regular  polycdron  be  inscribed  in  a  sphere,  the 
planes  drawn  trom  the  centre,  through  the  different  edges, 
will  divide  the  surface  of  the  sphere  into  as  many  spheri¬ 
cal  polygons,  all  equal  and  similar,  as  the  polycdron  has 

fixees. 


APPLICATION  OF  ALGEBRA 

TO  THE 

SOLUTION  OF  GEOMETRICAL  PROBLEMS. 

A  Problem  is  a  question  which  requires  a  solution. 
A  geometrical  problem  is  one,  in  Avhich  certain  parts  of  a 
geometrical  figure  are  given  or  known,  from  Avhich  it  is 
required  to  determine  certain  other  parts. 

When  it  is  proposed  to  solve  a  geometrical  problem  by 
means  of  Algebra,  the  given  parts  are  represented  by  the 
first  letters  of  the  alphabet,  and  the  required  parts  by  the 
final  letters.  The  geometrical  relations  which  subsist  be¬ 
tween  the  knoAvn  and  required  parts  furnish  the  equations 
of  the  problem.  The  solution  of  these  equations,  Avhen  so 
formed,  gives  the  solution  of  the  problem. 

No  general  rule  can  be  given  for  forming  the  equations. 
The  equations  must  be  independent  of  each  other,  and 
their  number  equal  to  that  of  the  unknown  quantities  in¬ 
troduced  (Alg.,  Art.  103).  Experience,  and  a  careful  exami¬ 
nation  of  all  the  conditions,  whether  exjfiicit  or  implicit 
(Alg.,  Art.  94),  will  serve  as  guides  in  stating  the  questions; 
to  which  may  be  added  the  following  general  directions. 
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1st.  Draw  a  figure  wbicli  shall  represent  all  the  given 
parts,  and  all  the  required  parts.  Tlien  draw  such  other 
lines  as  will  enable  us  to  establish  the  necessary  relations 
between  them.  If  an  angle  is  given,  it  is  generally  best  to 
let  fall  a  perpendicular  that  shall  lie  opposite  to  it ;  and 
this  perpendicular,  if  possible,  should  be  drawn  from  tlie 
extremity  of  a  given  side. 

2d.  When  two  lines  or  quantities  are  connected  in  the 
same  way  with  other  parts  of  the  figure  or  |)roblem,  it  is 
in  general,  not  best  to  use  either  of  them  separately ;  but 
to  use  their  sum,  their  difference,  their  product,  their  quo¬ 
tient,  or  perhaps  another  line  of  the  figure  with  which 
they  are  alike  connected. 

3d.  When  the  area,  or  perimeter  of  a  figure,  is  given, 
it  is  sometimes  best  to  assume  another  figure  similar  to  that 
proposed,  having  one  of  its  sides  equal  to  unity,  or  some 
other  known  quantity.  A  comparison  of  the  two  figures 
will  often  give  a  required  part.  We  will  add  the  follow¬ 
ing  problems.* 

PROBLEM  I. 


In  a  right-angled  triangle  BAC,  having  given  the  base  BA^ 
and  the  sum  of  the  hypotheiuise  and  perpendicular,  it  is 
required  to  find  the  hypothenuse  and  perpendicular. 


I 

Put  BA  =  c  =  S,  BC  =  x,  AC  —  y,  and  the  sum  of  the 
hypothenuse  and  perpendicular  equal  to  6*  =  9. 


Then, 

and  (b.  IV.,  P.  11); 
From  1st  equ : 
and 

By  subtracting, 

or, 


cc  +  y  =  5  =  9, 

—  ^2  _p 

x  =  s  —  y, 
a?  =  s^^  ^  2sy  +  y*. 
0  =  5^  —  2sy  —  C-, 
2sy  =  ; 


C 


hence. 

Therefore, 


5^  _ 


X  +  4:=9,  OTX—  5 


AC 
=  BC 


*  Tlie  following  problems  arc  selected  from  Hutton’s  Application  of  Algebra  to 
Geometry ;  and  the  examples  in  Mensuration,  from  bis  treatise  on  that  subject. 
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PKOBLEM  II. 

Iri  a  right-angled  triangle^  having  given  the  hypothenuse^  and 
the  sum  of  the  hose  and  perpendicular^  to  find  these  two 
sides. 


Put  BC  =  a  =  6,  BA  =  X,  AG  y,  and  tLe  sum  of 
the  base  and  perpendicular  —  s  =  7. 

Then, 
and 

From  first 
or, 

Hence, 
or, 

or, 

By  completing  the  square  y"^  —  sy  +  =  \a^  — 

or,  y  ~  ^  V =  4  or  3. 

Hence,  a;  =  ^5  =p  =  3  or  4. 


PEOBLEM  III. 

.Tn  a  rectangle f  having  given  the  diagonal  and  perimeter^  to  find 

the  sides. 


Let  ABCD  be  the  proposed  rectangle. 
Put  AG  =  d  ■=  10^  the  perimeter  =2a  =  28, 
or  AB  -\-BG  =  a  =  14  :  also  put  AB  =  x, 


X  =  \a^  V^d^  —  \a-  =  6  or  8. 


and 
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PROBLEM  IV. 


Having  given  the  base  and  perpendicidar  of  a  triangle^  to  find 

the  side  of  an  inscribed  square. 

Let  ABC  be  the  triangle,  and 
IIEFG  the  inscribed  sqnare.  Put 
AB  =  b,  CD  =  a,  and  HE  or  GH 
:=  X  :  then  Cl  ~  a  —  x. 

We  have  by  similar  triangles 

AB  \  CD  \\  GF  : 

b  :  a  ::  X  :  a  —  X. 

\ 

ab  —  bx  =  aXj 


or, 

lienee, 


or. 


ab 

a  h 


the  side  of  the  inscribed  square ; 


which,  therefore,  depends  only  on  the  base  and  altitude  of 
the  triangle. 


PPvOBLEM  V. 

In  an  equilateral  triangle,  having  given  the  lengths  of  the  three 
perpendiculars  drawn  from  a  point  within^  on  the  three 
sides:  to  determine  the  sides  of  the  triangle. 


Let  ABC  be  an  equilateral  trian¬ 
gle  :  DG,  DE  and  DF  the  given  per 
pendiculars  let  fall  from  D  on  the 
sides.  Draw  DA,  DB,  DC,  to  the 
vertices  of  the  angles,  and  let  fall  the 
perpendicular  CH  on  the  base.  Let 
DO  =  a,  DE  =  b,  and  DF  =  c  \  put 
one  of  the  equal  sides  AB  =  2x ;  hence,  AH  ^  x,  and 
CH  =  ^ AC-  -  AIH  =  V4x-  -a?  =  =  x  VS. 

Now,  since  the  area  of  a  triangle  is  equal  to  half  its 
base  into  the  altitude,  (b.  iv.,  p.  6), 

\AB  X  CII  =  X  X  X  V¥  =  x"  VF  =  triangle  ACB, 

\AB  X  DO  =  X  X  a  =  ax  =  triangle  ADB, 

\BC  X  DE=xXb  =hx  =  triangle  BCD, 

\AC  X  DF=xX  c  =cx  =  triangle  4  C®.  ^ 


c 
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But  the  last  three  triangles  make  up,  and  are  conse- 
qaently  equal  to,  the  first ; 

hence,  V'S  —  ax  hx  cx  x  {a  h  c)  \ 

X  VW  =  a  +  6  +  c : 

a  -{•  h  -]r  c 

Kemark.  Since  the  perpendicular  CII  is  equal  to  xV¥, 
it  is  consequently  equal  a  h  c  :  that  is,  the  perpendic¬ 
ular  let  fall  from  either  angle  of  an  equilateral  triangle  on 
the  opposite  side,  is  equal  to  the  sum  of  the  three  perpen¬ 
diculars  let  fall  from  any  point  within  the  triangle  on  the 
sides  respectively. 

Problem  YI.— In  a  right-angled  triangle,  having  given 
the  base  and  the  difference  between  the  hypothenuse  and 
perpendicular,  to  find  the  sides. 

Problem  YII. — In  a  right-angled  triangle,  having  given 
the  hypothenuse,  and  the  difference  between  the  base  and 
perpendicular,  to  determine  the  triangle. 

Problem  YIII.— Having  given  the  area  of  a  rectangle 
inscribed  in  a  given  triangle;  to  determine  the  sides  of 
the  rectangle. 

Problem  IX.— In  a  triangle,  having  given  the  ratio  of 
the  two  sides,  together  with  both  the  segments  of  the  base 
made  by  a  perpendicular  from  the  vertical  angle;  to  de¬ 
termine  the  triangle. 

Problem  X.— In  a  triangle,  having  given  the  base,  the 
sum  of  the  two  other  sides,  and  the  length  of  a  line 
drawn  from  the  vertical  angle  to  the  middle  of  the  base ; 
tc  find  the  sides  of  the  triangle. 

Problem  XI.— In  a  triangle,  having  given  the  two 
Bides  about  the  vertical  angle,  together  with  the  line  bisect¬ 
ing  that  angle  and  terminating  in  the  basp  •  to  find  the 
base. 

Problem  XIL— To  determine  a  right-angled  triangle, 
having  given  the  lengths  of  two  lines  drawn  from  the 
acute  angles  to  the  middle  of  the  opposite  sides. 


or, 

therefore. 
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Problem  XIIL— To  determine  a  right-angled  triangle, 
having  given  the  perimeter  and  the  radius  of  the  inscribed 
circle. 

Pkoblem  XIY.— To  determine  a  triangle,  having  given 
the  base,  the  perpendicular,  and  the  ratio  of  the  two  sides. 

Problem  XY.— To  determine  a  right-angled  triangle, 
having  given,  the  hypothenuse,  and  the  side  of  the  inscribed 

square. 

Problem  XYI.— To  determine  the  radii  of  three  equal 
circles,  described  within  and  tangent  to,  a  given  circle,  and 
also  tangent  to  each  other. 

Problem  XYII.— In  a  right-angle  triangle,  having  given 
the  perimeter  and  the  perpendicular  let  fall  from  the  right 
angle  on  the  hypothenuse,  to  determine  the  triangle. 

Problem  XYIII.— To  determine  a  right-angled  triangle, 
having  given  the  hypothenuse  and  the  difference  of  two 
lines  drawn  from  the  two  acute  angles  to  the  centre  of  the 
inscribed  circle. 

Problem  XIX. — To  determine  a  triangle,  having  given 
the  base,  the  perpendicular,  and  the  difference  of  the  two 
other  sides. 

Problem  XX.— To  determine  a  triangle,  having  given 
the  base,  the  perpendicular,  and  the  rectangle  of  the  two 
sides. 

Problem  XXI.— To  determine  a  triangle,  having  given 
the  lengths  of  three  lines  drawn  from  the  three  angles  to 
the  middle  of  the  opposite  sides. 

Problem  XXII. — In  a  triangle,  having  given  the  three 
sides,  to  find  the  radius  of  the  inscribed  circle. 

Problem  XXIII. — To  determine  a  right-angled  triangle, 
having  given  the  side  of  the  inscribed  square,  and  the 
radius  of  the  inscribed  circle. 

Problem  XXIY.— To  determine  a  right-angled  triangle, 
having  given  the  hypothenuse  and  radius  of  the  insciibed 
circle. 

Problem  XXY. — To  determine  a  triangle,  having  given 
the  base,  the  line  bisecting  the  vertical  angle,  and  the  diam 
eter  of  the  circumscribing  circle. 


INTKODUCTION. 

OF  LOGARITHMS. 

1.  The  logarithm  of  a  number  is  the  exponent  of  the  power 
to  which  it  is  necessary  to  raise  a  fixed  number^  in  order  to 
produce  the  first  number. 

This  fixed  number  is  called  the  base  of  the  system,  and 
may  be  any  number  except  1 :  in  the  common  system,  10 
is  assumed  as  the  base. 

2.  If  we  form  those  powers  of  10,  which  are  denoted 
by  entire  exponents,  we  shall  have 

10®=  1  10^  =  10,  10''^  =  1000 

=  100,  10^  =  10000,  &c.,  &c.. 

From  the  above  table,  it  is  plain,  that  0,  1,  2,  3,  4,  &c., 
are  respectively  the  logarithms  of  1,  10,  100,  1000,  10000, 
&c. ;  we  also  see,  that  the  logarithm  of  any  number  be¬ 
tween  1  and  10,  is  greater  than  0  and  less  than  1 1  thus, 

log  2  =  0.301030. 

The  logarithm  of  any  number  greater  than  10,  and  less 
than  100,  is  greater  than  1  and  less  than  2 :  thus, 

log  60  =  1.698970.  ^ 

The  logarithm  of  any  number  greater  than  100,  and 
less  than  1000,  is  greater  than  2  and  less  than  3 :  thus, 

log  126  =  2.100371,  &c. 
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If  tlie  above  principles  be  extended  to  other  numbers, 
it  will  appear,  that  the  logarithm  of  any  number,  not  an 
exact  power  of  ten,  is  made  up  of  two  parts,  an  entire  and 
a  decimal  part.  The  entire  part  is  called  the  characteristic 
of  the  logarithm^  and  is  always  one  less  than  the  number  of 
places  of  figures  in  the  given  number. 

3.  The  principal  use.  of  logarithms,  is  to  abridge  nu¬ 
merical  computations. 

Let  M  denote  any  number,  and  let  its  logarithm  be 
denoted  by  m;  also  let  N  denote  a  second  number  whose 
logarithm  is  n;  then,  from  the  definition,  we  shall  have, 

10'"  =  i/  (1)  10"  =  A  (2). 

Multiplying  equations  (1)  and  (2),  member  by  member, 
we  have, 

10m+ n  —  _p  n=log  (IT X  A) ;  hence. 

The  sum  of  the  logarithms  of  any  two  numbers  is  equal  to 
idle  logarithm  of  their  q^'^oduct. 

4.  Dividing  equation  (1)  by  equation  (2),'  member  by 
member,  we  have, 

_  M  M  ^ 

lO'"  "  =  ^  or,  m  —  n  =  log  ^ :  hence, 

The  logarithm  of  the  quotient  of  two  numbers,  is  equal  to 
the  logarithm  of  the  dividend  diminished  by  the  logarithm  of 
the  divisor. 

5.  Since  the  logarithm  of  10  is  1,  the  logarithm  of  the 
product  of  any  number  by  10,  loill  be  greater  by  1  than  the 
logarithm  of  that  number ;  also,  the  logarithm  of  the  quotient 
of  any  number  divided  by  10,  will  be  less  by  1  than  the 
logarithm  of  that  number. 

Similarly,  it  may  be  shown  that  if  any  number  be  mul¬ 
tiplied  by  one  hundred,  the  logarithm  of  the  product  will 
be  greater  by  2  than  the  logarithm  of  that  number ;  and 
if  any  number  be  divided  by  one  hundred,  the  logarithm 
of  the  quotient  will  be  less  by  2  than  the  logarithm  of 
that  number,  and  so  on. 
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EXAMPLES. 

log  827 

is  2.514548 

log  32.7 

“  1.514548 

log  3.27 

“  0.514548 

log  .327 

“  1.514548 

log  .0327 

“  i514548 

From  tlie  above  examples,  we  see,  tbat  in  a  number 
composed  of  an  entire  and  decimal  part,  we  may  change 
the  place  of  the  decimal  point  without  changing  the  deci¬ 
mal  part  of  the  logarithm ;  but  the  characteristic  is  dimin¬ 
ished  hy  1  for  every  place  that  the  decimal  point  is  removed  to 
the  left 

In  the  logarithm  of  a  decimal,  the  characteristic  becomes 
negative,  and  is  numerically  1  greater  than  ihe  number  of 
ciphers  immediately  after  the  decimal  point.  The  negative 
sign  extends  only  to  the  characteristic,  and  is  written  over 
it,  as  in  the  examples  given  above. 

TABLE  OF  LOGAKITHMS. 

6.  A  table  of  logarithms,  is  a  table  in  which  are  writ¬ 
ten  the  logarithms  of  all  numbers  between  1  and  some 
given  number.  The  logarithms  of  all  numbers  between  1 
and  10,000  are  given  in  the  annexed  table.  Since  rules 
have  been  given  for  determining  the  characteristics  of 
logarithms  by  simple  inspection,  it  has  not  been  deemed 
necessary  to  write  them  in  the  table,  the  decimal  part 
only  being  given.  The  characteristic,  however,  is  given 
for  all  numbers  less  than  100. 

The  left  hand  column  of  each  page  of  the  table,  is  the 
column  of  numbers,  and  is  designated  by  the  letter  IST ; 
the  logarithms  of  these  numbers  are  placed  opposite  them 
on  the  same  horizontal  line.  The  last  column  on  each 
page,  headed  D,  shows  the  difference  between  the  loga¬ 
rithms  of  two  consecutive  numbers.  This  difference  is 
found  by  subtracting  the  logarithm  under  the  column 
headed  4,  from  the  one  in  the  column  headed  5  in  the 
same  horizontal  line,  and  is  nearly  a  mean  of  the  differ¬ 
ences  of  any  two  consecutive  logarithms  on  this  line. 

17 
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To  find^  from  the  tahle^  the  logarithm  of  any  number, 

7.  If  the  number  is  less  than  100,  look  on  the  first  page 
of  the  table,  in  the  column  of  numbers  under  N,  until  the 
number  is  found :  the  number  opposite  is  the  logarithm 

ought :  Thus, 

log  9  =  0.954243. 

When  the  number  is  greater  than  100  and  less  than  10000. 

8.  Find  in  the  column  of  numbers,  the  first  three  figures 
of  the  given  number.  Then  pass  across  the  page  along  a 
horizontal  line  until  you  come  into  the  column  under  the 
fourth  figure  of  the  given  number :  at  this  place,  there  are 
four  figures  of  the  required  logarithm,  to  which,  two  figures 
taken  from  the  column  marked  0,  are  to  be  prefixed. 

If  the  four  figures  already  found  stand  opposite  a  row 
of  six  figures  in  the  column  marked  0,  the  two  left  hand 
figures  of  the  six,  are  the  two  to  be  prefixed ;  but  if  they 
stand  opposite  a  row  of  only  four  figures,  you  ascend  the 
column  till  you  find  a  row  of  six  figures ;  the  two  left 
hand  figures  of  this  row  are  the  two  to  be  prefixed.  If. 
you  prefix  to  the  decimal  part  thus  found,  the  character¬ 
istic,  you  will  have  the  logarithm  sought:  Thus, 

log  8979  =  3.953228 
log  .08979  =  2.953228 

If,  however,  in  passing  back  from  the  four  figures  found, 
to  the  0  column,  any  dots  be  met  with,  the  two  figures 
to  be  prefixed  must  be  taken  from  the  horizontal  line  di¬ 
rectly  below :  Thus, 

log  3098  =  3.491081 
log  30.98  =  1.491081 

If  the  logarithm  falls  at  a  place  where  the  dots  occur, 
0  must  be  written  for  each  dot,  and  the  two  figures  to  be 
prefixed  are,  as  before,  taken  from  the  line  below:  Thus, 

log  2188  =  8.340047 
log  .2188  =  1.340047 
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When  the  number  exceeds  10,000. 

9.  The  characteristic  is  determined  by  the  rules  already 
given.  To  find  the  decimal  part  of  the  logarithm :  place 
a  decimal  point  after  the  fourth  figure  from  the  left 
hand,  converting  the  given  number  into  a  whole  number 
and  decimal.  Find  the  logarithm  of  the  entire  part  bj  the 
rule  just  given,  then  take  from  the  right  hand  column  of 
the  page,  under  D,  the  number  on  the  same  horizontal 
line  with  the  logarithm,  and  multiply  it  by  the  decimal 
part ;  add  the  product  thus  obtained  to  the  logarithm  al¬ 
ready  found,  and  the  sum  will  be  the  logarithm  sought. 

If,  in  multiplying  the  number  taken  from  the  column 
D,  the  decimal  part  of  the  product  exceeds  .6,  let  1  be 
added  to  the  entire  part;  if  it  is  less  than  .5,  the  decimal 
part  of  the  product  is  neglected.  ^ 

EXAMPLE. 

1.  To  find  the  logarithm  of  the  number  672887. 

The  characteristic  is  5. ;  placing  a  decimal  point  after 
the  fourth  figure  from  the  left,  we  have  6728.87.  The 
decimal  part  of  the  log  6728  is  .827886,  and  the  corres¬ 
ponding  number  in  the  column  D  is  65;  then  65x.87= 
56.55,  and  since  the  decimal  part  exceeds  .5,  we  have  57 
to  be  added  to  .827886,  which  gives  .827943. 

Hence,  log  672887  =  5.827943  .  . 

Similarly,  log  .0672887  =  2.827943 

The  last  rule  has  been  deduced  under  the  supposition 
that  the  difference  of  the  numbers  is  proportional  to  the 
difference  of  their  logarithms,  which  is  sufficiently  exact 
within  the  narrow  limits  considered. 

In  the  above  example,  65  is  the  difference  between  the 
logarithm  of  672900  and'  the  logarithm  of  672800,  that  is, 
it  is  the  difierence  between  the  logarithms  of  two  numbers 
which  differ  by  100. 

We  have  then  the  proportion 

100  :  87  :  :  65  ;  56.55, 

hence,  56.55  is  the  number  to  be  added  to  the  logarithin 
before  found. 
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To  find  from  the  table  the  number  corresponding  to  a  given 

logarithm. 

10.  Search  in  the  columns  of  logarithms  for  the  decimal 
part  of  the  given  logarithm :  if  it  cannot  be  found  in  the 
table,  take  out  the  number  corresponding  to  the’  next  less 
logarithm  and  set  it  aside.  Subtract  this  less  logarithm 
from  the  given  logarithm,  and  annex  to  the  remainder  as 
many  zeros  as  may  be  necessary,  and  divide  this  result  by 
the  corresponding  number  taken  from  the  column  marked 
D,  continuing  the  division  as  long  as  desirable :  annex  the 
quotient  to  the  number  set  aside.  Point  off,  from  the  left 
hand,  as  many  integer  figures  as  there  are  units  in  the 
characteristic  of  the  given  logarithm  increased  by  1 ;  the 
result  is  the  required  number. 

If  the  characteristic  is  negative,  the  number  will  be 
entirely  decimal,  and  the  number  of  zeros  to  be  placed  at 
the  left  of  the  number  found  from  the  table,  will  be  equal  to 
the  number  of  units  in  the  characteristic  diminished  by  1. 

This  rule,  like  its  converse,  is  founded  on  the  supposi¬ 
tion  that  the  difference  of  the  logarithms  is  proportional 
to  the  difference  of  their  numbers  within  narrow  limits. 

EXAMPLE. 

1.  Find  the  number  corresponding  to  the  logarithm 
a.233568. 

The  decimal  part  of  the  given  logarithm  is  .233568 

The  next  less  logarithm  of  the  table  is  .233504, 

and  its  corresponding  number  1712.  - 

Their  difference  is  -  •  -  -  64 

Tabular  difference  253)6400000(25 

Hence,  the  number  sought  1712.25. 

The  number  corresponding  to  the  logarithm  3.233568 
is  .00171225. 

2.  What  is  the  number  corresponding  to  the  logarithm 

1785407  ?  .06101084. 

3.  What  is  the  number  corresponding  to  the  logarithm 

1.846741  ?  .702653. 
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MULTIPLICATION  BY  LOGARITHMS. 

11.  it  is  required  to  multiply  numbers  by  means 

of  tlieir  logarithms,  we  first  find  from  the  table  the  loga¬ 
rithms  of  the  numbers  to  be  multiplied ;  we  next  add 
these  logarithms  together,  and  their  sum  is  the  logarithm 
of  the  product  of  the  numbers  (Art.  3). 

The  term  sum  is  to  be  understood  in  its  algebraic 
sense ;  therefore,  if  any  of  the  logarithms  have  negative 
characteristics,  the  difference  between  their  sum  and  that 
of  the  positive  characteristics,  is  to  be  taken  j  the  sign  of 
the  remainder  is  that  of  the  greater  sum. 

EXAMPLES. 

1.  Multiply  23.14  by  5.062. 

log  23.14  =  1.364363 
log  5.062  =  0.704322 

Product,  117.1347  .  .  .  '2.068685 

2.  Multiply  3.902,  697.16,  and  0.0314728  togetier. 

log  3.902  =  0.591287 
log  697.16  =  2.776091 
log  0.0814728  =  2.497936 

Product,  73.3354  ....  1.865314 

Here,  the  2  cancels  the  +  2,  and  the  1  carried  from 
the  decimal  part  is  set  down. 

3.  Multiply  3.586,  2.1046,  0.8372,  and  0.0294  together. 

log  8.686  =  0.554610 
log  2.1046  =  0.328170 
log  0.8372  =  1.922829 
log  0.0294  =  2.468347 

Product,  0.1867615  .  .  1.268956 

In  this  example  the  2,  carried  from  the  decimal  parl^ 
cancels  2,  and  there  remains  1  to  be  set  down. 
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DIVISIOTT  OF  NUMBERS  BY  LOGARITHMS. 

12.  When  it  is  required  to  divide  numbers  by  means 
of  their  logarithms,  we  have  only  to  recollect,  that  the 
subtraction  of  logarithms  corresponds  to  the  division  of 
their  numbers  (Art.  4).  Hence,  if  we  find  the  logarithm 
of  the  dividend,  and  from  it  subtract  the  logarithm  of  the 
divisor,  the  remainder  will  be  the  logarithm  of  the  quotient 

This  additional  caution  may  be  added.  The  difference 
of  the  logarithms,,  as  here  used,  means  the  algebraic  differ¬ 
ence ;  so  that,  if  the  logarithm  of  the  divisor  have  a  nega¬ 
tive  characteristic,  its  sign  must  be  changed  to  positive, 
after  diminishing  it  by  the  unit,  if  any,  carried  in  the  sub¬ 
traction  from  the  decimal  part  of  the  logarithm.  Or,  if 
the  characteristic  of  the  logarithm  of  the  dividend  is  nega¬ 
tive,  it  must  be  treated  as  a  negative  number. 

EXAMPLES.  '  .  . 

1.  To  divide  24163  by  4567. 

log  24163  =  4.383151 
log  4567  =  3.659631 

Quotient,  5.29078  .  .  0.723520 


2.  To  divide  0.06314  by  .007241. 

log  0.06314  =  2.800305 
log  0.007241  =  3.859799 

Quotient,  8.7198  .  .  0.940506 


Here,  1  carried  from  the  decimal  part  to  the  3,  changes 
it  to  2,  vdiich  being  taken  from  2,  leaves  0  for  the  cha¬ 
racteristic. 

3.  To  divide  37.149  by  523.76. 

log  37.149  =  1.569947 
log  523.76  =  2.719133 

Quotient,  0.0709274  .  ^850814 
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4.  To  divide  0.7438  by  12.9476. 

log  0.7438  =  1.871456 
log  12.9476  =  1.112189 

Quotient,  0.057447  .  .  2.759267 

Ilere,  the  1  taken  •from  1,  gives  %  for  a  result,  as  set  , 
down. 

AlUTHMETIOAL  COMPLEMENT. 

13.  The  Arithmetical  complement  of  a  logarithm  is^  the 
number  which  remains  after  subtracting  the  logarithm 

from  10. 

10  —  9.27 4687  =  0.725313. 

Hence,  0.725313  is  the  arithmetical  complement 

of  9.274687. 

14.  We  will  now  show  that,  the  difference  hetiveen  two 
logarithms  is  truly  founds  hy  adding  to  the  first  logarithm  the 
arithmeticcd  complement  of  the  logarithm  to  he  subtracted^  and 
then  diminishing  the  sum  hy  10. 

Let  a  =  the  first  logarithm, 

h  =  the  logarithm  to  be  subtracted, 
c=10— &  =  the  arithmetical  complement  of  o. 

Now  the  difference  between  the  two  logarithms  will  be 
expressed  by  a  —  h. 

But,  from  the  equation  c  =  10  —  we  have 

c-10=-^>, 

hence,  if  we  place  for  -  h  its  value,  Ave  shall  have 

a  — i  =  a  +  c— 10, 

which  agrees  with  the  enunciation. 

When  we  wish  the  arithmetical  complement  of  a  loga¬ 
rithm,  we  may  write  it  directly  from  the  table,  hy  subtract¬ 
ing  tile  left  hand  figure  from  9,  then  proceeding  to  the  rights 
subtract  each  figure  from  ^  till  loe  reach  the  last  ■  figure,  which 
must  he  ialcen  from  10  :  this  will  be  the  same  as  taking  the 

logarithm  from  10. 
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EXAMPLES. 

1.  From  3.274107  take  2.104729. 

By  common  method.  By  arith.  comp, 

8.274107  8.274107 

2.104729  its  ar.  comp.  7.895271 

Liff.  1.169878  Sum  1.169878  after  sub¬ 

tracting  10. 

Hence,  to  perform  division  by  means  of  tbe  arithmetical 
complement,  we  have  the  following 

RULE. 

To  the  logarithm  of  the  dividend  add  the  arithmetical  com^ 
plement  of  the '  logarithm  of  the  divisor :  the  sum,  after  sub- 
tractmg  10,  will  he  the  logarithm  of  the  quotient. 

EXAMPLES. 

1.  Divide  827.5  by  22.07. 

log  827.5  .  2.515211 

log  22.07  ar.  comp.  8.656198 

Quotient,  14.889  .  .  .  1.171409 


2.  Divide  0.7488  by  12.9476. 

log  0.7438  ....  1.871456 
log  12.9476  ar.  comp.  8.887811 

Quotient,  0.057447  .  .  .  ^759267 


In  this  example,  the  sum  of  the  characteristics  is  8, 
from  which,  taking  10,  the  remainder  is  2. 

8.  Divide  37.149  by  523.76. 

log*  37.149  ....  1.569947 
log  523.76  ar.  comp.  7.280867 

Quotient,  0.0709273  .  .  2.850814 


Divide  0.875  by  25. 


Ans.  0.035. 
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FINDING  THE  POWERS  AND  ROOTS  OF  NUMBERS  BY  LOGARITHMS. 

15.  We  have  (Art.  3), 

10™  =  M. 

'  Eaising  both  members  of  this  equation  to  the  nth  power, 
we  have, 

in  which  m  X  n  is  the  logarithm  of  i/”  (Art.  1)  :  hence, 
The  logarithm  of  any  power  of  a  given  number  is  equal  to 
the  logarithm  of  the  number  multiplied  by  the  exponent  of  the 
power, 

16.  Taking  the  same  equation, 

io™  =  ii; 

;  and  extracting  the  ?ith  root  of  both  members,  we  have 

m  \ 

\  10^^ 

1 

I  which  -  is  the  logarithm  of  i/"  :  that  is, 

^  The  logarithm  of  the  root  of  a  given  number  is  equal  to  the 
^logarithm  of  the  number  divided  by  the  index  of  the  root, 

EXAMPLES. 

1.  What  is  the  5th  power  of  9  ? 

Log  9  ==  0.954243  ;  0.954243  X  5  =  4.771215 ; 
whole  number  answering  to  4.771215  is  59049. 

2.  What  is  the  7th  power  of  8  ?  Ans,  2097152 

3.  What  is  the  cube  root  of  4096  ? 

Locr  4096  =  3.612360  ;  3.612360  3  =  1.204120 ; 

i  number  answering  to  1.204120  is  16. 

:  4.  What  is  the  4th  root  of  .00000081  ? 

I  *  Log  .00000081  =  7.908485; 

:  But  '  7.908485  8  +  1.908485 ; 

I  and’  8  +  1.908485  4  =  2.477121, 

,  the  number  answering  to  which  is  .03,  which  is  the  rcv^* 
i  When  the  characteristic  of  the  logarithm  is  negative^  and  n^i 

i  divisible  by  the  index  of  the  root,  add  to  it  such  a  negative  number 
as  will  malce  the  sum  ,  exactly  divisible  by  the  index,  and 
prefio:  the  same  number  to  the  first  decimcd  figure  of  the  logarithm, 

5.  What  is  the  6th  root  of  .0432  ?  Ans,  .592353  +. 

6.  What  is  the  7th  root  of  .0004967?  Ans,  .3372969, 
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GEOMETRICAL  CONSTRUCTIONS. 

( 

17.  Before  explaining  tlie  metliod  of  constructing  geo¬ 
metrical  problems,  we  shall  describe  some  of  the  simpler 
instruments  and  their  uses. 


•  DIVIDERS. 


18.  The  dividers  is  the  most  simple  and  useful  of  the 
instruments  used  for  drawing.  It  consists  of  two  legs  6a, 
6c,  which  may  be  easily  turned  around  a  joint  at  6. 

One  of  the  principal  uses  of  this  instrument  is  to  lay 
off  on  a  line,  a  distance  equal  to  a  given  line. 

For  example,  to  lay  off  on  CD  a  distance  equal  to  AB, 
For  this  purpose,  place  the  forefin¬ 
ger  on  the  joint  of  the  dividers,  and  - i]g 

set  one  foot  at  A:  then  extend,  with 

the  thumb  and  other  fingers,  the  ^ - 

other  leg  of  the  dividers,  until  its  foot  reaches  the  point 
B.  Then  raise  the  dividers,  place  one  foot  at  CJ  and 
mark  with  the  other  the  distance  GB :  this  will  evidently 
be  equal  to  AB. 


RULER  AND  TRIANGLE. 


19.  A  Euler  of  convenient  size,  is  about  twenty  inches 
in  length,  two  inches  wide,  and  a  fifth  of  an  inch  in  thick- 
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ness.  It  should  be  made  of  a  bard  material,  perfectly 
straight  and  smooth. 

The  hypothenuse  of  the  right-angled  triangle,  which  is 
used  in  connection  with  it,  should  be  about  ten  inches  in 
length,  and  it  is  most  convenient  to  have  one^of  the  sides 
considerably  longer  than  the  other.  We  can  solve,  with 
the  ruler  and  triangle,  the  two  following  problems. 


I.  To  draw  tlirougli  a  given  point  a  line  which  shall  he  paral¬ 
lel  to  a  given  line. 

20.  Let  G  be  the  given  point,  and  AB  the  given  line. 

Place  the  hypothenuse  of  the  tri-  C 

angle  against  the  edge  of  the  ruler,  ^ 

and  then  place  the  ruler  and  triangle  _ , 

on  the  paper,  so  that  one  of  the  ^  ^ 

sides  of  the  triangle  shall  coincide  exactly  with  AB:  the 
triangle  being  below  the  line. 

Then  placing  the  thumb  and  fingers  of  the  left  hand 
firmly  on  the  ruler,  slide  the  triangle  with  the  other  hand 
along  the  ruler  until  the  side  which  coincided  with  AB 
reaches  the  point  0.  Leaving  the  thumb  of  the  left  hand 
on  the  ruler,  extend  the  fingers  upon  the  triangle  and  hold 
it  firmly,  and  ‘with  the  right  hand,  mark  with  a  pen  or 
pencil,  a  line  through  G :  this  line  will  be  parallel  to  AB. 


II.  To  draw  through  a  given  point  a  line  vjhich  shall  he  per¬ 
pendicular  to  a  given  line. 

21.  Let  AB  be  the  given  line,  and  D  the  given  point. 

Place  the  hypothenuse  of  the  tri¬ 
angle  against  the  edge  of  the  ruler,  as 

before.  Then  place  the  ruler  and  _ _ 

triangle  so  that  one  of  the  sides  of  ^  ^  ^ 

the  triangle  shall  coincide  exactly  with  the  line  AB. 
Then  slide  the  triangle  along  the  ruler  until  the  other 
side  reaches  the  point  D:  draw  through  D  a  right  line, 
and  it  will  be  perpendicular  to  AB. 
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SCALE  OF  EQUAL  PAKTS. 
h 

22.  A  scale  of  equal  parts  is  formed  by  dividing  a  line 
of  a  given  length  into  equal  portions'. 

If,  for  example,  tlie  line  ab  of  a  given  length,  say  one 
inch,  be  divided  into  any  number  of  equal  parts,  as  10, 
the  scale  thus  formed,  is  called  a  scale  of  ten  parts  to  the 
inch.  The  line  ah^  which  is  divided,  is  called  the  unit  of 
the  scale.  This  unit  is  laid  off  several  times  on  the  left 
of  the  divided  line,  and  the  points  marked  1,  2,  3,  &c. 

The  unit  of  scales  of  equal  parts,  is,  in  general,  either 
an  inch,  or  an  exact  part  of  an  inch.  If,  for  example,  a6, 
the  unit  of  the  scale,  were  half  an  inch,  the  scale  would 
be  one  of  10  parts  to  half  an  inch,  or  of  20  parts  to  the 
inch. 

If  it  were  required  to  take  from  the  scale  a  line  equal 
to  two  inches  and  six -tenths,  place  one  foot  of  the  dividers 
at  2  on  the  left,  and  extend  the  other  to  .6,  which  marks 
the  sixth  of  the  small  divisions :  the  dividers  will  then 
embrace  the  required  distance. 

DIAGONAL  SCALE  OF  EQUAL  PARTS. 


cl  cF  _  ly 
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23.  This  scale  is  thus  constructed.  Take  ah  for  the 
unit  of  the  scale,  which  may  be  one  inch,  }  or  J  of  an 
inch,  in  length.  On  ah  describe  the  square  ahcd.  Divide 
the  sides  ah  and  dc  each  into  ten  equal  parts.  Draw  af 
and  the  other  nine  parallels  as  in  the  figure. 

Produce  ha  to  the  left,  and  lay  off  the  unit  of  the 
scale  any  convenient  number  of  times,  and  mark  the  points 


I  .1  .z  .s.4,.5  .G  .7  .8  .0  IQ 

-i  - -  '  ~i  I  I  '  'I  i  ■  ■  ‘  'J. 
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12  3  &c.  Tlitjri,  divide  tlie  liiie  ad  into  ten  ec^nnl  parts, 
and’  tlirougli  the  ,  points  of  division  draw  parallels  to  ah,  as 
in  the  figure. 

Now,  the  small  divisions  of  the  line  ab  are  each  one- 
tenth  (.1)  of  ah;  they  are  therefore  .1  of  ad,  or  .1  of  ag 

or  gh. 

If  we  consider  the  triangle  adf,  we  see  that  the  base  df 
is  one-tenth  of  ad,  the  unit  of  the  scale.  Since  the  distance 
from  a  to  the  first  horizontal  line  above  ab,  is  one-tenth  of 
the  distance  ad,  it  follows  that  the  distance  measured  on  that 
line  between  ad  and  af  is  one-tenth  of  df:  but  since  one-tenth 
of  a  tenth  is  a  hundredth,  it  follows  that  this  distance  is 
one  hundredth  (.01)  of  the  unit  of  the  scale.  A  like  dis¬ 
tance  measured  on  the  second  line  will  be  two  hundredths 
(.02)  of  the  unit  of  the  scale ;  on  the  third,  .03  ;  on  the 

fourth,  .04,  (fee.  ^  _  1  •  /? 

If  it  were  required  to  take,  in  the  dividers,  the  unit  oi 

the  scale,  and  any  number  of  tenths,  place  one  foot  of  the 
dividers  at  1,  and  extend  the  other  to  that  figure  between 
a  and  b  which  designates  the  tenths.  ^  If  two  or  more 
units  are  required,  the  dividers  must  be  placed  on  a  point 

of  division  further  to  the  left. 

When  units,  tenths,  and  hundredths,  are  required,  place 

one  foot  of  the  dividers  where  the  vertical  line  through 
the  point  which  designates  the  units,  intersects  the  ^  line 
which  designates  the  hundredths ;  then,  extend  the  dividers 
to  that  line  between  ad,  and  be  which  designates  the  tenths . 
the  distance  so  determined  will  be  the  one  required. 

For  example,  to  take  off  the  distance  2.34,  we  place 
one  foot  of  the  dividers  at  I,  and  extend  the  other  to  e 
and  to  take  off  the  distance  2.58,  we  place  one  foot  of  the 
dividers  at  p  and  extend  the  other  to  g. 

Eemark  I.  If  a  line  is  so  long  that  the  whole  of  it 
cannot  be  taken  from  the  scale,  it  must  be  divided,  and 
the  parts  of  it  taken  from  the  scale  in  succession. 

Kemark  II.  If  a  line  be  given  upon  the  paper,  its 
length  can  be  found  by  taking  it  in  the  dividers  and  ap¬ 
plying  it  to  the  scale. 
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SEMICIRCULAR  PROTRACTOR. 

C 


24.  Tills  instrument  is  used  to  laj  down,  or  protract 
angles.  It  may  also  be  used  to  measure  angles  included 
between  lines  already  drawn  upon  paper. 

It  consists  of  a  brass  semicircle,  ABO^  divided  to  half 
degrees.  The  degrees  are  numbered  from  0  to  180,  both 
ways ;  that  is,  from  A  to  B  and  from  B  to  A.  The  di¬ 
visions,  in  the  figure,  are  made  only  to  degrees.  There 
is  a  small  notch  at  the  middle  of  the  diameter  AA,  which 
indicates  the  centre  of  the  protractor. 

Ih  lay  off  an  angle  with  a  Protractor. 

25.  Place  the  diameter  AB  on  the  line,  so  that  the 
centre  shall  fall  on  the  angular  point.  Then  count  the 
degrees  contained  in  the  given  angle  from  A  towards  A,  or 
from  B  towards  A,  and  mark  the  extremity  of  the  arc  with 
a  pin.  Eemove  the  protractor,  and  draw  a  line  through 
the  point  so  marked  and  the  angular  point :  this  line  will 
make  with  the  given  line  the  required  angle. 


PLANE  TRIGONOMETRY. 


DEFINITIONS. 


1.  In  every  plane  triangle  tliere  are  six  parts:  three 
sides  and  three  angles.  These  parts  are  so  related  tc  each 
other,  that  when  one  side  and  any  two  other  parts  are 
given,  the  remaining  ones  can  be  obtained,  either  by  geo¬ 
metrical  construction  or  by  trigonometrical  computation. 


2.  Plane  Trigonometry  explains  the  methods  of  com¬ 
puting  the  unknown  parts  of  a  plane  triangle,  when  a  suf¬ 
ficient  number  of  the  six  parts  is  given. 


3.  For  the  purpose  of  trigonometrical  calculation,  the 
circumference  of  the  circle  is  supposed  to  be  divided  into 
860  equal  parts,  called  degrees;  each  degree  is  supposed 
to  be  divided  into  60  equal  parts,  called  minutes;  and 
each  minute  into  60  equal  parts,  called  seconds. 

Degrees,  minutes,  and  seconds,  are  designated  respec- 
'  tively,  by  the  characters  For  example,  ten  degrees^ 

eighteen  minutes^  and  fourteen  seconds^  would  be  written 
10°  18'  14". 


4.  If  two  lines  be  drawn  through  the  centre  of  the 
circle,  at  right  angles  to  each  other,  they  will  divide  the 
circumference  into  four  equal  parts,  of  90  each.  Every 
right  angle  then,  as  EOA,  is  measured  by  an  arc  of  90°; 
every  acute  angle,  as  BOA,  by  an  arc  less  than  90°;  and 
every  obtuse  angle,  as  FOA,  by  an  arc  greater  than  90°. 

6.  The  complement  of  an  arc  is 
what  remains  after  subtracting  the 
arc  from  90°.  Thus,  the  arc  EB 
is  the  complement  of  AB.  The 
sum  of  an  arc  and  its  complement 
is  equal  to  90°. 

6.  The  supplement  of  an  arc  is 
what  remains  after  subtracting  the 
arc  from  180°.  Thus,  OF  is  the 
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supplement  of  tlie  arc  AEF.  Tire  sum  of  an  arc  and  its 
supplement  is  equal  to  180°. 

7.  The  sine  of  an  arc  is  the  perpendicular  let  fall  from 
one  extremity  of  the  arc  on  the  diameter  which  passes 
through  the  other  extremity.  Thus,  BD  is  the  sine  of  the 
arc  AB. 

8.  The  cosine  of  an  arc  is  the  part  of  the  diameter  in¬ 
tercepted  between  the  foot  of  the  sine  and  the  centre. 
Thus,  OD  is  the  cosine  of  the  arc  AB. 

9.  The  tangent  of  an  arc  is  the  line  which  touches  it  at 
one  extremity,  and  is  limited  by  a  line  drawn  through  the 
other  extremity  and  the  centre  of  the  circle.  Thus,  AG  is 
the  tangent  of  the  arc  AB. 

10.  The  secant  of  an  arc  is  the  line  drawn  from  the 
centre  of  the  circle  through  one  extremity  of  the  arc,  and 
limited  by  the  tangent  passing  through  the  other  extremi¬ 
ty.  Thus,  OG  is  the  secant  of  the  arc  AB. 

11.  The  four  lines,  BD^  OD^  AG^  OG^  depend  for  their 
values  on  the  arc  AB  and  the  radius  OA  ;  they  are  thus 
designated : 

sin  AB  for  BD 
^cos  AB  for  OD 
tan  AB  for  AG 
sec  AB  for  OG 

12.  If  ABE  be  equal  to  a  quadrant,  or  90°,  then  EB 

will  be  the  complement  of  AB.  Let  the  lines  ET  and  IB 
be  drawn  perpendicular  to  OE.  Then,  ' 

ET^  the  tangent  of  EB^  is  called  the  cotangent  of  AB ; 

IB^  the  sine  of  EB^  is  equal  to  the  cosine  of  AB ; 

OT^  the  secant  of  EB,  is  called  the  cosecant  of  AB, 

In  general,  if  A  is  any  arc  or  angle,  we  have, 

cos  A  =  sin  (90°  —  A) 
cot  A  —  tan  (90°  —  A) 
cosec  A  =  sec  (90°  —  A) 
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13.  If  we  take  an  arc,  ABEF^  L 
greater  than  90°,  its  sine  wilL  be 
FH ;  OH  will  be  its  cosine  ;  A  Q 
its  tangent,  and  0  Q  its  secant. 

But  FH  is  the  sine  of  the  arc  OF^ 
which  is  the  supplement  of  AF^ 
and  OH  is  its  cosine ;  hence,  the 
sine  of  an  arc  is  equal  to  the  sine  of 
its  supplement  j  and  the  cosine  of  an 
arc  is  equal  to  the  cosine  of  its  supplement^ 

Furthermore,  AQ  the  tangent  of  the  arc  AF^  and 
(9  5  is  its  secant :  GL  is  the  tangent,  and  OL  the  secant 
of  the  supplemental  arc  GF.  But  since  AQ  is  equal  to 
GL,  and  OQ  to  OL,  it  follows  that,  the  tangent  of  an  arc 
is  equal  to  the  tangent  of  its  supplement;  and  the  secant  of  an 
arc  is  equal  to  the  secant  of  its  supplement^ 

TABLE  OF  NATURAL  SINES. 

14.  Let  US  suppose,  that  in  a  circle  of  a  given  radius, 
the  lengths  of  the  sine,  cosine,  tangent,  and  cotangent,  have 
been  calculated  for  every  minute  or  second  of  the  quad¬ 
rant,  and  arranged  in  a  table;  such  a  table  is  called  a 
table  of  sines  and  tangents.  If  the  radius  of  the  circle  is 
1,  the  table  is  called  a  table  of  natural  sines.  A  table  of 
natural  sines,  therefore,  shows  the  values  of  the  sines,  co¬ 
sines,  tangents,  and  cotangents  of  all  the  arcs  of  a  quad¬ 
rant,  which  is  divided  to  minutes  or  seconds. 

If  the  sines,  cosines,  tangents,  and  secants  are  known 
for  arcs  less  than  90°,  those  for  arcs  which  are  greater  can 
be  found  from  them.  For  if  an  arc  is  less  than  90°,  its 
supplement  will  be  greater  than  90°,  and  the  numerical 
values  of  these  lines  are  the  same  for  an  arc  and  its  sup¬ 
plement.  Thus,  if  we  know  the  sine  of  20°,  Ave  also  know 
the  sine  of  its  supplement  160° ;  for  the  two  are  equal  to 
each  other.  The  Table  of  Natural  Sines  is  not  given,  as 
it  is  much  easier  to  make  the  computations  by  the  Table 
which  we  are  about  to  explain. 

*  These  relations  are  between  the  Tmmerical  mines  of  the  trigonometrical  lines ; 
the  algebraic  signs,  which  they  have  in  the  different  quadrants,  are  not  considered. 
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TABI.E  OF  LOGARITHMIC  SINES. 

15.  In  tliis-  table  are  arranged  the  logarithms  of  the 
numerical  values  of  the  sines,  cosines,  tangents,  and  co* 
tangents  of  all  the  arcs  of  a  (quadrant,  calculated  to  a  la' 
dius  of  10,000,000,000.  The  logarithm  of  this  radius  is  10 
In  the  first  and  last  horizontal  lines  of  each  page,  are  ^vrit 
ten  the  degrees  whose  sines,  cosines,  &c.,  are  expressed  on 
the  page.  The  vertical  columns  on  the  left  and  right,  are 
columns  of  minutes. 


CASE  I. 

To  find,  in  the  table,  the  hgarithmic  sine,  cosine,  tangent,  or 
cotangent  of  any  given  arc  or  angle. 

16.  If  the  angle  is  less  than  45°,  look  for  the  degrees 
in  the  first  horizontal  line  of  the  different  pages :  when  the 
degrees  are  found,  descend  along  the  column  of  minutes,  on 
the  left  of  the  page,  till  you  reach  the  number  showing  the 
minutes  :  then  pass  along  a  horizontal  line  till  you  come  into 
the  column  designated,  sine,  cosine,  tangent,  or  cotangent,  as 
the  case  may  be :  the  number  so  .indicated  is  the  logarithm 
sought.  Thus,  on  page  37,  for  19°  55',  we  find, 

sine  19°  55'  ...  .  9.582312 

cos  19°  55'  ....  9.973215 

tan  19°  55'  ....  9.559097 

cot  19°  55'  ....  10.440903 

17.  If  the  angle  is  greater  than  45°,  search  for  the  de¬ 
grees  along  the  bottom  line  of  the  different  pages  :  when  the 
number  is  found,  ascend  along  the  column  of  minutes*  on  the 
right  hand  side  of  the  page,  till  you  reach  the  number  express¬ 
ing  the  minutes:  then  pass  along  a  horizontal  line  into  the 
column  designated  tang,  cot,  sine,  or  cosine,  as  the  case  may 
be :  the  number  so  pointed  out  is  the  logarithm  required. 

18.  The  column  designated  sine,  at  the  top  of  the  page, 
IS  designated  by  cosine  at  the  bottom ;  the  one  designated 
t^ng,  by  cotang,  and  the  one  designated  cotang,  by  tang.  » 

The  angle  found  by  taking  the  degrees  at  the  top  of 
the  page,  and  the  minutes  from  the  left  hand  vertical  column, 
is  the  complement  of  the  angle  found  by  taking  the  degrees 
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at  tlie  bottom  of  tlie  page,  and  the  minutes  from  tbe  right 
hand  column  on  the  same  horizontal  line  with  the  first. 
Therefore,  sine,  at  the  top  of  the  page,  should  correspond 
with  cosine,  at  the  bottom ;  cosine  with  sine,  tang  with 
cotang,  and  cotang  with  tang,  as  in  the  tables  (Art.  12). 

If  the  angle  is  greater  than  90°,  we  have  only  to  sub 
tract  it  from  180°,  and  take  the  sine,  cosine,  tangent,  or 
cotangent  of  the  remainder. 

The  column  of  the  table  next  to  the  column  of  sines, 
and  on  the  right  of  it,  is  designated  by  the  letter  D, 
This  column  is  calculated  in  the  following  manner. 

Opening  the  table  at  any  page,  as  42,  the  sine  of  24° 
is  found  to  be  9.609313 ;  that  of  24°  01',  9.609697 :  their 
difference  is  284 ;  this  being  divided  by  60,  the  number 
of  seconds  in  a  minute,  gives  4.73,  which  is  entered  in  the 
column  D. 

Now,  supposing  the  increase  of  the  logarithmic  sine  to 
be  proportional  to  the  increase  of  the  arc,  and  it  is  nearly 
so  for  60",  it  follows,  that  4.73  is  the  increase  of  the  sine 
for  1".  Similarly,  if  the  arc  were  24°  20',  the  increase  of 
the  sine  for  1",  would  be  4.65. 

The  same  remarks  are  applicable  in  respect  of  the 

column  D.  after  the  column  cosine,  and  of  the  column  2), 
'  ^  * 

between  the  tangents  and  cotangents.  The  column  jD,  be¬ 
tween  the  columns  tangents  and  cotangents,  answers  to 
both  of  these  columns. 

Now,  if  it  were  required  to  find  the  logarithmic  sine 
of  an  arc  expressed  in  degrees,  minutes,  and  seconds,  we 
have  only  to  find  the  degrees  and  minutes  as  before ;  then, 
multiply  the  corresponding  tabular  difference  by  the  sec¬ 
onds,  and  add  the  product  to  the  number  first  found,  for 
the  sine  of  the  given  arc. 

Thus,  if  we  wish  the  sine  of  40°  26'  28". 

The  sine  40°  26'  ....  9.811952 

Tabular  difference  2.47  . 

Number  of  seconds  28  . 

Product,  69.16  to  be  added  69.10 

Gives  for  the  sine  of  40°  26'  28". 
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The  decimal  figures  at  the  right  are  generally  omitted 
in  the  last  result;  but  when  they  exceed  five-tenths,  the 
figure  on  the  left  of  the  decimal  point  is  increased  by  1 ; 
the  logarithm  obtained  is  then  exact,  to  within  less  than 
one  unit  of  the  right  hand  place. 

The  tangent  of  an  arc,  in  which  there  are  seconds,  is 
found  in  a  manner  entirely  similar.  In  regard  to  the  cO' 
sine  and  cotangent,  it  must  be  remembered,  that  they  in¬ 
crease  while  the  arcs  decrease,  and  decrease  as  the  arcs  are- 
increased  ;  consequently,  the  proportional  numbers  found 
for  the  seconds,  must  be  subtracted,  not  added. 

EXAMPLES. 

1.  To  find  the  cosine  of  3°  40'  40". 

The  cosine  of  3°  40'  .  .  .  9.999110 

Tabular  difference  .13  . 

Number  of  seconds  40 

Product,  6.20  to  be  subtracted  5.20 

Gives  for  the  cosine  of  3°  40'  40"  9.999105. 

2.  Find  the  tangent  of  87°  28'  31". 

Ans.  9.884592. 

8.  Find  the  cotangent  of  87°  57'  59". 

Am.  8.550356. 

CASE  II. 

To  find  the  degrees,  minutes,  and  seconds  answering  to  any 
given  logarithmic  sine,  cosine,  tangent,  or  cotangent. 

19.  Search  in  the  table,  in  the  proper  column,  and 
if  the  number  is  found,  the  degrees  will  be  shown  either 
at  the  top  or  bottom  of  the  page,  and  the  minutes  in  the 
side  column  either  at  the  left  or  right. 

But,  if  the  number  cannot  be  found  in  the  table,  take 
from  the  table  the  degrees  and  minutes  answering  to  the 
nearest  less  logarithm,  the  logarithm  itself,  and  also  the 
corresponding  tabular  difference.  Subtract  the  logarithm 
taken  from  the  table  from  the  given  logarithm,  annex  two 
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ciphers  to  the  remainder,  and  then  divide  the  remainder 
by  the  tabular '  difference :  the  quotient  will  be  seconds, 
and  is  to  be  connected  with  the  degrees  and  minutes  be¬ 
fore  found:  to  be  added  for  the  sine  and  tangent,  and 
subtracted  for  the  cosine  and  cotangent. 


EXAMPLES. 

1.  Find  the  arc  answering  to  the  sine  9.880054 
Sine  49°  20',  next  less  in  the  table  9.879963 

Tabular  difference,  1.81)91.00(50". 

Hence,  the  arc  49°  20'  50"  corresponds  to  the  given  sine 
9.880054. 

2.  Find  the  arc  wFose  cotangent  is  10.008688 
cot  44°  26',  next  less  in  the  table  10.008591 

Tabular  difference,  4.21)97.00(23". 

Hence,  44°  26'  —  23"  =  44°  25'  37"  is  the  arc  answering 
to  the  given  cotangent  10.008688. 

3.  Find  the  arc  answering  to  tangent  9.979110. 

Ans.  43°  37'  21". 

4.  Find  the  arc  answering  to  cosine  9.944599. 

Ans.  28°  19'  45". 

20.  We  shall  now  demonstrate  the  principal  theorems 
of  Plane  Trigonometry. 


THEOEEM  I. 


The  sides  of  a  plane  triangle  are  proportional  to  the  sines  of 

their  opposite  angles. 

21.  Let  ABC  be  a  triangle ;  then 

GB  :  GA  :  :  sin  A  :  sin  B. 


For,  with  A  as  a  centre,  and  AD 
equal  to  the  less  side  BG^  as  a  ra¬ 
dius,  describe  the  arc  DI:  and  with 
i?  as  a  centre  and  the  equal  radius 
BG^  describe  the  arc  6A,  and  draw  DE  and  GF  perpen- 
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dicular  to  AB :  now  DE  is  the  sine  of  the  angle  A,  and 

CF  is  the  sine  of  A,  to  the  same  radius  AD  or  BG.  But 

bj  similar  triangles, 

AD  :  DE  w  AC  :  OF. 

But  AD  being  equal  to  BG^  we  have 

BG  :  sin  A  :  :  AG  :  sin  E,  or 
BG  :  AG  :  :  sin  A  :  sin 

By  comparing  the  sides  AB,  AC,  in  a  similar  manner, 
we  should  find, 

AB  :  AG  :  :  sin  (7  :  sin  B. 

TIIEOEEM  II. 

In  any  triangle,  the  sum  of  the  two  sides  containing  either 
angle,  is  to  their  difference,  as  the  tangent  of  half  the  sum  of 
the  two  other  angles,  to  the  tangent  of  half  their  difference. 

22.  Let  AGB  hQ  a  triangle:  then  will 
AB-{-AG  :  AB—AG  :  :  tan  \{G-tB)  :  tan  \{0—B). 

With  A  as  a  centre,  and  a  E 

radius  AO,  the  less  of  the  two  !\  ''5.  ^ 

given  sides,  let  the  semicircumfe-  J  '  * 

rence  IFGE  be  described,  meeting 
AB  in  I,  and  BA  produced,  in  E. 

Then,  BE  will  be  the  sum  of  the 
sides,  and  BI  their  difference.  Draw  GI  and  AF. 

Since  CAE  is  an  exterior  angle  of  the  triangle  AGB, 
it  is  equal  to  the  sum  of  the  interior  angles  C  and  B  (Bk. 
L,  Prop.  XXY.,  Cor  6).  But  the  angle  CIE  being  at  the, 
circumference,  is  half  the  angle  OAE  at  the  centre  (Bk.  I LL, 
Prop.  XYIII.);  that  is,  half  the  sum  of  the  angles  G  and 
B,  or  equal  to  \{G-\-B). 

The  angle  AEG  =  AGB,  is  also  equal  to  ABO+BAF; 
therefore,  BAF—  A  GB  —  ABC. 

But,  ^IGF=^\[BAF)  =  \{AGB-ABG),  or  1^{G-B). 

With  I  and  G  as  centres,  and  the  common  radius  IG, 
let  the  arcs  CD  and  IG  be  described,  and  draw  the  lines 
GE  and  IH  perpendicular  to  IG.  The  perpendicular  GE 
will  pass  through  E,  the  extremity  of  the  diameter  lEy 
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since  the  right  angle  ICE  moist  be  E 
inscribed  in  a  semicircle. 

But  CE  is  the  tangent  of  CIE 
=  and  III  is  the  tan¬ 

gent  of  ICB=\{C-B\  to  the 

common  radius  Cl 

But.  since  the  lines  CE  and  III  are  parallel,  the  tri¬ 
angles  Bin  and  BCE  are  similar,  and  give  the  proportion, 

BE  :  BI  ::  CE  :  IH,  or 

by  placing  for  BE  and  BI,  CE  and  III,  their  values,  we 
have 

AB-IAC  :  AB-AC  ::  tan  i((7+J5)  :  tan 

THEOEEM  III. 


In  any  plane  triangle,  if  a  line  is  drawn  from  the  vertical 
ij  angle  perpendicular  to  the  hase,  dividing  it  into  two  segments'^ 
then,  the  ivhole  base,  or  sum  of  the  segments,  is  to  the  sum  of 
the  two  other  sides,  as  the  difference  of  those  sides  to  the  differ- 
I  ence  of  the  segments. 

i|  23.  Let  BAG  hQ  a  triangle,  and  AD  perpendicular  to  the. 

base ;  then 

BC  :  GA  +  AB  ::  GA-AB  :  GD  —  DB. 

’i  Por,  -  AB^oBD" AD"^ 

(Bk.  IV.,  Prop.  XI.) ; 

l|  and  AO  —DC  +  AD 

_ ^  - 2 

1  by  subtraction,  AG‘' —  AB  = 

!  elf  - 

But  since  the  difference  of  B  D 
^  the  squares  of  two  lines  is  equivalent  to  the  rectangle  con- 

I  tained  by  their  sum  and  difference  (Bk.  lY.,  Prop.  X.),  we 

have, 

I(f  -  AB^oiAG  +  AB) .{AG -  AB) 

and  CZ>" -  DB'o{ GD  +  DB).{GD -  DB) 

therefore,  {GJD -]■  BB) .{GD  —  DB)  —  {AGA AB) . {AG  AB) 
hence,  GD  +  DB  :  AC+AB  : :  AG- AB  :  GD  -DB. 
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THEOREM  IV. 

In  any  right-angled  plane  triangle^  radius  is  to  the  tangent 
of  either  of  the  acute  angles^  as  the  side  adjacent  to  the  side 
opposite. 

24.  Let  GAB  be  tlie  proposed  triangle,  and  denote  tbe 
radius  by  R:  then 

R  :  tan  G  :  :  AG  :  AB, 

For,  with  any  radius  as  GD  de¬ 
scribe  the  arc  DH^  and  draw  the  tan¬ 
gent  DG. 

From  the  similar  triangles  GDG  and  GAB^  we  have, 

GD  :  DG  :  :  GA  :  AB]  hence, 

R  :  tan  G  :  :  GA  :  AB. 

By  describing  an  arc  with  as  a  centre,  we  could 
show  in  the  same  manner  that, 

R  :  tan  B  :  :  AB  :  AG, 

THEOREM  V. 

In  every  right-angled  plane  triangle^  radius  is  to  the  cosine 
of  either  of  the  acute  angles^  as  the  hypothenuse  to  the  side 
adjacent. 

25.  Let  ABG  be  a  triangle,  right-angled  at  B:  then 
R  :  cos  A  :  :  AG  :  AB. 

For,  from  the  point  A  as  a  centre, 
with  a  radius  AD=R^  describe  the 
arc  DF^  which  will  measure  the  angle 
A,  and  draw  DE  perpendicular  to  AB:  then  will  AE  be 
the  cosine  of  A. 

The  triangles  ADE  and  AGB^  being  similar,  we  have, 

AD  :  AE  :  :  AG  :  AB:  that  is, 

R  :  cos  A  :  :  AG  :  AB. 

Remark.  The  relations  between  the  sides  and  angles 
of  plane  triangles,  demonstrated  in  these  five  theorems,  are 
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sufficient  to  solve  all  tlie  cases  of  Plane  Trigonometry 
Clf  the  six  parts  which  make  np  a  plane  triangle,  three 
must  be  given,  and  at  least  one  of  these  a  side,  before  the 
others  can  be  determined. 

If  the  three  angles  only  are  given,  it  is  plain,  that  an 
indefinite  number  of  similar  triangles  may  be  constructed, 
the  angles  of  which  shall  be  respectively  equal  to  the 
angles  that  are  given,  and  therefore,  the  sides  could  not  be 
determined. 

Assuming,  with  this  restriction,  any  three  parts  of  a 
triangle  as  given,  one  of  the  four  following  cases  will  al 
ways  be  presented. 

I.  When  two  angles  and  a  side  are  given. 

II.  When  two  sides  and  an  opposite  angle  are  given. 

III.  When  two  sides  and  the  included  angle  are  giveru 

TV.  When  the  three  sides  are  given. 

CASE  I. 

When  two  angles  and  a  side  are  given, 

26.  Add  the  given  angles  together,  and  subtract  thei? 
sum  from  180  degrees.  The  remaining  parts  of  the  tri¬ 
angle  can  then  be  found  by  Theorem  I. 

EXAMPLES. 

1.  In  a  plane  triangle,  ABO^ 
there  are  given  the  angle  A  —  58°  07', 
the  angle  A  =22°  87',  and  the  side 
AA  =  408  yards.  Required  the  oth¬ 
er  parts. 

GEOMETEICALLY. 

27.  Draw  an  indefinite  straight  line,  AB,  and  from  the 
scale  of  equal  parts  lay  off  AB  equal  to  408.  Then, 
at  A,  lay  off  an  angle  equal  to  58°  07',  and  at  B  an  angle 
equal  to  ^2°  87',  and  draw  the  lines  AG  and  BG :  then 

will  ABG  be  the  triangle  required. 

The  angle  G  may  be  measured  with  the  protractor  (see 
page  270),  and  when  so  measured,  will  be  found  equal  to 
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99°  16'.  The  sides  AC  and  BG  may  be  measured  by 
referring  them  to  the  scale  of  equal  parts  (see  ]oage  268). 
We  shall  find  A ^7=  158.9  and  B0=2>bl  yards. 

TKIGONOMETRICALLY  BY  LOGARITHMS. 

To  the  angle  A  —  58°  07' 

Add  the  angle  .  .  B=  22°  87' 

Their  sum,  =  80°  44' 

taken  from  ...  •  180°  OO' 

leaves  C  ....  99°  16',  of  which,  as  it  ex- 


90°,  we 

use  the  supplement  80°  44'. 

To  find  the  side  BG. 

sin  G 

99°  16'  ar.  comp. 

0.005706 

sin  A 

68°  07' . 

9.928972 

AB 

408  . 

2.610660 

BG 

351.024  (after  rejecting  10) 

2.645887. 

Remark.  The  logarithm  of  the  fourth  term  of  a  pro¬ 
portion  is  obtained  by  adding  the  logarithm  of  the  second 
term  to  that  of  the  third,  and  subtracting  from  their  sum 
the  logarithm  of  the  first  term.  But  to  subtract  the  first 
term  is  the  same  as  to  add  its  arithmetical  complement 
and  reject  10  from  the  sum  (Int.  Art.  13) :  hence,  the  arith¬ 
metical  complement  of  the  logarithm  of  the  first  term  added 
to  the  logarithms  of  the  second  and  third  terms,  minus  ten, 
will  give  the  logarithm  of  the  fourth  term. 

To  find  the  side  AG. 


sin  C  99°  16'  ar.  comp.  0.005705 

:  sin  A  22°  87' .  9.584968 

:  :  AB  408  2.610660 

:  AG  158.976  2.201338 

— m - 


2.  In  a  triangle  ABG^  there  are  given  A  =  38°  25', 
R— 57°42',  and  AR  =  400  :  required  the  remaining  parts. 

Ans.  (7=83°  53',  R(7=249.974,  A(7=340.04. 
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CASE  II. 

When  two  sides  and  an  opposite  angle  are  given. 

28.  In  a  plane  triangle,  ABC, 

there  are  given  A  (7=  216,  61^  =  117, 

the  angle  A  =  22°  37',  to  find  the  ^ 

other  parts. 

GEOMETRICALLY. 

29.  DraAV  an  indefinite  right  line  ABB' :  from  any 
point,  as  A,  draAV  AC,  making  BAC=22°  37',  and  make 
AC  =216.  With  (7  as  a  centre,  and  a  radius  eq^nal  to  117, 
the  other  given  side,  describe  the  arc  B'B]  draw  B  C  and 
BC\  then  will  either  of  the  triangles  ABC  or  AB'C,  an¬ 
swer  all  the  conditions  of  the  (question. 

TRIGONOMETRICALLY. 

To  find  the  angle  B. 

^(7  117  ar.  comp.  7.931814 

•  AC  216  .  2.334454 

i  :  sin  A  22°  37' . 

:  sin  B'  45°  13'  55",  or  ABC  134°  46'  05"  9.851236. 

The  ambiguity  in  this,  and  similar  examples,  arises  in 
consequence  of  the  first  proportion  being  true  for  either 
of  the  angles  ABC,  or  ABC,  Avhich  are  supplements  of 
each  other,  and  therefore,  have  the  same  sine  (Art.  13). 
As  long  as  the  two  triangles  exist,  the  ambiguity  will  con¬ 
tinue.  °But  if  the  side  CB,  opposite  the  given  angle,  is 
greater  than  AC,  the  arc  BB  Avill  cut  the  line  ABB,  on 
the  same  side  of  the  point  A,  in  but  one  point,  and  then 
there  Avill  be  only  one  triangle  ansAvering  the  conditions. 

If  the  side  CB  is  equal  to  the  perpendicular  Cd,  the 
arc  BB  wdll  be  tangent  to  ABB,  and  in  this  case  also 
there  Avill  be  but  one  triangle.  When  CB  is  less  than  the 
perpendicular  Cd,  the  arc  BB  will  not  intersect  the  base 
ABB,  and  in  that  case,  no  triangle  can  be  formed,  or  it 
will  be  impossible  to  fulfil  the  conditions  of  the  problem. 
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2.  Given  two  sides  of  a  triangle  50  and  40  respectively, 
and  the  angle  opposite  the  latter  equal  to  82°  :  required 
the  remaining  parts  of  the  triangle. 

Ans.  If  the  angle  opposite  the  side  50  is  acute,  it  is 
equal  to  41°  28'  59" ;  the  third  angle  is  then  equal  to 
106°  31'  01",  and  the  third  side  to  72.368.  If  the  angle 
opposite  the  side  50  is  obtuse,  it  is  equal  to  138°  31'  01", 
the  third  angle  to  9°  28'  59",  and  the  remaining  side  to 
12.436. 

/ 

CASE  III. 

When  the  two  sides  and  their  included  angle  are  given. 

30.  Let  ABG  be  a  triangle ;  AB^  ^ 

BG^  the  given  sides,  and  B  the 
given  angle.  / 

Since  B  is  known,  we  can  find  /  ^ 
the  sum  of  the  two  other  angles 
for 

A+G=  180°  -  B,  and, 

1{A  +  (7)  =  i(180°  -  B). 

Wq  next  find  half  the  difference  of  the  angles  A  and 
G  by  Theorem  11. ,  viz., 

BG-\-BA  :  BG—BA  ::  tan^(A+(7)  ;  tan  —  (7), 

in  which  we  consider  BG  greater  than  BA^  and  therefore 
A  is  greater  than  G\  since  the  greater  angle  must  be  op¬ 
posite  the  greater  side. 

Having  found  half  the  difference  of  A  and  G,  by  add¬ 
ing  it  to  the  half  sum,  ~(^A  +  {7),  we  obtain  the  greater 
angle,  and  by  subtracting  it  from  half  the  sum,  we  obtain 
the  less.  That  is, 

^{A  +  6^ )  +  -|(A  —  G)  =  A,  and 
-1{A  +  G)  —  \{A  —  G)  —  G. 

Having  found  the  angles  A  and  G^  the  third  side  AG 
may  be  found  by  the  proportion, 

sin  A  :  sin  ^  ;  BG  :  A  G. 
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EXAMPLES. 

1.  In  the  triangle  ABG^  let  J5(7=:540,  ^-S  =  450,  and 
the  included  angle  ^  =  80° :  required  the  remaining  parts 

GEOMETKICALLY. 

.81.  Draw  an  indefinite  right  line  BG^  and  from  any 
point,  as  B,  lay  off  a  distance  .5^7=540.  At  B  make  the 
angle  GBA  ~  80°  :  draw  i>A,  and  make  the  distance 
5A  =  450;  draw  AG]  then  will  ABG  hQ  the  required  tri¬ 
angle. 

TRIGONOMETKICALLY. 

BG+ =  540 +  450  =  990;  and  A(7— AA  =  540  —  450  =  90. 
A G=  180°  -  A  =  180°  -  80°  =  100°,  and  therefore, 
KA+(7)  =  i(100°)-50°. 

To  find  \{A  —  G). 


BG+  BA  990  ar.  comp.  7.004865 
BG-BA  90  .  1.954248 

:  tanK^+(7)  50°  .  . . 


:  tan  \{A  —  G')  6°  11^  ......  9.034795. 

Hence,  50° +  6°  11' =  56°  11'  =  A;  and  50° -6°  11'  = 
48°  49'  =  G. 

To  find  the  third  side  A  G. 


sin  G  48°  49'  ar  comp.  0.159672 

:  sin  .5  80°  .  9.993351 

: :  AB  450  .  2.653213 


AG  640.082  .  2.806236. 


2.  Given  two  sides  of  a  plane  triangle,  1686  and  960, 
and  their  included  angle  128°  04' :  required  the  other  parts. 
Ans.  Angles,  33°  84'  39" ;  18°  21'  21" ;  side  2400. 

CASE  IV. 

32.  Having  given  the  three  sides  of  a  plane  triangle, 
to  find  the  angles. 
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Let  fall  a  perpendicular  from  the  angle  opposite  the 
greater  side,  dividing  the  given  triangle  into  two  right- 
angled  triangles :  then  find  the  difference  of  the  segments 
of  the  base  by  Theorem  III.  Half  this  difference  being 
added  to  half  the  base,  gives  the  greater  segment ;  and, 
being  subtracted  from  half  the  base,  gives  the  less  segment. 
Then,  since  the  greater  segment  belongs  to  the  right-angled 
triangle  having  the  greater  hypothenuse,  we  have  two 
sides  and  the  right  angle  of  each  of  two  right-angled  tri¬ 
angles,  to  find  the  acute  angles. 


EXAMPLES. 


1.  The  sides  of  a  plane  triangle 
being  given  ;  viz.,  i>  40,  J  (7=  34, 
and  AB  =  25  :  required  the  angles. 


GEOMETKICALLY. 

88.  With  the  three  given  lines  as  sides  construct  a  tri¬ 
angle  as  in  Prob.  IX.  Then  measure  the  angles  of  tho 
triangle  either  with  the  protractor  or  scale  of  chords. 


TEIGONOMETKICALLY. 

BC  :  AQ-^AB  ::  AC-AB  :  CD-BD, 

That  is,  40  :  69  ;  :  9  :  —4  -  =  13.275. 

40 

Then,  40  + 13.275  ^  26.6376  ==  CD, 

A 

A  J  13.27o  -nT^ 

And,  - - - ==  13.3625  ^  BD. 

A 


In  the  t7'iangle  DAC^  to  find  the  angle  DAO. 

AQ  34  ar.  comjv  8.468521 

DG  26.6375  .  1.425493 

sin  90° .  .  10.000000 

QinDAC  51°  34' 40"  .  .  .  9.894014. 
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In  the  triangle  BAD,  to  find  the  angle  BAD. 


jiB  26  ar.  comp.  8.602060 

:  BD  18.3625  .  1.125887 

:  :  sin  D  90° . .  10.000000 


;  sin  BAD  82°  18'  36" .  9.727947. 

Hence,  90°  -  DAG --=  90°  -  61°  84'  40"  =  88°  26'  20"  =  0, 
and,  90°  -  BAD  =  90°  -  82°  18'  36"  =  67°  41'  26"  =  B, 
and,  BAD  +  DAO=^  51°  84'  40"  +  82°  18'  85"  =  83°  63' 

16"  =  A. 

2.  In  a  triangle,  of  whicb.  the  sides  are  4,  5, -and  6, 
what  are  the  angles  ? 

Ans.  41°  24'  85" ;  66°  46'  16" ;  and  82°  49'  09". 


SOLUTIOISr  OF  RIGHT-ANGLED  TRIANGLES. 

84.  The  unknown  parts  of  a  right-angled  triangle  may 
be  fonnd  by  either  of  the  four  last  cases ;  or,  if  two  of  the 
sides  are  given,  by  means  of  the  property  that  the  square 
of  the  hypothennse  is  equivalent  to  the  sum  of  the  squares 
of  the  two  other  sides.  Or  the  parts  may  be  found  by 
Theorems  IV.  and  V. 


EXAMPLES. 

1.  In  a  right-angled  triangle 
BAG,  there  are  given  the  hypothe- 
nuse  5(7=250,  and  the  base  AG— 

240  :  required  the  other  parts. 

B  =  73°  44'  23" ;  G=  16°  15'  37"  ;  AB  =  70.0003. 

2.  In  a  right-angled  triangle  BAG,  there  are  given 
J,(7  =  384,  and  B-6S°  08':  required  the  remaining  parts. 

Ans.  ^5  =  287.96;  BG  =  ^.979]  (7  =  36°  52'. 
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APPLICATION  TO  HEIGHTS  AND  DISTANCES. 

1.  A  Horizontal  Plane  is  one  wliicli  is  parallel  to 
the  water  level. 

2.  A  plane  which  is  perpendicular  to  a  horizontal  plane, 
is  called  a  vertical  plane. 

3.  All  lines  parallel  to  the  water  level,  are  called  hori’ 
zontal  lines. 

4.  All  lines  which  are  perpendicular  to  a  horizontal 
plane,  are  called  vertical  lines ;  and  all  lines  which  are  in¬ 
clined  to  it,  are  called  oblique  lines. 

5.  A  Horizontal  Angle  is  one  whose  sides  are  hori¬ 
zontal. 

6.  A  Vertical  Angle  is  one,  the  plane  of  whose  sides 
is  vertical. 

7.  An  angle  of  elevation^  is  a  vertical  angle  having  one 
of  its  sides  horizontal,  and  the  inclined  side  above  the 
horizontal  side. 

8.  An  angle  of  depression,  is  a  vertical  angle  having  one 
of  its  sides  horizontal,  and  the  inclined  side  under  the 
horizontal  side. 


I.  To  determine  the  horizontal  distance  to  a  point  which  is  in¬ 
accessible  by  reason  of  an  intervening  river. 

85.  Let  C  be  the  point.  Measure 
along  the  bank  of  the  river  ^  a  hori¬ 
zontal  base  line  AH,  and  select  the 
stations  A  and  B,  in  such  a  man¬ 
ner  that  each  can  be  seen  from  the 
other,  and  the  point  C  from  both 
of  them.  Then  measure  the  hori¬ 
zontal  angles  CAB  and  CBA  with 
an  instrument  adapted  to  that  purpose. 

Let  us  suppose  that  we  have  found  AB  =  600  yards, 
a4H  =  57°85^  and  (7HA  =  64°51'. 

The  angle  C  =  180°  -  (A  A  B)  =  57°  84'. 

To  find  the  distance  BG. 

sin  C  57°  34'  .  ar.  comp.  .  0.078649 

:  sin  A  57°  35' .  9.926431 

::  AH  600  .  2.778151 

:  BG  600.11  yards  ....  2.778231 
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To  find  the  distance  AC. 


sin  G  57°  3L  ’  ar.  comp.  0.073649 

:  sin  E  64°  51' . 9.956744 

::  AB  600  2.778151 

AG  643.94  yards .  2.808544. 


II.  To  determine  the  altitude  of  an  inaccessiUe  object  above  a 

given  horizontal  'plane. 

FIRST  METHOD. 

36.  Suppose  ‘ B  to  be  tbe  inac¬ 
cessible  object,  and  BG  tlie  hori¬ 
zontal  plane  from  which  the  alti¬ 
tude  is  to  be  estimated :  then,  if 
we  suppose  DG  to  be  a  vertical 
line,  it  will  represent  the  required 
altitude. 

Measure  any  horizontal  base  line,  as  BA  ;  and  at  the 
extremities  B  and  A,  measure  the  horizontal  angles  CBA 
and  CAB.  Measure  also  the  angle  of  elevation  DBG. 

Then  in  the  triangle  GBA  there  will  be  known,  two 
angles  and  the  side  ME;  the  side  BO  can  therefore  be 
determined.  Having  foiuid  BG^  we  shall  have,  in  the 
right-angled  triangle  EEdVthe  base  BG  and  the  angle  at 
the  base,  to  find  the  perpendicular  DG^  which  measures 
the  altitude  of  the  point  D  above  the  horizontal  plane  BG. 

Let  us  suppose  that  we  have  found 

BA  =  780  yards,  the  horizontal  angle*  CBA  =  41°  24'; 
the  horizontal  angle  CME=96°  28',  and  the  angle  of  eleva¬ 
tion  DBG=  10°43'. 

t 

In  tlie  triangle  BOA,  to  find  tlie  horizontal  distance  BG. 

The  angle  BOA  =  180°  -  (41°  24'  +  96°  28')  =  42°  08'  =  G. 


sin  G  42°  08'  \  ar.  comp.  0.178869 

sin  .4  96°  28'  .......  .  9.997228 

:  AB  780  . .  2.892095 

BG  1155.29  .........  8.062692. 
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In  the  right-angled  triangle  DBG^  to  find  DC. 


R  ar.  comp.  0.000000 

tan  DBG  10°  43' .  9.277043 

‘  BG  1155.29  .  3.062692 

DG  218.64  ^ .  2.339735. 


Remark  I.  It  miglit,  at  first,  appear,  that  tlie  solution 
wliicli  we  have  given,  requires  that  the  points  B  and  A 
should  be  in  the  same  horizontal  plane ;  but  it  is  entirely 
independent  of  such  a  supposition. 

For,  the  horizontal  distance,  which  is  represented  by 
BA^  is  the  same,  whether  the  station  A  is  on  the  same 
level  with  75,  above  it,  or  below  it.  The  horizontal  angles 
GAB  and  GBA  are  also  the  same,  so  long  as  the  point  G 
is  in  the  vertical  line  DG.  Therefore,  if  the  horizontal 
line  through  A  should  cut  the  vertical  line  DG^  at  any 
point,  as  above  or  below  C,  AB  would  still  be  the  hori¬ 
zontal  distance  between  B  and  A,  and  AE,  which  is  equal 
to  A  G,  would  be  the  horizontal  distance  between  A  and  G. 

If  at  A,  we  measure  the  angle  of  elevation  of  the  point 
A  we  shall  know  in  the  right-angled  triangle  DAE,  the 
base  AE,  and  the  angle  at  the  base ;  from  which  the  per¬ 
pendicular  DE  can  be  determined. 

37.  Let  us  suppose  that  we  had  measured  the  angle  of 
elevation  DAE^  and  found  it  equal  to  20°  15'. 

First:  In  the  triangle  BAGy  to  find  AG  or  its  eguol  AE, 


sin  G  42°  08'  ar.  comp.  0.173369 

sin  B  41°  24'  .......  .  9.820406 

;  AB  780  .  2.892095 

AG  768.9  .  2.885870. 


In  the  right-angled  triangle  DAEy  to  find  DE. 

R  ar.  comp.  0.000000 

tan  A  20°  15' .  9.566932 

AE  768.9  .  2.885870 

DE  283.66  ' .  2.452802. 
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Now,  since  DC  is  less  than 
DE^  it  follows  that  the  station  B 
is  above  tbe  station  A.  That  is, 

BE-  DG=  283.66  -  218.64  = 

65.02  =  EG, 

wbicb  expresses  tbe  vertical  dis¬ 
tance  that  tbe  station  B  is  above 
tbe  station  A. 

Eemaek  II.  It  should  b^  remembered,  that  tbe  vertical 
distance  wbicb  is  obtained  by  tbe  calculation,  is  estimated 
from  a  horizontal  line  passing  through  tbe  eye  at  tbe  time 
of  observation.  Hence,  tbe  height  of  tbe  instrument  is  to 
be  added,  in  order  to  obtain  tbe  true  result. 

V 


D 


SECOND  METHOD. 


88.  When  tbe  nature  of  tbe  ground  will  admit  of  it, 
measure  a  base  line  AB  in  tbe  direction  of  tbe  object  D. 
Then  measure  with  tbe  instrument  tbe  angles  of  elevation 
at  A  and  B. 

Then,  since  tbe  ex¬ 
terior  angle  DBG  is 
equal  to  tbe  sum  of 
the  angles  A  and  ABB, 
it  follows  that  tbe  an¬ 
gle  ABB  is  equal  to  tbe  difference  of  tbe  angles  of  eleva¬ 
tion  at  A  and  B.  Hence,  we  can  find  all  tbe  parts  of  tbe 
triangle  ABB.  Having  found  BB,  and  knowing  tbe  angle 
BBG,  we  can  find  the  altitude  DG. 

This  method  supposes  that  tbe  stations  A  and  B  are  on 
tbe  same  horizontal  plane,  and  therefore  it  can  only  be 
used  when  tbe  line  AB  is  nearly  horizontal. 

Let  us  suppose  that  we  have  measured  tbe  base  line, 
and  tbe  two  angles  of  elevation,  and 

'  AB  =975  yards, 
found--  A  =15°  36', 

DBG=2r2<d'', 

required  tbe  altitude  DG. 
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First :  ADB^  DBC  -  A  =  2V  29'  -  15°  86'  =  11°  63'. 
In  tlie  triangle  ADB^  to  find  BB, 


sin  D  11°  53'  ar.  comp.  0.686302 

:  sin  A  15°  36' .  9.429623 

i:  >  AB  975  2.989005 

*1 

DB  1273.3  3.104930. 


In  the  triangle  DBO,  to  find  DC. 

R  ar.  comp.  0.000000 

sin  i?  27°  29' .  9.664163 

DB  1273.3  8.104930 

DC  687.61  2.769093. 


m.  To  determine  the  perpendicular  distance  of  an  object  below 

a  given  horizontal  plane, 

89.  Suppose  Q  to  be  directly 
over  the  given  object,  and  A  tbe 
point  tbrougb  which  the  horizon¬ 
tal  plane  is  supposed  to  pass. 

Measure  a  horizontal  base  line 
AR,  and  at  the  stations  A  and 
B  conceive  the  two  horizontal 
lines  ACy  BC.,  to  be  drawn.  The 
oblique  lines  from  A  and  B  to  the  object  ’  are  the  hy- 
pothenuses  of  two  right-angled  triangles,  of  which  A  (7,  BO, 
are  the  bases.  The  perpendiculars  of  these  triangles  are 
the  distances  from  the  horizontal  lines  AOy  BGy  to  the 
object.  If  we  turn  the  triangles  about  their  bases  A  Gy 
BGy  until  they  become  horizontal,  the  object,  in  the  first 
case,  will  fall  at  G%  and  in  the  second  at  G", 

Measure  the  horizontal  angles  (7AR,  CRA,  and  also  the 
angles  of  depression  G'AGy  G"BG, 
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Let  us  suppose  tliat  we  Lave 


found 


AB 

BAC 

ABG 

G'AQ 


672  yards 
72°  29' 

39°  20' 
27°  49' 


G"BG=-\r  10'. 


First:  in  tLe  triangle  ABG^ 

tLe  liorizontal  angle  A  GB  =  180°  —  (A  +  i?)  =  180°  — 111° 
49'  =  68°  11'. 


To  find  the  horizontal  distance  A  G. 


sin  G  68°  11'  ar.  comp.  0.032275 

sin  ^  39°  20' . '  .  9.801973 

:  AB  672  .  2.827369 

AG  458.79  . .  .  2.661617. 


To  find  the  horizontal  distance  BG. 

sin  G  68°  11'  '  ar.  comp.  0.032275 

sin  A  72°  29' .  9.979380 

;  AB  672  . 2.827369 

BG  690.28  2.839024. 


In  the  triangle  GAG\  to  find  GG\ 

R  ar.  comp.  0.000000 

;tan^7'A(7  27°  49' .  9.722315 

::  AG  458.79  .  2.661617 

GG'  242.06  .  2.383932 


In  the  triangle  GBG'\  to  find  GG". 


R  •  ar.  comp.  0.000000 

tan  G"BG  19°  10' .  9.541061 

BG  690.28  2.839024 

(7(7"  239.93  2.380085. 


Hence  also,  GG'  -  GG"  =  242.06  -  239.93  =  2.13  yards, 
which,  is  the  height  of  the  station  A  above  station  B. 


I 
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PEOBLEMS. 

1.  Wanting  to  know  the  distance  between  two  inacces¬ 
sible  objects,  which  lie  in  a  direct  level  line  from  the  bot¬ 
tom  of  a  tower  of  120  feet  in  height,  the  angles  of  depres¬ 
sion  are  measured  from  the  top  of  the  tower,  and  are  found 
to  be,  of  the  nearer  57°,  of  the  more  remote  25°  80' :  re¬ 
quired  the  distance  between  the  objects. 

2.  In  order  to  find  the  distance 
between  two  trees,  A  and  jB,  which 
could  not  be.  directly  measured  be¬ 
cause  of  a  pool  which  occupied  the 
intermediate  space,  the  distances 
of  a  third  point  G  from  each  of 
them  were  measured,  and  also  the 
included  angle  A  GB :  it  was  found  that, 

CB  =672  yards, 

GA  =  588  yards, 

A  05  =  55°  40'; 

required  the  distance  AB.  •  Ans.  592.967  yards. 

8.  Being  on  a  horizontal  plane,  and  wanting  to  ascer¬ 
tain  the  height  of .  a  tower,  standing  on  the  top  of  an  in¬ 
accessible  hill,  there  were  measured,  the  angle  of  elevation 
of  the  top  of  the  hill  40°,  and  of  the  top  of  the.  tower  51°; 
then  measuring  in  a  direct  line  180  feet  farther  from  the 
hill,  the  angle  of  elevation  of  the  top  of  the  tower  way 
88°  45' ;  required  the  height  of  the  tower. 

4.  Wanting  to  know  the  hori¬ 
zontal  distance  between  two  inac¬ 
cessible  objects  E  and  TP,  the  fol¬ 
lowing  measurements  were  made. 

AB  =536  yards 
.  AATP=40°16' 

YizA  IFAA=57°40' 

ABE  =^42°  22' 

^EBW=71°  07'; 
required  the  distance  EW. 


Ans.  88.998. 


Ans.  939.527  yards. 


Alls.  173.656  feet. 
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5.  Wanting  to  know  tke 
horizontal  distance  between 
two  inacessible  objects  A 
and  B,  and  not  finding  any 
station  from  which  both  of 
them  could  be  seen,  two 
points  G  and  -D,  were  chosen 
at  a  distance  from  each  other,  equal  to  200  yards ;  from 
the  former  of  these  points  A  could  be  seen,  and  from  the 
latter  B,  and  at  each  of  the  points  0  and  B  a  staff  was 
set  up.  From  G  a  distance  GF  was  measured,  not  in  the 
direction  DG,  equal  to  200  yards,  and  from  D  a  distance 
J)E  equal  to  200  yards,  and  the  following  angles  taken, 


AFG  =  83°  00', 
AGD=^br  30', 
AGF^bd^  31', 


BI)E=64:°  30', 

BDG  =  16Q^  25', 

BED  =  88°  30'. 

Arts.  345.467  yards. 


6.  From  a  station  P  there 
can  be  seen  three  objects,  A, 

B  and  (7,  whose  distances  from 
each  other  are  known:  viz., 
A^=800,  A(7=600,  and  BG 
=  400  yards.  Now,  there  are 
measured  the  horizontal  an¬ 
gles. 

APG=^^2>^  45'^  and  BPG 
=  22°  30':  it  is  required  to 
find  the  three  distances  PA,  PG^ 


C 


and  PP. 


'PA  =  710.193  yards. 


Ans. 


< 


PO  =  1042.622 


PB  =  934.291. 


7  This  problem  is  much  used  in  maritime  survey 
incr  for  the  purpose  of  locating  buoys  and  sounding  boats. 
The  trigonometrical  solution  is  somewhat  tedious,  but  it 
may  be  solved  geometrically  by  the  following  easy  con- 

struction. 
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Let  A,  E,  and  0  be  the 
three  fixed  points  on  shore, 
and  P  the  position  of  the 
boat  from  which  the  angles 
AI^O=  33°  45',  CPB=^  22°  80', 
and  ^PP=56°  15',  have  been 
measured. 

Subtract  twice  AP(7=67° 

80'  from  180°,  and  lay  off  at 
A  and  C  two  angles,  CA  0, 

A  CO,  each  equal  to  half  the 
remainder  =  56°  15'.  With 
the'  point  0,  thus  determined, 
as  a  centre,  and  (9A  or  0(7  as  a  radius,  describe  the  cir¬ 
cumference  of  a  circle :  then,  any  angle  inscribed  in  the 
segment  APG,  will  be  equal  to  33°  45'. 

Subtract,  in  like  manner,  twice  (7PP  =  45°,  from  180°, 
and  lay  off  half  the  remainder  —  67°  30',  at  B  and  (7,  de¬ 
termining  the  centre  §  of  a  second  circle,  upon  the  cir¬ 
cumference  of  which  the  point  P  will  be  found.  The 
required  point  P  will  be  at  the  intersection  of  these  two 
circumferences.  If  the  point  P  fall  on  the  circumference 
described-  through  the  three  points  A,  B,  and  (7,  the  two 
auxiliary  circles  will  coincide,  and  the  problem  will  bo  in¬ 
determinate.' 
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40.  We  Rave  seen  (Art.  2)  that  Plane  Trigonometry 
explains  the  methods  of  computing  the  unknown  parts  of 
a  plane  triangle,  when  a  sufficient  number  of  the  six  parts 
is  given. 

To  aid  us  in  these  computations,  cffitain  lines  were  em¬ 
ployed,  called  sines,  cosines,  tangents,  cotangents,-  &;c.,  and 
a  certain  connection  and  dependence  were  found  to  exist 
between  each  of  these  lines  and  the  arc  to  which  it  be¬ 
longed. 

All  these  lines  exist  and  may  be  computed  for  every 
conceivable  arc,  and  each  will  experience  a  change  of  value 
where  the  arc  passes  from  one  stage  of  magnitude  to  ano¬ 
ther.  Hence,  they  are  called  functions  of  the  arc ;  a  term 
which  implies  such  a  •  connection  between  two  varying 
quantities,  that  the  value  of  the  one  shall  always  change 
with  that  of  the  other. 

In  computing  the  parts  of  triangles,  the  terms,  sine,  co¬ 
sine,  tangent,  &c.,  are,  for  the  sake  of  brevity,  applied  to 
angles,  but  have  in  fact,  reference  to  the  arcs  which  measure 
the  angles.  The  terms  when  applied  to  angles,  without 
reference  to  the  measuring  arcs,  designate  mere  ratios,  as  is 
shown  in  Art.  88. 

41.  In  Plane  Trigonometry,  the  numerical  values  of 
these  functions  were  alone  considered  (Art.  13),  and  the 
arcs  from  which  they  were  deduced  were  all  less  than  180 
degrees.  Analytical  Plane  Trigonometry^  explains  all  the 
processes  for  computing  the  unknown  parts  of  rectilineal 
triangles,  and  also,  tlie  nature  and  properties  of  the  circular 
functions,  together  with  the  methods  of  deducing  all  the 
formulas  which  express  relations  between  them. 
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42.  Let  C  be  tbe  centre  of  a  circle,  — y--.. 

and  DA^  EB^  two  diameters  at  right  ^ 

angles  to  each  other — dividing  the  cir-  { _  ^ 

cumference  into  four  quadrants.  Then,  C 

AB  is  called  the  first  quadrant ;  BD  \.  y 

tbe  second  quadrant ;  BE  the  third 

quadrant  j  and  EA  the  fourth  quadrants  All  angles  hav* 

ing  their  vertices  at  G,  and  to  which  we  attribute  the 


plus  sign,  are  reckoned  from  the  line  6A,  and  in  the  direc¬ 
tion  from  right  to  left.  The  arcs  which  measure  these  angles 

are  estimated  from  A  in  the  direction  to  B,  to  to  A,  and 

to  A  ;  and  so  on. 

43.  The  value  of  any  one  of  the  circular  functions  will 
undergo  a  change  with  the  angle  to  which  it  belongs,  and 
also,  with  the  radius  of  the  measuring  arc.  When  all  the 
functions  which  enter  into  the  same  formula  are  derived 

from  the  same  circle,  the  radius  of  that  circle  •  may  be 

legarded  as  unity,  and  represented  by  1.  The  circular 
functions  will  then  be  expressed  in  terms  of  1  :  that  is,  in 
terms  of  the  radius.  Formulas  will  be  given  for  finding 
their  values  when  the  radius  is  changed  from  unity  to  any 
number  denoted  by  R  (Art.  87). 


44.  We  have  occasion  to  refer  to  but  one  circular  func¬ 
tion  not  already  defined.  It  is  called  the  versed  sine. 

The  versed  sine  an  arc,  is  that  part  of  the  diameter 
intercepted  between  the  point  where  the  measuring  arcs  be¬ 
gin  and  the  foot  of  the  sine.  It  is  designated,  ver-sin. 

45.  The  names  which  have  been  given  of  the  circular 
functions  (Art.  11)  have  no  reference  to  the  quadrants  in 
which  the  measuring  arcs  may  terminate;  and  hence,  are 
equally  applicable  to  all  angles. 


Eirst  quadrant 

If  6A  =  1 
PM  =  sin  a, 

CM  =  cos  a, 

AT  =  tan  a, 

GT  =  sec  a, 

Ai/’=  ver-sin  a. 


PLANE  TKIGONOMETKY. 


299 


Second  quadrant. 

PM  ==  sin  a, 

CM  =  cos  a, 

•  X 

AT  =  tan  a, 

OT  =  sec  a, 

AM  =  ver-sin  a. 

Third  quadrant. 

PM  =  sin  a, 

CM  —  cos  a, 

AT  —  tan  a, 

CT  =  sec  a, 

AM  =  ver-sin  a. 

Fourth  quadrant. 

PM  =  sin  a, 

CM  =  cos  a, 

AT  —  tan  a, 

CT  =  sec  a, 

AM  ==  ver-sin  a. 

46;  We  will  now  proceed  to  established  some  of  tlie  im¬ 
portant  general  relations  between  the 
circular  functions. 

Regarding  the  radius  CP  of  the  cir¬ 
cle  as  unity,  and  denoting  it  by  1  (Art. 

43) ;  we  have  in  the  right-angled  trian¬ 
gle  CPM^ 

=  =  1, 


PM  +  CM^ 
that  is,  sin"  a  +  cos"  a  =  1,  .  (1) 

47.  Since  the  triangles  CPAI  and  CTA  are  similar,  we 
have, 

AT  PM 


that  is, 


tan  a  = 


GA  "  GAf 
sin  a 


cos  a 


(2) 


*  The  gyinlDols  gin*  cos^  tan^  (i,  &c.,  gignify  the  of  tke  slne^  the 

tijuare  of  the  codne,  &c. 
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48.  Substituting  in  eauation  (2),  90  —  a  for  a,  wo  have, 
tan  (90  -  a)  = 


COS  (90  —  a)  * 


that  is  (Art.  12),  cot  a 


cos  a 
sin  a 


. (3) 


49.  Multiplying  equations  (2)  and  (3),  member  by  mem¬ 
ber,  we  have, 

tan  a  X  cot  a  =  1 . (4) 

50.  From  the  two  similar  triangles  CPM  and  CTA^  wo 
have, 

CT_C^^ 

CA  ~  61/17' 

1 


sec  a  = 


that  is, 

cos  a 

51.  Substituting  for  a,  90  —  a,  we  have, 

sec  (90  -  a)  = - - r, 

^  cos  (90— a) 

1  * 

that  is,  cosec  a  =  - •  .... 

sin  a 

52.  In  the  right-angle  ClA^  we  have, 

Cl'"  =  CA'  +A1''‘ ;  ■ 

that  IS,  sec  a  =  1  +  tan  a.  .  .  . 


(5) 


(6) 


(7) 


68.  Substituting  (80— a)  for  a,  in  equation  (7)  and  recol¬ 
lecting  that  sec  (90-a)=oosec  a,  and  tang  (90-a)=cota, 
we  have 

T 


cosec 


a  —  1  -f  cot^  a.  .  .  . 


54.  TVe  have,  AM  equal  to  the  versed  sine  of  the  arc 
AP:  hence  •  ^ 


ver-sin  a  =  1— cos  a.  .  .  (9) 
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55.  These  nine  formulas  being  often  referred  to,  wo 
Bhall  place  them  in  a  table. 

They  are  used  so  frequently,  that  they  should  be  com¬ 
mitted  to  memory.  * 


TABLE  I. 


1. 

2  2 

.  .  sin  a  +  cos  a 

• 

rH 

II 

II 

2.  . 

,  .  tan  a 

sin  a 

cos  a 

• 

CO 

,  .  cot  a 

cos  a 

sin  a 

4.  . 

,  .  tan  a  X  cot  a 

II 

11 

• 

5. 

,  .  sec  a 

1 

cos  a 

6.  . 

,  ,  cosec  a 

1 

sin  a 

7. 

2 

.  .  sec  a 

=  1  +  tan^ 

a. 

00 

• 

• 

,  .  cosec"  a 

=  1  +  cot" 

a. 

9. 

.  -  ,  ver-sin  a 

=  1  —  cos 

a. 

I  56.  We  will  now  explain  the  principles  which  deter¬ 
mine  the  algebraic  signs  of  the  trigonometrical  functions. 
There  are  but  two.  \ 

j  1st.  All  lines  estimated  from  DA^  upwards^  are  consid- 
;  ered  positive^  or  have  the  sign  +  :  and  all  lines  estimated 
from  DA^  in  the  opposite  direction,  that  is,  downwards,  are 
considered  negative,  or  hrCve  the  sign  — . 

2d.  All  lines  estimated  from  EB  along  CA,  that  is,  to 
the  right,  are  considered  positive,  or  have  the  sign  +  :  and 
all  lines’  estimated  from  EB  along  CD,  that  is,  in  the  oppo^ 
site  direction,  are  considered  negative,  or  have  the  sign  . 
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57.  Let  us  determine,  from  the  above  principles,  the 
algebraic  signs  of  the  sines  and  cosines  in  the  different 
quadrants. 


First  quadrant. 

58.  In  the  first  quadrant. 

PM  =  sin  a, 

and  Pm  =  CM  =  cos  a, 

are  both  positive^  the  former  being  above 
the  line  DA^  and  the  latter  being  esti¬ 
mated  from  C  to  the  right  (Art.  56). 

Second  quadrant. 

59.  In  the  second  quadrant, 

PM  =  sin  a, 

and  Pm  =  CM  =  —  cos  a : 

the  sine  is  positive,  being  above  the  line 
DA^  and  the  cosine  negative  being  esti¬ 
mated  to  the  left  of  BE. 

Third  quadrant, 

60.  In  the  third  quadrant, 

PM  =  —  sin  a, 

and  Pm  =  CM  =  —  cos  a  : 

the  sine  is  negative,  falling  below  the 
line  DA^  and  the  cosine  is  negative, 
being  estimated  to  the  left  of  the  cen¬ 
tre  G. 


Fourth  quadrant. 


61.  In  the  fourth  quadrant, 

PM  =  —  sin  a, 
and  Pm  =  CM  =  cos  a  : 

the  sine  is  negative,  falling  below  the 
line  DA,  and  the  cosine  is  positive,  fall¬ 
ing  on  the  right  of  EB.  Hence,  we 
conclude,  that 
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1st.  The  sine  is  positive  in  the  first  and  second  quadrants^  and 
negative  in  the  third  and  fourth  :  ' 

2d.  The  cosine  is  positive  in  the  first  and  fourth  quadrants^ 
and  negative  in  the  second  and  third : 

In  otlier  words, 

Is^.  The  sine  of  an  angle  less  than  180°  is  positive  ;  and  the 
sine  of  an  angle  greater  than  180°  and  less  than  860°,  is 
negative  : 

2d.  The  cosine  of  an  angle  less  than  90°  is  positive  ;  the  cosine 
of  an  angle  greater  than  90°,  and  less  than  270  ,  is  nega¬ 
tive;  and  the  cosine  of  an  angle  greater  than  270°,  and  less 
than  860°,  is  positive. 

62.  The  algebraic  signs  of  the  sine  and  cosine  being 
determined,  the  signs  of  all  the  other  trigonometrical  func¬ 
tions  may  be  at  once  established  by  means  of  the  formulas 
of  Table  I. 

Thus,  for  example, 

sin  a 

tan  a  = - • 

cos  a 

Now,  if  the  algebraic  signs  of  sin  a  and  cos  a  are  alike, 
the  tangent  is  positive  ;  if  they  are  unlike,  it  is  negative. 
Hence,  the  tangent  is  positive  in  the  first  and  third  quadrants^ 
and  negative  in  the  second  and  fourth. 

The  same  is  also  true  of  the  cotangent:  for, 

cos  a 


63.  Again,  since 


sec  a  = 


1 

cos  a  ’ 


the  sign  of  the  secant 
And  since. 


is  always  the  same  as  that  of  the  cosine. 

1 


cosec  a  = 


sin  a  ^ 


the  sign  of  the  cosecant  is  always  the  same  as  that  of  the 
sine. 
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64.  The  versed  sine  is  constantly  positive.  For,  it  is 
always  found  by  subtracting  the  cosine  fi-om  radius,  and 
the  remainder  is  a  positive  quantity,  since  the  cosine  can 
never  exceed  radius.  When  the  cosine  is  negative,  the 
versed  sine  becomes  greater  than  radius. 


65.  Let  <1  denote  a  quadrant:  then  the  following  table 
will  show  the  algebraic  signs  of  the  trigonometrical  lines 
in  tbe  different  quadrants. 


sine 

Eirsl  q.  Second  q. 
+  + 

Third  q. 

Fourth  q. 

cosine 

-b  - 

— 

+ 

tangent 

O 

+  - 

— 

cotangent 

+  — 

+ 

— 

B 


66.  We  have  thus  far  supposed  all  angles  to  be  esti¬ 
mated  from  the  line  CA  from  right  to  left,  that  is  in  the 
direction  from  A  to  to  kc.,  and 
have  also  regarded  such  angles  as  posi¬ 
tive.  It  is  sometimes  convenient  to 
give  different  signs  to  the  angles  them¬ 
selves. 

If  we  suppose  the  angles  to  be  esti¬ 
mated  from  CA,  in  the  direction  from 
left  to  right,  that  is,  in  the  direction  from  A  to  E,  to  D, 
kc.,  Ave  must  treat  ^the  angles  themselves  as  negative,  and 
affect  them  Avitli  the  sign  — . 


For  a  negative  angle  less  than  90°,  tlie  sine  Avill  be 
negative,  and  the  cosine  positive :  for  one  greater  than  90° 
and  less  than  180°,  the  sine  and  cosine  will  both  be  nega¬ 
tive.  The  algebraic  sign  of  the  sine  always  changes,  Avhen 
Ave  change  the  sign  of  the  arc,  but  the  sign  of  the  cosine 
remains  the  same.  Ilence,  calling  x  the  arc,  Ave  have  in 
general. 


sin  (  —  cc )  =  —  sin  x, 
cos  (  —  x)  =  cos  X, 
tan  {  —  x)  =  —  tan  x, 
cot  (  —  x)  =  —  cot  X. 


67.  We  shall  now  examine  tbe  changes  which  take 
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place  in  the  values  of  the  trigonometrical  lines,  as  the 
an<rle  increases  from  0  to  860°,  and  shall  begin  with  the 

o 

sine  and  cosine. 

AViien  tlie  arc  is  zero,  the  sine  is  0,  and  the  cosine 
ec^nal  to  R  —  1.  -^.t  90°  the  sine  becomes  ec^nal  to  R  —  Ij 

and  the  cosine  becomes  0.  At  ,180°,  the  sine  becomes  0, 
and  the  cosine  equal  to  —  A  =  —  1.  At  270°,  the  sine 
becomes  equal  to  -  A  =  -  1,  and  the  cosine  equal^  to  0. 
At  360°,  the  sine  becomes  equal  to  0,  and  the  cosine  to 
A  =  1.  Hence, 

First  quadrant  ^ 

As  the  arc  increases  from  0  to  90° : 

The  sine  increases  from  0  to  1 : 

The  cosine  decreases  from  1  to  0. 

Second  quadrant 

As  the  arc  increases  from  90°  to  180° : 

The  sine  decreases  from  1  to  0 : 

The  cosine  increases,  numerically,  from  0  to  —  1. 

Third  quadrant 

As  the  arc  increases  from  180°  to  270°: 

The  sine  increases,  numerically,  from  0  to  —  1 : 

The  cosine  decreases,  numerically,  from  —  1  to  0. 

« 

Fourth  quadrant  • 

As  the  arc  increases  from  270°  ,tc>  860°: 

The  sine  decreases,  numerically,  from  —  1  to  0 : 

The  cosine  increases  from  0  to  A  =  1. 

68.  By  a  careful  consideration  of  the  preceding  princi¬ 
ples  and  by  making  the  proper  substitutions  in  the  formulas 
already  deduced,  we  may  now  form  the  following  Table: 


20 
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TABLE  II. 


sin 

0 

=■ 

0, 

sin  (180° 

+  a) 

= 

— 

sin  a, 

cos 

0 

= 

1, 

cos (180° 

+ 

a) 

= 

— 

cos  a, 

tan 

0 

— 

0, 

tan  (180° 

"h 

a) 

tan  a, 

cot 

0 

= 

00. 

cot (180° 

+ 

a) 

cot  a. 

sin 

(90° 

— 

a) 

= 

cos  a. 

sin  (270° 

— 

a) 

— 

cos  a. 

cos 

(90° 

— 

a) 

— 

sin  a, 

cos (270° 

— 

d) 

— 

sin  n. 

tan 

(90° 

— 

a) 

cot  a, 

tan  (270° 

— 

d) 

= 

cot  a. 

cot 

(90° 

— 

a) 

— 

tan  a. 

cot (270° 

— 

d) 

= 

tan  a. 

sin 

90° 

1, 

sin  270° 

— 

1, 

cos 

,90° 

— 

0, 

cos  270° 

nr: 

0, 

tan 

90° 

— 

00, 

tan  270° 

im 

— 

00, 

cot 

90° 

= 

0. 

cot  270° 

= 

0. 

sin 

(90° 

+  a) 

— 

cos 

a. 

sin  (270° 

+ 

a) 

m: 

— 

cos  n. 

cos 

(90° 

+  a) 

— 

—  sill 

n. 

cos  (270° 

+ 

a) 

— 

sin  a. 

tan 

(90° 

+  cl) 

— 

~  cot 

a, 

tan  (270° 

+ 

a) 

— 

— 

cot  a. 

cot 

(90° 

a) 

— 

—  tan 

a. 

cot  (270° 

+  a) 

— 

tan  a. 

sin 

(180° 

— 

a) 

— 

sin 

n. 

sin  (360° 

— 

a) 

— 

— 

sin  n. 

cos 

(180° 

— 

d) 

= 

—  cos 

a. 

COS (860° 

— 

d) 

= 

cos  a. 

tan  (180° 

— 

a) 

= 

—  tan 

a, 

tan  (860° 

— 

a) 

— 

tan  a. 

cot (180° 

— 

a) 

— 

—  cot 

a, 

cot (860° 

— 

a) 

= 

— 

cot  a. 

sin 

180° 

. 

0, 

sin  860° 

— 

0, 

cos 

180° 

— 

- 1, 

cos  860° 

1, 

tan 

180° 

— 

0. 

tan  860° 

— 

0, 

cot 

180° 

- — 

—  00. 

cot  860° 

= 

00. 

69.  The"*  examinations  thus  far,  have  been  limited  to 
arcs  which  do  not  exceed  860°.  It  is  easily  shown, 
however,  that  the  addition  of  860°  to  any  arc  as  cr,  will 
make  no  difference  in  its  trigonometrical  functions ;  for, 
such  addition  would  terminate  the  arc  at  precisely  the 
same  point  of  the  circumference.  Hence,  if  G  represent  an 
entire  circumference,  or  860°,  and  n  any  whole  number, 
we  shall  have, 

sin  [0  x)  =  sin  x  ;  or,  sin  {n  X  Q  +  x)  =  sin  x. 

The  same  is  also  true  of  the  other  functions. 
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70.  It  will  furtlier  appear,  tliat  whatever  be  the  value 
of  an  arc  denoted  by  x,  the  sine  may  be  expressed  by 
that  of  an  arc  less  than  180°.  Eor,^  in  the  first  place,  we 
may  subtract  860°  from  the  arc  x,  as  often  as  860°  is 
contained  in  it :  then  denoting  the  remainder  by  y,  we 
Lfive, 

sin  X  =  sin  y. 

Then,  if  y  is  greater  than  180°,  make 

y  -  180°  =  2;, 

and  we  shall  have,  r 

sin  y  =  —  sin  z. 

Thus,  all  the  cases  are  reduced  to  that  in  which  the  are 
whose  functions  we  take,  is  less  than  180°  ;  and  since  we 
also  know  that, 

''00  +  cc)  =  sin  (90  —  cc), 

they  are  ult’  "'"''e  to  the  case  of  arcs  between 

0  and  90°  ... 


two 


\ 
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sin  a  -  sin  h 

licncc,  1  =  — n  cos  1)  -  cos  a, 

’  sill  G  sill  U 

or,  sin  G  =  sin  a  cos  h  —  sin  h  cos  a. 

But  tlie  angle  C  is  equal  to  tlie  difTerence  between  tbe 
angles  a  and  h  (Gcorn.  B.  I.,  P.  25,  C.  G)  :  hence, 

sin  {a  —  h)  =  sin  a  cos  5  —  cos  a  sin  Z/ ;  .  .  (a) 

that  is.  The  sine  of  the  dijjerence  of  any  two  arcs  or  amjks 
is  equal  to  the  sine  of  the  first  into  the  cosine  of  the  second^ 
minus  the  cosine  of  the  first  into  the  sine  of  the  second. 

]t  is  plain  that  the  formula  ,  is 
equally  true  in  whichever  quadrant 
the  vertex  of  the  angle  0  be  placed : 
lienee,  the  formula  is  true  for  all 
values,  of  the  arcs  a  and  h. 


72.  To  find  the  formula  for  the  sine  of  the  sum  of  two  angles 

or  arcs. 

By  formula  (o) 

sin  (a  ^  h)  =  sin  a  cos  b  —  cos  a  sin  h, 

substituting  forZ>,— and  recollecting  (Art.  66)  that, 

sin  ( —  x)  =  —  sin  x 
and  cos  (—  x)  =  coscc; 

and  also  that  a  —  {—  h)  =  a  -h 
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But,  sin  [90°  +  {a  +  =  cos  (a  +  h)  (Tiible  IE.)  : 

sin  (90°  +  a)  =  cos  a, 
and,  cos  (90°  +  «)  —  sin  a  j 

making  the  substitutions,  \vc  liave, 

cos  (a  +  ^)  =  cos  d  cos  h  —  sin  a  sin  b,  •  .  (c) 

74.  2h  find  the  formula  for  the  cosine  of  the  difi'erence  between 

two  angles  or  arcs. 

By  formula  if)  we  have, 

sin  (a  +  =  sin  a  cos  b  +  cos  a  sin  b. 

For  a  substitute  90°  —  a,  and  wc  have, 

sin  [90°  -  (a  -  =  sin  (90°  -  a)  cos  b  +  cos  (90°  -  a)  sin  k 

But,  sin  [90°  -  (a  -  =  cos  {a  -  b)  (Tabic  II.), 

sin  (90°  —  a)  =  cos  a, 
cos  (90°  —  a)  —  sin  a ; 
making  the  substitutions,  wc  have, 
cos  {a  —  ~  ^  ^  ^ 


75.  To  find  the  formula  for  the  tangent  of  the  sum  of  two 

arcs. 


By  Table  L, 


.  ,  sin  (a  +  1) 

tan  [a  b)  =  - — r-rr  > 

^  ^  cos  {a  +  v) 

sin  a  cos  b  +  cos  a  sin  b 


by  (i)  and  (c) , 


cos  a  cos  b  —  sin  a  sin  b 

dividing  both  numerator  and  denominator  by  cos  a  cos 

sin  a  cos  b  cos  a  sin  b 

+ 


cos  a  cos  b  cos  a  cos  b 

^  sin  a  sin  b 

—  - ) 

cos  a  cos  0 


tan  a  +  tan  b 


tan  (a +  h)  =  iTTYan  a  tan  6' 


.  .  (/) 
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76':  To  find  the  tangent  of  the  difference  of  two  arcs. 

tan  (a  -  5)  =  .  (Table  I). 

sin  a  cos  h  —  cos  a  sin  h  .  ...  ,  , ,, 

=  - - ; - r— 7  )  Dv  {o)  ancL  (a). 

cos  a  cos  0  +  sin  a  sin  b  ^ 

Dividing  both  numerator  and  denominator  bj  cos  a  cos 

(^) 


following  formulas. 


tan 

a  — 

tan  h 

1  +  tan  a 

tan  h 

find  no 

difficulty 

cot  a 

cot 

b  -  1 

cot  ( 

a  + 

cot  h 

cot  a 

cot 

b  +  1 

cot  {a  +  h) 

cot  (a  —  h)  ^  , 

'  cot  b  —  cot  a 


{h) 

(0 


78.  To  find  the  sine  of  twice  an  arc^  in  functions  of  the  arc 

and  radius. 

Bj  formula  if) 

sin  (a  +  Zi)  =  sin  a  cos  h  +  cos  a  sin  h. 

Make  a  =  h,  and  the  formula  becomes, 

sin  2a  =  2  sin  a  cos  a.  ...  {k) 

If  we  substitute  for  a,  Ave  have, 

sin  a  =  2  sin  cos  \a,  ,  •  {Ic  1) 


79.  7b  find  the  cosine  of  tivice  an  arc  in  functions  of  the  arc 

and  radius. 

Bj  formula  (c) 

cos  (a  +  b)  =  cos  a  cos  h  --  sin  a  sin  h. 

Make  a  =  b,  and  we  have, 

cos  2a  =  COS’  a  —  sin-  a . (?) 

Bj  Table  I.,  sin^  a  =  1  —  cos-  a ;  hence,  bj  substitution, 

COS  2a  =  2  cos^  a  —  1.  .  .  .  (Z 1) 

Again,  since  cos-  a  =  1  —  sin^  a,  we  also  have, 

I  ,  .  .  cos  2a  =  1  —  2  sin-  a.  .  .  .  (Z  2) 

i 
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80.  To  determine  the  tangent  of  twice  or  thrice  a  given  arc  in 

functions  of  the  arc  and  radius. 

By  formula  (/) 

tail  a  +  tan 

tan  (a  +  6)  -  ^  _  ^n  a  tan  h 
Make  b  —  a^  and  we  kave, 


tan  2a  = 


2  tan  a 
1  —  tan^  a 


•  • 


(m) 


Making  b  =  2a,  we  have, 


tan  3a  = 


tan  a  +  tan  2a 


1  —  tan  a  tan  2a  ’ 
substituting  the  value  of  tan  2  a,  and  reducing,  we  have, 

3  tan  a  —  tan^  a  . 


tan  3a  ^  _  g  ^  > 

The  student  will  readily  'find 

cot  a  —  tan  a 


.  .  (ml) 


cot  2a  = 


. {n) 


81.  To  find  the  sine  of  half  an  arc  in  terms  of  the  functions 

of  the  arc  and  radius. 

By  formula  {I  2) 

cos  2a  =  1  —  2  sin-  a. 

For  a,  substitute  ^a,  and  we  have, 

cos  a  =  1  —  2  sin-  ^a ;  ^ 

hence,  2  sin^  =  1  —  cos  a, 

sin  ^a  =  .  .  .  (o) 

82.  To  find  the  cosine  of  half  a  given  arc  in  terms  of  the 

'  functions  of  the  arc  and  radius. 

By  formula  (Z 1) 

cos  2a  =  2  cos^  a  —  1. 

For  a,  substitute  g-a,  and  we  have,  • 

cos  a  =  2  cos-  la  —  1  ] 


cos 


Ja  =  \/ 


1  +  cos  a 


ip) 


hence, 


2 
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83.  To  find  the  tangent  of  half  a  given  arc^  in  functions  of 

the  arc  and  radius. 


Divide  formula  (g)  by  Qj),  and  we  have, 


tan  \ 


—  cos  a 


1 


(?) 


+  cos  a 

Multiplying  both  terms  of  the  second  member  by  “v/i  —  cos  a 

1  —  cos  a 


and  reducing 


tan 


sin  a 


(!?  1) 


Multiplying  both  terms  by  the  denominator  V 1  +  cos  a, 

and  reducing  tan  la  =  ^  ■  ,....(<72) 

1  +  cos  a 


GENERAL  FORMULAS. 


84.  The  formulas  of  Articles  71,  72,  73,  74,  furnish  a 
great  number  of  consequences ;  among  which  it  will  bo 
enough  to  mention  those  of  most  frequent  use.  By  adding 
and  subtracting  we  obtain  the  four  which  follow, 

sin  (a  +  5)  +  sin  {g  —  h)  =  2  sin  a  cos  5,  .  (r) 

sin  (a  +  Z))  —  sin  {g  —  h)  =  2  sin  h  cos  a,  .  (5) 

cos  (a  +  5)  +  cos  {a  —  h)  —  2  cos  a  cos  h,  .  (t) 

cos  (a  —  h)  —  cos  (a  +  5)  =  2  sin  a  sin  Z>,  .  (u) 

and  which  serve  to  change  a  product  of  several  sines  or 
cosines  into  linear  sines  or  cosines,  that  is,  into  sines  and 
cosines  multiplied  only  by  constant  quantities. 


85.  If  in  these  formulas  we  put  a  1  =  p,  a  ^  h  ^ 


1  *  "L  •  P  ~h  5^  7  P  ^ 

which  gives  a  —  — ^  ~  - — ^ 


,  we  shall  find 


sin  y)  +  sin  ^  ==  2  sin  ^  (y)  d-  q)  cos  —  y), .  .  [v) 

sin  y>  —  sin  y  =  2  sin  i{p  —  q)  cos  i{p  +  q),  .  .  (x) 

cos  jp  4-  cos  g'  =  2  cos  ^(y>  +  q)  cos  ^(y>  —  y),  .  .  (y) 

cos  q  ~  cos  p—  2  sin  i  (y)  +  y)  sin  J  (y>  —  y),  .  (2:) 
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If  we  make  q  =  0,  we  shall  have, 

sin  p  =  2  sin  Ip  cos  (a:  i) 

1  +  cos  p  —  2  cos^  \Pj  .  .  •  •  (3/ 

1  —  cos  p  =  2  sin-  Ip^  .  .  .  .  (2  1) 


86.  From  formulas  (v),  (cc),  {y),  (2),  and  {Jc  1),  we  obtain ; 

sin  p  +  sin  q  __  sin  J  {p  +  q)  cos  J  {p  —  g)  _  tang  ^  -h 
sin  p  —  sin  ^  cos  \  {p  +  2)  sin  J  \p  —  g")  tang  \  {p  —  q) 


sin  p  +  sin  q  _  sin  \(p  +  q) 
cos  p  +  cos  g  cos  \[p  q) 


tang  J  (i?  +  ?). 


sin  j)  +  sin  g  ^  cos  i  iP _ ?)  ^  cot  Up  -  i). 

COS  ^  —  cos  p  sin  i-  {p  —  2) 

sin  _p  -  sin  g  ^  s^i ^  \{p-q). 

COS  p  +  cos  2'  cos  J  Qa  —  q) 

sin  -  sin  g  ^  co^p  +  g)  ^  {p  +  q) . 

COS  q  —  cos  p  sin  \{p  +  q) 

cos  p  +  cos  q  _  cos  j  (p  +  g)  cos  \{p  q)  _  cot  \{p  + 

cos  q  —  cos p  sin  J {p  +  q)  sin  i (P  “  ?)  tang \{p~  q) 

sin  p  +  sin  g'  _  2sin  \  {p  +  q)  cos  \{p  —  q)  _  ggs  \{p 

"shTO^'T^-  ~  2sin  i  2)  cos  i  Qa  +  2)  cos  Kp  +  2) 

sin  jo  —  sin  q  _  2sin  \  {p  —  q)  cos  KP  +  g)  _  sm  ^ 

sin  {p  +  q)  ~  2sin  i  (P  +  2)  cos  J  (P  +  2)  i  (P  2') 

These  formulas  are  the  algebraic  enunciations  of  so 
many  theorems.  The  first  expresses  that,  the  sum  of  the 
sines  of  two  arcs  is  to  the  difference  of  those  sines,  as  the  tan¬ 
gent  of  half  the  sum  of  the  arcs  is  to  the  tangent  of  half  their 

difference. 

HOMOGENEITY  OF  TERMS. 


87.  An  expression  is  said  to  be  homogeneous,  vhen 
6ach  of  its  terms  contains  the  same  number  of  literal  fac¬ 
tors.  Thus, 

sin-  a  +  cos-  a  =  •  .  •  •  0) 


is  homogeneous,  since  each  term  contains  two  literal  factors. 
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If  we  suppose  A  =  1,  we  have, 

siii^  a  +  cos-  a  —  1 . (2) 

This  equation  merely  expresses  the  numerical  relation 
between  the  values  of  sin^  a,  cos-  u,  and  unity.  If  we  pass 
from  the  radius  1  to  any  other  radius,  as  i?,  it  becomes 
necessary  to  replace  these  abstract  numbers  by  their  corres¬ 
ponding  literal  factors.  For  this,  we  must  observe,  that 
the  radius  of  a  circle  bears  the  same 
ratio  to  any  one  of  the  functions  of  an 
arc,  (the  sine  for  example,)  as  the  radius 
of  any  other  circle,  to  the  corresponding 
function  of  a  similar  arc  in  that  circle. 

For  example, 


sm  a  ; 
sin  a 


R  : 

sin  a 


sin  a  ; 


hence, 

1  “  A  ' 

in  which  the  sin  a,  in  the  first  member,  is  calculated  to  the 
radius  1,  and  in  the  second,  to  the  radius  A. 

If,  now,  we  substitute  this  value  of  sin  a  to  radius  1, 
in  equation  (2),  we  have, 

sin  a  sin  a  cos  a  cos  a 

or,  sin-  a  +  cos^  a  =  R^^ 

an  expression  which  is  homogeneous :  and  any,  expression 
may  be  made  homogeneous  in  the  same  manner;  or,  it 
may  be  made  so,  hy  simply  multiplying  each  term  hy  such  a 
power  of  R  as  shall  give  the  same  number  of  linear  factors  in 
all  the  terms. 


88.  Since  the  sine  of  an  arc  divided  by  the  radius  is 
equal  to  the  sine  of  another  arc  containing  an  equal  num¬ 
ber  of  degrees  divided  by  its  radius,  we  may,  if  we  please, 
define  the  sine  of  an  arc  to  be  the  ratio  of  the  radius  to 
the  perpendicular  let  fall  from  one  extremity  of  the  arc 
on  a  diameter  passing  through  the  other  extremity.  Giving 
similar  definitions  to  the  other  functions  of  the  arc,  each 
will  have  a  corresponding  function  in  either  angle  of  a  tri¬ 
angle.  For,  if  in  a  right  angled  triangle,  we  let 


PLANE  TEIGONOMETKY. 


815 


j4_  =  right  angle;  Z?  =  angle  at  base;  0 —  vertical  angle; 
a  =  hjpothennse  ;  c  ^  base ;  h  =  perpendicular, 

we  may  deduce  all  the  functions  of  the  angle  without  any 
reference  to  the  circle. 

For,  let  us  call,  by  definition, 

h  ^  c 

sin  B  —  — j  cos  B  =  — > 

a  d 

tan  B  =  — )  cot  B  —  -j-i 

G  0 

^  Cl  n  ^ 

sec  B  =  —1  cosecE  =  -r- 

C  0 

Each  of  these  expressions,  regarded  as  a  ratio,  is  a  mere^ 
abstract  number.  If  we  niake  the  hypothenuse  a  1,  the 
abstract  numbers  will  then  represent  parts  of  a  right- 
angled  triangle,  or  the  corresponding  functions  of  a  circle 
whose  radius  is  unity. 

Formulas  relating  to  Triangles, 

89.  Let  ACB  be  any  triangle,  and  C 

designate  the  sides  by  the  letters  a,  c; 

then  (Art.  21),  /  \ 

sin  A  __  a  ,  sin  A  _  .  sin  B  __ 

^iYi^  “  T  ’  sin  (7  “  c  ’  sin  6'  c  ‘ 

that  is,  the  sines  of  the  angles  are  to  each  other  as  their  oppo¬ 
site  sides. 

90.  We  also  have  (Art.  22), 

a  +  5  :  a  —  h  ::  tan  i(A  +  i?)  :  tan  J(A  —  ^)  : 

that  is,  the  sum  of  any  two  sides  is  to  their  difference.,  as  the 
tangent  of  half  the  sum  of  the  opposite  angles  to  the  tangent  of 
half  their  difference. 

91.  In  case  of  a  right-angled  triangle,  in  which  the 
right  angle  is  B,  we  have  {Art.  24), 

1  ;  tan  A  :  :  c  :  a  ;  hence,  a  =  c  tan  A,  .  (2) 

And  again  (Art.  25), 

1  ;  cos  A  :  :  &  :  c  ;  hence,  c  =  6  cos  A,  .  (3) 
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92.  There  is  but  one  additional  case,  that  in  which  the 
three  sides  are  given  to  find  an  angle. 

Let  ACB  be  any  triangle,  and  CD  C 

a  perpendicular  upon  the  base.  Then, 
whether  the  perpendicular  falls  without 
or  within  the  triangle,  we  shall  have 
(B.  lY.,  P.  12), 

UB^oAG'^  +  U?  -  2AB  X  AD. 

But,  AD  =  AG  cos  A  ; 

and  representing  the  sides  by  letters,  and  substituting  for 
AD^  its  value,  we  have, 

cos  A  =  - -p-, -  • 

Abe 

If  we  now  substitute  for  cos  A,  its  value  from  formula 
(Art.  81),  we  shall  have, 

2sin^  =  1  -  ^  + 

26c 

26c  -  QA  +  c2  -  or) 

~  2be  ’ 

__  —  6^  —  c”  4-  26c  cA  —  (6  ~  c)^ 


26c 


26c 


__  (a  +  6  —  c)  (a  +  c  —  6) 

^  2Tc  ’ 

sin  U  =  y/  ^  ~  ~ 

4ic 

If  now,  we  make 

^  (a  4  6  +  c)  =  5,  Ave  have  a  4  6  4  c  =  2^,  and 
a46  —  c  =  2s--  2c;  also,  a4c  —  6  =  25  —  26: 


hence, 


sin  I A  =  \/kDl3  -  g), 
^  he 


93.  If  we  add  1  to  each  member  of  the  equation 
above,  in  which  we  have  the  value  of  cos  A,  we  shall 
have, 

1  J-  ^  +  ^'  +  _  (J  +  «)-  - 
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-  (^  +  c  +  «)  (i  +  c  -  «)  .  and, 
“  2ic 


1  +  COS  A  = 


2s  {s  —  a) 


Substituting  for  1  +  cos  its  value  (Art.  82),  and  reduc¬ 
ing,  we  have. 


cos  \A^\I- 


s  (s  —  a) 


be 


94.  If,  now,  we  recollect  that  tbe  tangent  is  eq^ual  to 
tbe  sine  divided  by  tbe  cosine  (Art.  47),  we  bave, 

^-V  s(s-a)  • 

and  observing  tbat  tbe  same  formula  applies  ec^ually  to 
either  of  tbe  other  angles  we  bave. 


tan  J 


tan  JR --V  s{s-  b) 


tan 


1  /T^  - 

jG-V  ,(s-c) 


CONSTRUCTION  OF  TRIGONOMETRICAL  TABLES. 

95.  If  the  radius  of  a  circle  is  taken  equal  to  1,  and 
tbe  lengths  of  tbe  lines  representing  .  the  sines,  cosines, 
tangents,  cotangents,  &c.,  for  every  minute  of  tne  quadrant 
be  calculated,  and  written  in  a  table,  this  would  be  a  table 
of  natural  sines,  cosines,  &c. 

96.  If  sneb  a  table  vrere  known,  it  would  be  easy  to 
calculate  a  table  of  sines,  &c.,  to  any  other  radius ;  since, 
in  different  circles,  tbe  sines,  cosines,  &c.,  of  arcs  contain¬ 
ing  tbe  same  number  of  degrees,  are  to  each  other  as  tbeir 

radii  (Art.  87). 

97.  Let  us  glance  for  a  moment  at  some  of  tbe  methods 

of  calculating  a  table  of  natural  sines. 

When  tbe  radius  of  a  circle  is  1,  tbe  semi-circumfer- 
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ence  is  known  to  be  3.14159265358979.  This  being  divid 
ed  successively,  by  180  and  60,  or  at  once  by  10800,  gives 
.0002908882086657,  for  the  arc  of  1  minute.  Of  so  small 
an  arc,  the  sine,  ‘chord,  and  arc,  differ  almost  imperceptibly 
from  each  other ;  so  that  the  first  ten  of  the  preceding 
figures,  that  is,  ^.0002908882  may  be  regarded  as  express¬ 
ing  the  sine  of  1'  ;  and,  in  fact,  the  sine  given  in  the 
tables,  which  run  to  seven  places  of  decimals  is  .0002909 
By  Art.  46,  we  have, 

cos  =  V(1  —  sin^). 

This  gives,  in  the  present  case,  cos  1'  =  .9999999577.  Then 
we  ha\e  (Art.  84), 

2  cos  1'  X  sin  1'  —  sin  0'  =  sin  2'  =  .0005817764, 

.  2  cos  1'  X  sin  2'  —  sin  1'  =  sin  3'  =  .0008726646, 

2  cos  1'  X  sin  3'  ~  sin  2'  =  sin  4'  =  .0011635526, 

2  cos  1'  X  sin  4'  —  sin  3'  =  sin  5'  =  .0014544407, 

2  cos  1'  X  sin  5'  ■—  sin  4'  =  sin  6'  =  .0017453284, 

&c.,  &c.,  &c. 

Thus  may  the  work  be  continued  to  any  extent,  the 
whole  difficulty  consisting  in  the  multiplication  of  each 
successive  result  by  the  quantity  2  cos  1'  =  1.9999999154. 

Or,  having  found  the  sines  of  1'  and  2',  we  may  deter¬ 
mine  new  formulas  applicable  to  further  computation. 

If  we  multiply  together  formulas  (a)  and  {h)  (Art.  71-72), 
and  substitute  for  cos^  a,  1  —  sin^  a,  and  for  cos-  Z>,  1  —  sin-  6, 
we  shall  obtain,  after  reducing, 

sin  (a  +  h)  sin  {a  —  h)  =  sin^  a  —  sin-  b ; 

and  hence,  sin  {a  +  b)  sin  (a  —  5)  =  (sin  a  +  sin  b)  (sin  a  —  sin  b) 

or,  sin  {a  —  b)  :  sin  a  —  sin  b  : :  sin  a  +  sin  b  :  sin  (a  T  h). 

j^^.pplying  this  proportion,  we  have, 

sin  V  :  sin  2'  —  sin  1'  :  :  sin  2'  +  sin  1'  :  sin  3', 

sin  2'  :  sin  3'  —  sin  1'  :  :  sin  3'  +  sin  1'  :  sin  4', 

sin  3'  :  sin  4'  —  sin  V  :  :  sin  4'  +  sin  1'  :  sin  5', 

sin  4'  :  sin  5'  —  sin  1'  :  :  sin  5'  +  sin  V  :  sin  6', 

&c.,  &c.,  &e. 
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In  like  manner,  the  computer  might  proceed  for  the 
sines  of  degrees,  &c.,  thus : 

sin  1°  :  sin  2°  —  sin  1°  :  :  sin  2°  +  sin  1°  :  sin  3°, 

sin  2°  :  sin  3°  -  sin  1°  :  :  sin  3°  +  sin  1°  :  sin  4°, 

sin  3°  :  sin  4°  -  sin  1°  :  :  sin  4°  +  sin  1°  :  sin  5°, 

kc.,  &c.,  &c. 

Having  found  the  sines  and  cosines,  the  tangents,  cO' 
tangents,  secants,  and  cosecants,  may  be  computed  from 
them  (Table  I). 

98.  There  are  yet  other  methods  of  computation  and 
verification,  which  it  may  be  well  to  notice. 

Let  AP  be  an  arc  of  60°  :  then  the 
chord  AP  is  equal  to  the  radius  OA 

(b.  V.,  P.  4)  :  and  the  triangle  CPA  is 
equilateral.  Hence,  PM  bisects  CH,  or 
cos  60°  =  A,  or  equal  to  one-half,  when 
1. 

But  cos  60°  =  sin  30°  (Art.  12) : 
hence,  sin  30°  =  ^  ;  aiid, 

cos  30°  ==  V 1  —  sin^  30°=  J 

Then,  by  formulas  of  Articles  81,  and  82,  we  can  find 
the  sine  and  cosine  of  15°,  7°  30',  3°  45',  &c. 


I 


99.  If  the  arc  AP  were  46°,  the  right-angled  triangle 
CPM  would  be  isosceles,  and  we  should  have  CM  =  PM ; 
that  is, 

sin  45°  =  cos  45°. 

sin^  a  +  cos^  a  =  1, 

2  sin^  45°  =  1  ; 

sin  45°  =  cos  45°  =  -/i 
sin  46° 


Hence, 

gives 

or. 


iV2. 


Also, 


tan  45°  = 


1  =  cot  45°. 


cos  45° 

Above  45°,  the  process  of  computation  may  be  simpli 
lied  by  means  of  the  formula  for  the  tangent  of  the  sum 
of  two  arcs  (Art.  75). 


1  +  tan  h 
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100.  If  the  trigonometrical  lines  themselves  were  used.' 
it  would  be  necessary,  in  the  calculations,  to  perform  the 
operations  of  multiplication  and  division.  To  avoid  so 
tedious  a  method  of  calculation,  we  use  the  logarithms  of 
the  sines,  cosines,  &c. ;  so  that  the  tables  in  common  use 
show  the  values  of  the  logarithms  of  the  sines,  cosines, 
tangents,  cotangents,  &c.,  for  each  degree  and  minute  of 
the,  quadrant,  calculated  to  a  given  radius.  This  radius  is 
10,000,000,000,  and  consequently,  its  logarithm  is  10. 

The  logarithms  of  the  secants  and  cosecants  are  not 
entered  in  the  tables,  being  easily  found  from  the  cosines 
and  sines.  The  secant  of  any  arc  is  equal  to  the  square 
of  radius  divided  by  the  cosine,  and  the  cosecant  to  the 
square  of  radius  divided  by  the  sine  (Table  I)  :  hence,  the 
logarithm  of  the  former  is  found  by  subtracting  the  loga¬ 
rithm  of  the  cosine  from  20,  and  that  of  the  latter,  by 
subtracting  the  logarithm  of  the  sine  from  20 
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1.  A  Spheiiical  Tkiangle  is  a  portion  of  tlie  surface- 
of  a  sphere  included  by  the  arcs  of  three  great  circles 
(b.  IX.,  D.  1).  Hence,  every  spherical  triangle  has  six  parts ; 
three  sides  and  three  angles. 

2.  Spherical  Trigonometry  explains  the  processes  of 

determining,  by  calculation,  the  unknown  sides  and  angles 
of  a  spherical  triangle,  when  any  three  of  the  six  parts  are 
given.  For  these  processes,  certain  formulas  are  employed 
wdiich  express  relations  between  the  six  parts  of  the  tri¬ 
angle.  ' 

3.  Any  two  parts  of  a  spherical  triangle  are  said  to  be 
of  the  same  species  when  they  are  both  less  or  both  greater 
than  90°  ;  and  they  are  of  different  species,  when  one  is 
less  and  the  other  greater  than  90°. 

4.  Let  ABC  be  a  spherical  trian¬ 
gle,  and  P  the  centre  of  the  sphere. 

The  angles  of  the  triangle  are 
equal  to  the  diedral  angles  included 
between  the  planes  which  determine 
its  sides ;  viz. :  the  angle  A  to  the 
angle  included  by  the  planes  PAB 
and  PAG \  the  angle  B  to  the  angle  included  by  the  planes 
PBO  and  PBA  ;  the  angle  C  to  the  angle  included  by  the 
planes  PCB  and  PGA  (b.  ix.,  D.  1).  If  we  regard  the  side 
PA  as  unity,  the  sides  GB,  GA,  AB,  of  the  spherical  triangle 
will  measure  the  angles  GPB,  CPA,  APB,  at  the  centre  of  the 
sphere.  Denote  these  sides  or  angles,  respectively,  by  a,  h,  andc. 

5.  On  PA,  the  intersection  of  two  faces,  assume  any 
point,  as  M,  and  in  the  planes  APB,  APG,  draw  MN  and 


B 


C 


1 
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MO^  both  perpendicular  to  tbe  com 
mon  intersection  PA  :  then,  OMAf 
will  measure  the  angle  between  these 
planes  (b.  vi.,  B.  4),  and  hence,  will 
be  equal  to  the  angle  A  of  the  tri- 
ngle.  Join  0  and  N  by  the  straight 
ine  ON. 

In  the  triangles  NPO  and  AifO,  we  have  (Plane  Trig., 
Art.  92). 

cos  P  =  cos  a  = - 2PNx  PO  '  ^  “  IMO  X  MN 


and  by  reducing  to  entire  terms, 

2PNXPOXCOS  a=pY^+i^ 2iMOxMJPXcos  A=MN‘^+M0^'~N0\ 

By  subtracting  the  second  equation  from  the  first,  we  have, 

2(PiV'xP0x  cosa  —  MO  X  MJSF cos  A)  =  PN^— MN~\-P0'''—M0^=  2PM'^i 

and  by  dividing  both  members  by  2PN  X  PO,  we  have, 

J/0  MN  ,  PM  ^  PM 

cos  a  —  X  IFTTt  X  cos  A  —  X 


PO  PN 


PN  PO 


l3ut  (Plane  Trig.,  Art.  88),  gives 

J/0  MN  .  PM  PM 

=  sin  i,  ^  =  sm  c,  ^=cosc,  ^  = 


COS  b  ; 


substituting  these  values,  we  have, 

cos  a  —  sin  h  sin  c  cos  A  —  cos  h  cos  c ; 


and  by  transposing, 

cos  a  =  cos  5  cos  c  +  sin  6  sin  c  cos  A. 


A  similar  equation  may  be  deduced  for  the  cosine  of  either 
-of  the  other  sides :  hence, 

cos  a  =  cos  b  cos  c  +  sin  h  sin  c  cos  A, 

cos  h  —  cos  a  cos  c  +  sin  a  sin  c  cos  B,  ^  (1) 

COS  c  =  cos  a  cos  5  +  sin  a  sin  h  cos  0. 


That  is:  The  cosine  of  either  side  of  a  spherical  triangle  is  equal 
to  the  product  of  the  cosines  of  the  tioo  other  sides  plus  the 
product  of  their  sines  into  the  cosine  of  their  included  angle. 

The  three  equations  (1)  contain  all  the  six  parts  of  the 
•spheiical  triangle.  If  three  of  the  six  quantities  which 
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enter  into  tEese  equations  be  given  or  known,  the  remain¬ 
ing  three  can  be  determined  (Bourdon,  Art.  103) :  hence, 
if  three  parts  of  a  spherical  triangle  be  known,  the  other 
three  may  be  determined  from  them.  These  are  the 
primary  formulas  of  Spherical  Trigonometry.  They  require 
to  be  put  under  other  forms  to  adapt  them  to  logarithmic 
computation. 

6.  Let  the  angles  of  the  spherical  triangle,  polar  to 
ABG^  be  denoted  respectively  by  A',  B'^  O',  and  the  sides 
by  a',  h',  c'.  Then  (b.  ix.,  P.  6), 

^  180°  -  A,  h'  =  180°  -B,  d  =  180°  -  (7, 

A'  =  180°  -  a,  B'  =  180°  -  h,  O'  ^  180°  -  c. 

Since  equations  (1)  are  equally  applicable  to  the  polar  tri¬ 
angle,  we  have, 

(JOS  ol  —  cos  1)'  cos  c'  A  sin  h'  sin  c'  cos  A^ 

substituting  for  a',  h',  d  and  A',  their  values  from  the  polar 
triangle,  we  have, 

—  cos  A  —  cos  B  cos  0  sin  B  sin  G  cos  u  , 
and  changing  the  signs  of  the  terms,  we  obtain, 
cos  A  =  sin  ^  sin  (7  cos  u  —  cos  B  cos  C. 

Similar  equations  may  be  deduced  from  the  second  and 
third  of  equations  (1) ;  hence, 

cos  A  —  sin  B  sin  G  cos  a  —  cos  B  cos  G,  ^ 
cos  =  sin  A  sin  C  cos  h  —  cos  A  cos  (7,  j-  (2) 
cos  G  =  sin  A  sin  B  cos  c  —  cos  A  cos  B.  J 

That  is :  The  cosine  of  either  angle  of  a  spherical  triangle^  is 
equal  to  the  product  of  the  sines  of  the  two  other  angles  into 
the  cosine  of  their  included  side^  minus  the  product  of  the 
cosines  of  those  angles. 

7.  The  first  and  second  of  equations  (1)  give,  after 
transposing  the  terms, 

cos  a  —  cos  h  cos  c  =  sin  h  sin  c  cos  A, 
cos  6  —  cos  a  cos  c  =  sin  a  sin  c  cos  ^ ; 

by  adding,  we  have, 

C03  a  +  C03  6  -  C03  c  (cos  a  +  cos  6)  ==  Bin  r  (sin  6  cos  ^  +  sin  a  cos  B) ; 
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and  hj  substracting  tlie  second  from  tbe  first, 

cos  a  —  cos  b  +  cos  c  (cos  a  —  cos  b)  —  sin  c  (sin  b  cos  A  —  sin  a  cos  B) ; 

these  equations  may  be  placed  under  the  forms, 


(1  --  cos  r)  (cos  a  +  cos  h)  —  sin  c  (sin  h  cos  A  -f  sin  a  cos  E), 
(i  +  cos  c)  (cos  a  —  cos  h)  =  sin  c  (sin  h  cos  A  —  sin  a  cos  A) ; 

multiplying  these  equations,  member  by  member,  we  obtain, 

(1  —  cos-  c)  (cos-  a  —  cos-  h)  —  sin-  c  (sin-  h  cos-  A  —  sin-  a  cos^  B) : 

substituting  sin-  c  for  1  —  cos-  c,  1  —  sin-  A  for  cos-  A,  and 
1  —  sin-  B  for  cos-  A,  and  dividing  by  sin-  c,  we  have. 


cos^  a  —  cos^  h  —  sin-  h  —  sin-  h  sin^  A  —  sin^  a  -f  sin-  a  sin^i^: 
then,  since  cos^  a  —  cos-  h  =  sin^  h  —  sin-  a,  we  have, 

sin-  h  sin^  A  =  siiY  a  sin^  B ; 
and,  by  extracting  the  square  root, 

sin  h  sin  A  =  sin  a  sin  B. 


By  employing  the  first  and  third  of  equations  (1)  we  shall 
find, 

sin  c  sin  A  =  sin  a  sin  G ; 
and,  by  employing  the  second  and  third, 

sin  h  sin  G  =  sin  c  sin  B ;  hence, 


sin  A  _  sin  a 
sin  B  sin  b  ’ 

sin  A  sin  a 

-  ■  - _  • 

sin  G  sin  c  ’ 
sin  G  _  sin  c 
sin  B  sin  b  ’ 


or  sin  B  :  sin  A 
or  sin  G  :  sin  A 
or  sin  B  :  sin  G 


:  sin  b  :  sin  a, 
:  sin  c  :  sin  a, 
:  sin  b  :  sin  c. 


That  is :  In  every  spherical  triangle,  the  sines  of  the  angles  are 
to  each  other  as  the  sines  of  their  opposite  sides. 

8.  Each  of  the  formulas  designated  (1)  involves  the 
three  sides  of  the  triangle  together  with  one  of  the  angles. 
These  formulas  are  used  to  determine  the  angles  when  the 
three  sides  are  known.  It  is  necessary,  however,  to  put 
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them  under  another  form  to  adapt  them  to  logarithmic 
computation. 

Taking  the  first  equation,  we  have, 

,  cos  a  —  cos  h  cos  c 

cos  A  =  — - : - r—  7 - . 

sin  b  sin  c 


Adding  1  to  each  member,  we  have, 

^  ,  .  cos  a  +  sin  h  sin  c  —  cos  b  cos  c 

1  +  cos  A  = - r — ; - - - —  . 

sm  b  Sill  c 

But,  1  +  cos  A  =  2  COS'  \A  (Plane  Trig.,  Art.  85), 
and,  sin  h  sin  c  —  cos  h  cos  c  =  —  cos  {h  -f  c)  (Art.  73) ; 

cos  a  —  cos  {h  +  c) 


hence, 


2  cos^  J  A 


sill  h  sill  c 


_  _  ,  sinRa  +  Z)  +  c)  sin  i  (a  +  c  —  a)  .  . 
or,  cos^  \A  =  -  -A - (Art.  85). 


Putting 


sm  b  sm  c 
s  =  a  A  h  A  we  shall  have, 


=  \{a  A  h  A  c)  and  ^ 5  —  a  =  (6  +  c  —  a)  : 


hence,  cos  i  ^  , 

’  ^  sin  b  sin  c 


cos  J  B 


=  -1 ^(.s)  sin  {\s  -  h) 

V  cTn  ri  cnv  /* 


sm  a  sm  c 


cos  J  G 


_  sin  J  (5)  sin  (|5  —  c) 


sill  a  sin  b 


>  V 


(■1) 


9.  Had  we  subtracted  each  member  of  the  first  equa¬ 
tion  in  the  last  article,  from  1,  instead  of  adding,  we  should, 
by  making  similar  reductions,  have  found. 


sin^  A 


sin 


_  /si  n  \{a  +  Z)  —  c)  sin  \  (a  +  c  —  b) 
^  sin  b  sin  c 

_  / sin  \  {ii  A  b  —  c)  sin  l{b  A  c  —  a) 

^  sin  a  sin  c 


sin  I  (7  = 


sin  ^{a  A  c  —  b)  sin  ^  (Z)  +  c  —  a) 
sin  a  sin  b 


(6) 
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Puttino: 


5  =  a  +  Z)  +  c,  we  sPall  Pave, 


^s  —  a=^(b-\-c—a)j  -Js— (a+c— 5),  and  -^s—c — \{a-]rh  c); 


hence,  sin  i ^  ^ sm  (1^  - 

^  Sin  0  sin  c 


sin  ^  E  = 


sin  (Js  —  c)  sin  (^5  —  a) 
sin  a  sin  c  ’ 


sin  ^  G 


_  /sin~(|5  —  h)  sin  —  a) 
^  sin  a  sin  h 

10.  Erom  equations  (4)  and  (6)  we  obtain, 


(6) 


•N 


tani^=\/Aif 

^  V  sn-i  1 


s  —  c)  sin  {\s  —  b) 
sin  i  (s)  sin  (J  s  —  a)  ’ 

4-  17?  .  / sin  (Is  —  c)  sin  (is  —  n) 

tan  ^i?  =  ^ 

tan  i  C  = 

Sin  i  (s)  sin  (is  — •  c) 


k7) 


11  We  may  deduce  tbe  value  of  tbe  side  of  a  trian¬ 
gle  in  terms  of  tlie  three  angles  by  applying  equations  (5), 
to  the  polar  triangle.  Thus,  if  a',  h',  c',  A',  B',  G\  repre¬ 
sent  the  sides  and  angles  of  the  polar  triangle,  we  shall 
have  (b.  ix.,  P.  6), 

A  -  180°  -  a',  B=  180°  -  5',  C=  180°  -  c'; 
a  =  180°  -  A',  h  =  180°  -  B',  and  c  =  180°  -  C ; 

hence,  omitting  the  ',  since  the  equations  are  applicable  to 
any  triangle,  we  shall  have. 


cos  —  CL 

_  /cos 

T  B 

-  G) 

cos 

+ 

G- 

■B) 

V 

sin  B 

sin 

G 

COS  1  b 

^  /  cos 

+  B 

-  G) 

cos 

as 

+ 

G- 

-A 

V 

sin  A 

sin 

G 

^{A 

+  G 

-B) 

cos 

\{B 

+ 

G- 

-A 

cos  2  ^ 

-  V 

sin  A 

sin 

B 

A  =  A  +  ^  +  Cj  we  shall  have 


Putting 
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1^-  A  =  i(C+  A  -  A),  +  0- B), 


and. 

IS  -  G-- 

=  +  i?  - 

« 

6'); 

hence, 

cos 

\a 

m 

O 

o 

11 

{^2  B  —  G)  cos 
sin  B  sin 

(fS- 

G 

■  B) 

f 

cos 

1  7i 

_  /  cos 

{IS  —  G)  cos 

-A) 

2  ^ 

V 

sin  A  sin 

G 

1  p 

_  /  cos 

(1 S  —  B)  cos 

-A 

eob 

2  ^ 

V 

sin  A  sin 

B 

12.  All  the  formulas  necessary  for  tlie  solution  of  spheri¬ 
cal  triangles,  may  be  deduced  from  equations  marked  (1> 
If  we  substitute  for  cos  b  in  the  third  equation,  its  value 
taken  from  the  second,  and  substitute  for  cos-  a  its  value 
1  —  sin-  a,  and  then  divide  by  the  common  factor,  sin  % 

we  shall  have, 

cos  c  sin  a  =  sin  c  cos  a  cos  ^  +  sin  5  cos  G, 

sin  B  sin  c  ^ 

But  equations  (3)  give  sin  h  =  ’ 

hence,  by  substitution, 

sin  B  cos  G  sin  c 

cos  c  sin  a  =  sin  c  cos  a  cos  B  +  q 


Dividing  by  sin  c,  we  have, 
cos  c 


sin  B  cos  G 


sin  c 


sin  n  =  cos  a  cos  B  +  •  q 


But, 


cos 

sin 


=  cot  (Art.  55). 


Therefore,  cot  c  sin  a  =  cos  a  cos  A  +  cot  G  sin  B. 
Hence  we  may  write  the  three  symmetrical  equations, 

cot  a  sin  5  =  cos  &  cos  G  +  cot  A  sm  G, 
cot  h  sin  c  =  cos  c  cos  A  +  cot  B  sin  A, 
cot  c  sin  a  =  cos  a  cos  B  +  cot  G  sin  B. 


(10) 


That  is  :  In  every  spherical  triangle^  the  cotangent  of  one  Oj 
the  sides  into  the  sine  of  a  second  side,  is  egual  to  the  cosine 
of  the  second  side  into  the  cosine  of  the  included  angle,  plus  the 
cotangent  of  the  angle  opposite  the  first  side  into  the  sine  of  the 

included  angle. 
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Napier’s  analogies. 


13.  If  from  tlie  first  and  tliird  of  equations  (1),  cos  c  be 
eliminated,  there  will  result,  after  a  little  reduction, 

cos  A  sin  c  =  cos  a  sin  5  —  cos  (7  sin  a  cos  h. 

From  the  second  and  third  of  equations  (1),  we  get, 

cos  A  sin  c  =  cos  sin  a  —  cos  0  sin  h  cos  a. 

Hence,  by  adding  these  two  equations,  and  reducing,  we 
shall  have, 

sin  c  (cos  A  +  cos  B)  =  (1  --  cos  C)  sin  (a  T  h). 
sin  c  sm  a 


But  since, 


sin 


sin  h 

~n  ~  ~ — I  —  — Tj  ’  we  shall  have, 
U  sin  A  sin  B  * 


sin  c  (sin^A  +  sin  B)  =  sin  G  (sin  a  +  sin  h\ 
and,  sin  c  (sin  A  —  sin  B)  =  sin  G  (sin  a  —  sin  h). 

Dividing  these  two  equations,  successively,  by  the  preced¬ 
ing,  member  by  member,  we  shall  have. 


sin  A  +  sin  B 
cos  A  +  cos  B  1  —  cos  G  ^  sin  {a  +  h) 


*sin  G  sin  a  +  sin  h 
X 


sin  A  —  sin  B 


sin  G  sin  a  —  sin  h 
X 


tang  i 


cos  A  +  cos  B  1  —  cos  G  sin  (a  +  />)  ’ 

reducing  these  by  the  formulas  (Plane  Trig.,  Arts.  85,  86), 
we  have, 

“S  -  -B)  =  «o.  1  0 X 

Hence,  two  sides,  a  and  Z),  with  the  included  angle  G  being 
given,  the  two  other  angles  A  and  B  may  be  found  by  the 
proportions, 

cos  ^  (a  +  h)  :  cos  —  h)  :  :  cot  ^  G  :  tang  (A  +  R), 
sin  i  (a  +  Z>)  :  sin  -I-  (a  —  :  :  cot  i  G  :  tang  (A  ~  B). 
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We  may  apply  tlie  same  proportions  to  tlie  triangle,  polar 
to  ABC,  by  putting 

180°  -  A',  180°  -  B',  180°  -  A,  180°  -  h\  180°  -  c', 

instead  of  u,  h,  A,  B,  C,  respectively;  and  after  reducing 
and  omitting  the  accents,  Ave  shall  have, 

oos  i  (A  +  A)  :  cos  |(A  -  A)  :  :  tang  Jc  :  tang  +  h), 

sin  ^{A  +  B)  :  sin  }^{A  -  B)  :  :  tang  :  tang  i  (a  -  5); 

by  means  of  which,  Avhen  a  side  c  and  the  two  adjacent 
angles  A  and  B  are  given,  Ave  are  enabled  to  find  the  two 
other  sides  a  and  h.  These  four  proportions  are  known  by 
the  name  of  NapieAs  Analogies. 

14.  In  the  case  in  Avhich  there  are  given  tAVO  sides  and 

an  angle  opposite  one  of  them,  there  Avill  in  general  be 
tAVO  solutions  corresponding  to  the  two  results  in  Case  IL, 
of  rectilineal  triangles.  It  is  also  plain,  that  this  ambi¬ 
guity  Avill  extend  itself  to  the  corresponding  case  of  the 
polar  triangle,  that  is,  to  the  case  in  which  there  are  given 

tAVO  angles  and  a  side  opposite  one  of  them.  In  every 

case  Ave  shall  avoid  all  false  solutions  by  recollecting, 

1st.  That  every  angle,  and  every  side  of  a  spherical  trian¬ 
gle  is  less  than  180°. 

2d.  That  the  greater  angle  lies  opposite  the  greater  side,  and 
the  least  angle  opposite  the  least  side,  and  reciprocally, 

Napier’s  circular  parts. 

15.  Besides  the  analogies  of  Napier  already  demonstrat 
ed,  that  Geometer  invented  rules  for  the  solution  of  all 
the  cases  of  right-angled  spherical  triangles. 

In  every  right-angled  spher¬ 
ical  triangle  BAG,  there  are 
six  parts :  three  sides  and  three 
angles.  If  Ave  omit  the  con¬ 
sideration  of  the  right  angle, 
which  is  always  known,  there 
are  five  remaining  parts,  tAvo 
of  which  must  be  given  before 
the  others  can  be  determined. 
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The  circular  parts^  as  they 
are  called,  are  the  two  sides  c 
and  h,  about  the  right  angle, 
the  complements  of  the  oblique 
angles  B  and  (7,  and  the  com¬ 
plement  of  the  hypothenuse  a. 

Hence,  there  are  five  circular 
parts.  The  right  angle  A  not 
being  a  circular  part,  is  supposed  not  to  separate  the  cir¬ 
cular  parts  c  and  Zj,  so  that  these  parts  are  considered  as 

lying  adjacent  to  each  other. 

If  any  two  parts  of  the  triangle  are  given,  their  cor¬ 
responding  circular  parts  are  also  known,  and  these,  to¬ 
gether  with  a  required  part,  will  make  three  parts  under 
consideration.  ISTow,  these  three  parts  will  all  lie  together^ 
or  one  of  them  will  he  separated  from  hath  of  the  others.  For 
example,  if  B  and  c  were  given,  and  a  required,  the  three 
parts  considered  would  lie  together. 

But,  if  A  and  C  wxre  given,  and  h  required,  the  parts 
would  not  lie  together;  for  B  would  be  separated  from 
comp.  G  by  the  part  comp,  a,  and  from  h  by  the  part  c. 
In  either  case,  comp.i?  is  the  middle  part.  Hence,  when 
there  are  three  of  the  circular  parts  under  consideration, 
the  middle  part  is  that  one  of  them  to  lohich  both  of  the  others 
are  adjacent,  or  from  which  both  of  them  are  separated.  In 
the  former  case,  the  parts  are  said  to  be  adjacent^  and  in 
the  latter  case,  the  parts  are  said  to  be  opposite. 

This  being  premised,  we  are  now  to  prove  the  follow¬ 
ing  theorems  for  the  solution  of  right-angled  spherical  tri¬ 
angles,  which,  it  must  be  remembered,  apply  to  the  circu¬ 
lar  parts,  as  already  defined. 

1st.  Radius  into  the  sine  of  the  middle  part  is  equal  to  the 
rectangle  of  the  tangents  of  the  adjacent  parts. 

2d.  Radius  into  the  sine  of  the  middle  part  is  equal  to  the 
itctangle  of  the  cosines  of  the  opposite  parts. 

These  theorems  are  proved  by  assuming  each  of  the  five 
circular  parts,  in  succession,  as  the  middle  part,  and  by 
taking  the  extremes  first  opposite,  and  then  adjacent. 
Having  thus  fixed  the  three  parts  which  are  to  be  consid- 
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ered  take  tliat  one  of  the  general  equations  for  ohliqne- 
ano-led  triangles,  that  will  contain  the  three  correspond- 
inp-  parts  of  the  triangle,  together  with  the  right  ang  e , 
then  make  A  =  90°,  and  after  making  the  reductions  cor- 
responding  to  this  supposition,  the  resulting  equation  will 

prove  the  rule  for  that  paiticular  case. 

For  example,  let  comp,  a,  be  the  middle  part  and  the 
extremes  opposite.  'The  equation  to  be  applied  m  this 
case  must  contain  a,  b,  c,  and  A.  The  first  of  equations 
(1)  contains  these  four  quantities . 

cos  a  =  cos  b  cos  c  +  sin  b  sin  c  cos  A. 


If  A  =  90°  cos  A  =  0 ; 

cos  a  =  cos  b  cos  c  ; 

that  is,  radius,  which  is  1,  into  the  sine  of  the  middle 
part,  (which  is  the  complement  of  a,)  is  equal  to  the  rect- 
angle  of  the  cosines  of  the  opposite  parts. 

Suppose,  now,  that  the  comple- 
nient  of  ci  were  the  middle  pait 
and  the  other  parts  adjacent.  The 
equation  to  be  applied  must  con¬ 
tain  the  four  quantities  a,  B,  G,  and 
A.  It  is  the  first  of  equations  (2): 


cos  A  =  sin  B  sin  0  cos  a  — 


Making  A  =  90°,  we  have, 

sin  B  sin  G  cos  a  ~  cos  B  cos  G, 


cos  a  =  cot  B  cot  G ; 

that  is,  radius,  which  is  1,  into  the  sine  of  the  middle 
part  is  equal  to  the  rectangle  of  the  tangent  of  the  conr- 
plement  of  A,  into  the  tangent  of  the  complement  of  (7, 
that  is,  to  the  rectangle  of  the  tangents  of  the  adjacent 

circular  parts. 

Let  us  now  take  the  comp.  B^  for  the  middle  part  and 
the  extremes  opposite.  The  two  other  parts  under  consid¬ 
eration  will  then  be  the  perpendicular  b  and  the  comp,  ot 
the  angle  G.  The  equation  to  be  applied  must  contain  the 
four  parts  A,  B,  C,  and  6 :  it  is  the  second  of  equations  (2). 

cos  B  —  sin  A  sin  Ccosb  —  cos  A  cos  0. 
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Making  A  =  90°,  we  have, 

cos  B  —  sill  G  cos  h. 

Let  comp.  B  be  still  the  middle  part  and  the  extremes 
adjacent.  The  equation  to  be  applied  must  then  contain 
the  four  parts  a,  E,  c,  and  A.  It  is  similar  to  equa« 
tions  (10)  ; 

cot  a  sin  c  ==  cos  c  cos  B  +  cot  A  sin  B. 

But,  if  A  =  90°,  cot  A  =  0  \ 

hence,  cot  a  sin  c  =  cos  c  cos  B : 

or,  cos  B  =  cot  a  tang  c. 


By  pursuing  the  same  method  of  demonstration  when  each 
circular  part  is  made  the  middle  part,  and  making  the 
terms  homogeneous,  when  we  change  the  radius  from  1  to 
R  (Plane  Trig.,  Art.  87),  we  obtain  the  five  following  equa¬ 
tions,  which  embrace  all  the  cases. 


R  cos  a 
R  cos  B 
R  cos  G 
R  sin  h 
R  sin  c  : 


cos  h  cos  c  ■■ 
cos  h  sin  G  ■ 
cos  c  sin  B  ■ 
sin  a  sin  B  ■ 
sin  a  sin  G  ■ 


cot  B  cot  (7, 
cot  a  tang  c, 
cot  a  tang  &, 
tang  c  cot  CJ 
tang  h  cot  B. 


(11) 


We  see  from  these  equations  that,  if  the  middle  part  is 
required  tve  must  begin  the  proportion  luith  radius  /  and  xchen 
one  of  the  extremes  is  required  we  must  begin  the  proportion 
with  the  other  extreme. 

We  also  conclude,  from  the  first  of  the  equations,  that 
when  the  hypothenuse  is  less  than  90°,  the  sides  b  and  c 
are  of  the  same  species,  and  also  that  the  angles  B  and 
G  are  likewise  of  the  same  species.  When  a  is  greater 
than  90°,  the  sides  b  and  c  are  of  different  species,  and 
the  same  is  true  of  the  angles  B  and  G.  We  also  see 
from  the  last  two  equations  that  a  side  and  its  opposite 
angle  are  always  of  the  same  species. 

These  properties  are  proved  by  considering  the  algebraic 
signs  wdfich  have  been  attributed  to  the  trigonometrical 
functions,  and  by  remembering  that  the  two  members  ol 
an  equation  must  always  have  the  same  algebraic  sign. 
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SOLUTION  OF  EIGHT- ANGLED  SPIIEEICAL  TRIANGLES  BY 

LOGARITHMS. 

16.  It  is  to  be  observed,  that  wben  any  part  of  a  tri¬ 
angle  becomes  known  by  means  of  its  sine  only,  there  may 
be  two  values  for  this  part,  and  consequently  two  triangles 
that  will  satisfy  the  question;  because,  the  same  sine  which 
corresponds  to  an  angle  or  an  arc,  corresponds  likewise  to 
its  supplement.  This  will  not  take  place,  when  the  un¬ 
known  quantity  is  determined  by  means  of  its  cosine,  its 
tangent,  or  cotangent.  In  all  these  cases,  the  sign  will 
enable  us  to  decide  whether  the  part  in  question  is  less  or 
greater  than  90°  ;  the  part  is  less  than  90  ,  if  its  cosine, 
tangent,  or  cotangent,  has  the  sign  +  ;  it  is  greater  if  one 
of  these  quantities  has  the  sign  — . 

In  order  to  discover  the  species  of  the  required  part  of 
the  triangle,  we  shall  annex  the  minus  sign  to  the  loga¬ 
rithms  of  all  the  elements  whose  cosines,  tangents,  or  co¬ 
tangents,  are  negative.  Then,  by  recollecting  that  the  pro¬ 
duct  of  the  two  extremes  has  the  same  sign  as  that  of  the 
means,  we  can  at  once  determine  the  sign  Avhich  is  to  be 
given  to  the  required  element,  and  then  its  species  Avill  be 
known. 

It  has  already  been  observed,  that  the  tables  are  calcu¬ 
lated  to  the  radius  B,  whose  logarithm  is  10  (Plane  Trig., 
Art.  100) ;  hence,  all  expressions  involving  the  circular  func¬ 
tions,-  must  be  made  homogeneous,  to  adapt  them  to  the 
logarithmic  formulas. 


EXAMPLES. 


1.  In  the  right-angled  spherical 
triangle  BAG^  right-angled  at  A, 
there  are  given  a  =  64°  40'  and 
6  =  42°  12' :  required  the  rernain- 


C 


ing  parts.  B 


c 


First,  to  find  the  side  c. 

The  hypothenuse  a  corresponds  to  the 


the  middle  part,  and 


the  extremes  are  opposite :  hence. 


A  cos  a  =  cos  h  cos  c,  or, 
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cos  b  42°  12' 

ar.  comp.  log. 

0.180296 

R 

•  •  *  •  • 

10.000000 

cos  a  64°  40' 

•  •  •  • 

9.631326 

cos  c  64°  43'  07" 

•  •  •  • 

9.761622 

To  find  the  angle  B. 


The  side  h  is  tlie  middle  part  and  the  extremes  oppo 
site :  hence,  v 

R  sin  h  =  cos  (comp,  a)  X  cos  (comp.  B)  ~  sin  a  sin  B, 


sin 

a 

64° 

40'  ar.  comp.  log. 

0.048911 

• 

• 

sin 

h 

42° 

12'  .... 

9.827189 

•  • 

•  • 

R 

• 

•  •  •  •  • 

10.000000 

• 

• 

sin 

B 

48° 

00'  14"  .... 

9.871100 

To  find  the  angle  (7. 

The  angle 

C  is 

the  middle  part  and  the 

extremes  adj 

cent : 

hence, 

R  cos  C  —  cot  a  tang  h. 

R 

• 

ar.  comp.  log. 

0.000000 

• 

• 

cot 

a 

64° 

40'  .... 

9.675237 

•  • 

• 

tang 

h 

42° 

12'  .  .  .  - . 

9.957485 

• 

cos  , 

C 

64° 

84'  46"  .... 

9.632722 

2.  In  a  right-angled  triangle  BAC^  there  are  given  the 
hypotheniise  a  =  105°  81',  and  the  angle  B  =  80°  40' :  re¬ 
quired  the  remaining  parts. 

To  find  the  angle  C. 

The  hypothenuse  is  the  middle  part  and  the  extremes 
adjacent :  hence, 

R  cos  a  =  cot  B  cot  C.  • 

cot  B  80°  40'  ar.  comp.  log.  0.784220  -f 

:  cos  a  105°  84'  .  .  .  '  .  9.428717  - 

R .  10.000000  + 

:  cot  G  148°  80'  54"  ....  10.212987  - 

Since  the  cotangent  of  0  is  negative,  the  angle  0  is  greater 
than  90°,  and  is  the  supplement  of  the  arc  which  would 
correspond  to  the  cotangent,  if  it  were  positive. 
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To  find  the  side  c. 


The  angle  B  corresponds  to  the  middle  part,  and  the 
extremes  are  adjacent :  hence, 

R  cos  j5  =  cot  a  tang  c. 


cot 

a 

105°  34'  ar.  comp.  log. 

0.555058  - 

• 

• 

R 

10.000000  + 

:  :  cos 

B 

80°  40'  ...  . 

9.209992  + 

:  tang 

c 

149°  47'  36" 

9.766045  - 

To  find  the  side  h. 

The  side  b  is  the  middle  part  and  the 

1  extremes  are 

opposite : 

hence. 

R  sin  h  =  sin  a  sin  B. 

R 

ar.  comp.  log. 

0.000000 

;  sin 

a 

105°  34'  ...  . 

9.983770 

:  :  sin 

B 

80°  40'  ...  . 

9.994212 

:  sin 

h 

71°  54'  33" 

9.977982 

OF  QUADRANTAL  TRIANGLES. 

17.  A 

quadrantal  spherical  triangle  is 

one  which  has 

one  of  its  sides  equal  to  90°. 

Let  BAQ  be  a  quadrantal  tri- 
an2:le  of  which  the  side  a  =  90°. 

If  we  pass  to  the  corresponding 
polar  triangle,  we  shall  have 

A'  =  180°  -  u  =  90°,  B'  =  180°  -  h, 

C  =  180°  -  c,  n'  =  180°  -  A, 

6' =  180°  -  A,  c'  =  180°-  (7; 

from  which  we  see,  that  the  polar  triangle  will  be  right- 
angled  at  A',  and  hence,'  every  case  may  be  referred  to  a 
right-angled  triangle. 

But  we  can  solve  the  quadrantal  triangle  by  means  of 
the  right-angled  triangle  in  a  manner  still  more  simple. 
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Let  tlie  side  BO  of  tlie  quad- 
rantal  triangle  BA  CJ  be  equal  to 
90°;  produce  the  side  CA  till  CD 
is  equal  to  90°,  and  conceive  tlie 
arc  of  a  great  circle  to  bo  drawn 
through  B  and  D. 

Then  G  will  be  the  pole  of 
the  arc  BD^  and  the  angle  0 
will  be  measured  by  BD  (b.  ix., 

P.  4),  and  the  angles  CBD  and  D  will  be  right  angles. 
Now  before  the  remaining  parts  of  the  quadrantal  triangle 
can  be  found,  at  least  two  parts  must  be  given  in  addition 
to  the  side  BC  =  90  ;  in  which  case  two  parts  of  the 
right-angled  triangle  BDA,  together  with  the  right  angle, 
become  known.  Hence,  the  conditions  which  enable  us  to 
determine  one  of  these  triangles,  will  enable  us  also  to 
determine  the  other. 


EXAMPLES. 

1.  In  the  quadrantal  triangle  BCA^  there  are  given 
CB  —  90°,  the  angle  G  =  42°  12',  and  the  angle  A  =  115°  20'; 
required  the  remaining  parts. 

Having  produced  CA  to  D,  making  CD  =  90°,  and 
drawn  the  arc  BD^  there  will  then  be  given  in  the  right- 
angled  triangle  BAD,  the  side  a=  (7  =  42°  12',  and  the 
angle  BAD  =  180°  -  BAG  180°  -  115°  20'  =  64°  40',  to 
find  the  remaining  parts. 

To  find  the  side  d. 

The  side  a  is  the  middle  part,  and  the  extremes  oppo¬ 
site  :  hence,  , 

A  sin  a  =  sin  A  sin  d, 

sin  A  64°  40'  ar.  comp.  log.  0.048911 

•  ^ .  10.000000 

:  :  sin  a  42°  12'  ....  9.827189 

:  sin  d  48°  00'  14" ....  9.871100 

To  find  the  angle  B.  ^ 

The  angle  A  corresponds  to  the  middle  part,  and  the 
extremes  are  opposite :  hence, 
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R  cos  A  =  sin  B  cos  a. 

I 

cos  a  42°  12'  ar.  comp.  log. 

•  7? 

•  JLu  •  •  •  •  • 

:  :  cos  A  64°  40'  .  .  .  , 

:  sin  B  35°  16'  53" 


0.130296 

10.000000 

__9.631^ 

9.761622 


To  find  tlie  side  5. 


\ 

* 

I 

i: 

V 

!• 

V 

i' 

U 


The  side*  b  is  tlie  middle  part,  and  tlie  extremes  are 
adjacent :  hence,  • 

R  sin  h  =  cot  A  tang  a. 

R  .  .  ar.  comp.  log.  0.000000 

:  cot  A  64°  40'  ....  9.675237 

:  :  tang  a  42°  12'  ....  9.957485 

:  sin  h  25°  25'  14"  ....  9.632722 

Hence,  6A  =  90°  -  5  =  90°  -  25°  25'  14"  =  64°  34'  46" 
CBA  =  90°  -  ABD  =  90°  -'35°  16'  53"  =  54°  43'  07" 
BA=-  d . =  48°  00'  14" 


2.  In  the  right-angled  triangle  BAG^  right-angled  at  A, 
there  are  given  a  =  115°  25',  and  c  =  60°  59' :  required 
the  remaining  parts. 

(B  =  148°  56'  45" 
Ans.  75°  30'  33" 

(  b  =  152°  13'  50" 


I 

•! 


3.  In  the  right-angled  spherical  triangle  BAG,  right- 
angled  at  A,  there  are  given  c  =  116°  30'  43",  and  b  = 
29°  41'  32"  :  required  the  remaining  parts. 

(  G  =  103°  52'  46" 
Ans.  \  b=  32°  30'  22" 

(  a  =  112°  48'  58" 


4.  In  a  quadrantal  triangle,  there  are  given  the  quad- 
rantal  side  =  90°,  an  adjacent  side  =  115°  09',  and  the  in¬ 
cluded  angle  —  115°  55'  :  required  the  remaining  parts. 

side,  113°  18'  19" 

Ans. 


angles. 


117°  33' 
101°  40' 


52" 

07" 


22 
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SOLUTIOif  OBLIQUE-ANGLED  TRIANGLES  BY  LOGARITIIMS. 

18.  There  are  six  cases  which  occur  in  the  solution  of 
oblique-angled  spherical  triangles. 

1.  Having  given  two  sides,  and  an  angle  opposite  one 
of  them. 

2.  Having  given  two  angles,  and  a  side  opposite  one 
of  them. 

3.  Having  given  the  three  sides  of  a  triangle,  to  find 
the*"  angles. 

4.  Having  given  the  three  angles  of  a  triangle,  to  find 
the  sides. 

5.  Having  given  two  sides  and  the  included  angle. 

6. “  Having  given  two  angles  and  the  included  side. 


CASE  I. 


Given  two  sides,  and  an  angle  opposite  one  of  them,  to  find 

the  remaining  parts. 

19.  For  this  case,  we  employ  proportions  (3) ; 


sin  a  :  sin  h  :  : 

Ex.  1.  Given  the  side  a  = 
44°  13'  45",  h  =  84°  14'  29", 
and  the  angle  A  —  32°  26'  07" : 
required  the  remaining  parts. 


sin  A 


To  find  the  angle  B. 

sin  a  44°  13'  45" 

sin  h  84°  14'  29" 

sin  A  32°  26'  07" 


ar.  comp. 


sin  B. 


C 


B 


log. 


0.156437 

9.997803 

9.729445 


sin  B  49°  54'  38",  or  sin  B  130°  5'  22"  9.883685 


Since  the  sine  of  an  arc  is  the  same  as  the  sine  of  its 
supplement,  there  are  two  angles  corresponding  to  the 
logarithmic  sine  9.883685,  'and  these  angles  are  supple¬ 
ments  of  each  other.  It  does  not  follow,  however,  that 
both  of  them  will  satisfy  all  the  other  conditions  of  the 
question.  If  they  do,  there  will  be  two  triangles  AGB', 
A  CB ;  if  not,  there  will  be  but  one. 
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To  determine  tlie  circumstances  under  wliicli  tliis  ambi¬ 
guity  arises,  we  will  consider  tbe  2d  of  equations  (1) 

cos  h  =  cos  a  cos  c  +  sin  a  sin  c  cos 

from  wliich  we  obtain,  .  i 


_  cos  h  —  cos  a  cos  c 

cos  B  =  — - ^ - • 

sin  a  sin  c 

Eow,  if  cos  h  be  greater  than  cos  a,  we  shall  have, 

cos  b  >  cos  a  cos  c. 


or,  the  sign  of  the  second  member  of  the  equation  will 
depend  on  that  of  cos  b.  Hence,  cos  B  and  cos  b  will  have 
the  same  sign,  or  B  and  b  will  be  of  the  same  species, 
and  there  will  be  but  one  triangle. 

But  when  cos  b  >  cos  a,  then  sin  b  <  sin  a  :  hence, 

If  the  sine  of  the  side  opposite  the  required  angle  be  less  than 
the  sine  of  the  other  given  side^  there  will  be  but  one  triaiggle. 
If,  however,  sin  b  >  sin  a,  the  cos  b  will  be  less  than 
cos  a,  and  it  is  plain  that  such  a  value  may  then  be  given 
to  c,  as  to  render 

cos  b  <  cos  a  cos  c, 

or,  the  sign  of  the  second  member  may  be  made  to  depend 
on  cos  c. 

We  can  therefore  give  such  values  to  c  as  to  satisfy  the 
two  equations. 


.  ^  cos  b  —  cos  a  cos  c 

+  cos  B—  - ^ 

sm  a  sin  e 

cos  b  —  cos  a  cos  c 

—  cos  B  =  - - ^ ; - : 

sin  a  sin  c 

nence,  if  the  sine  of  the  side  opposite  the  required  angle  be 
greater  than  the  sine  of  the  other  given  side^  there  will  be  two 
triangles  luhich  will  fulfil  the  given  conditions. 

Let  us,  however,  consider  the  triangle  HCS,  in  which 
we  are  yet  to  find  the  base  AB  and  the  angle  C,  We  can 
find  these  parts  by  dividing  the  triangle  into  two  right- 
angled  triangles.  Draw  the  arc  CD  perpendicular  to  the 
base  AB :  then,  in  each  of  the  triangles  there,  will  be  given 
the  hypothenuse  and  the  angle  at  the  base.  And  generally, 
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wlien  it  is  proposed  to  solve  an  oblique-angled  triangle  by 
means  of  tlie  riglit-angied  triangle,  we  must  so  draw  the 
perpendicular,  tliat  it  shall  pass  through  the  extremity  of  d 
given  side^  and  lie  opposite  to  a  given  angle. 

To  find  the  angle  C,  in  the  triangle  ACD. 

cot  A  82°  26'  07"  ar.  comp.  log.  9.803106 

:  B .  10.000000 

: :  cos  h  84°  14'  29"  ....  9.001465 

:  cot  86°  21'  06".  .  .  .  8.804670 


I 


To  find  the  angle  C  in  the  triangle  DCB. 


cot 

B 

49° 

54'  38"  ar.  comp.  log. 

0.074810 

B 

• 

#  •  •  •  • 

10.000000 

cos 

a 

44° 

13'  45"  .... 

9.855250 

cot 

DCBA^^ 

85'  88" .... 

9.930060 

nence,  .4  CZ?  =  136°  56'  44". 


t 


To  find  tbe  side  AB. 

sin  A  82°  26'  07"  ar.  comp.  log. 
sin  G  135°  56'  44" .... 
sin  a  44°  13'  45"  .... 
sin  c  115°  16'  12"  .... 


0.270555 

9.842198 

9.843563 

9.956316 


The  arc  64°  43'  48",  which  corresponds  to  sin  c  is  not 
the  value  of  the  side  AB :  for  the  side  AB  must  be 
greater  than  5,  since  it  lies  opposite  to  a  greater  angle. 
But  h  =  84°  14'  29" :  hence,  the  side  AB  must  be  the 
supplement  of  64°  43'  48",  or,  115°  16'  12". 

Ex.  2.  Given  h  =  91°  03'  25",  a  =  40°  36'  37",  and 
A  =  35°  57'  15":  required  the  remaining  parts,  when  the 
obtuse  angle  B  is  taken. 

(B  =  115°  35'  41" 
Arts.  \g=  58°  30'  57" 

(  c  =  70°  58'  52" 
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CASE  II. 

Having  given  two  angles  and  a  side  opposite  one  of  ihem^  tx> 

find  the  remaining  parts. 

20.  For  this  case,  we  employ  the  proportions  (3). 
sin  A  :  sin  i>  :  :  sin  a  :  sin  h. 

Ex.  1.  In  a  spherical  triangle  ABC^ 
there  are  given  the  angle  A  =  50°  12', 

B  —  58°  8',  and  the  side  a  =  62°  42' ; 
to  find  the  remaining  parts. 

To  find  the  side  h. 

sin  A  50°  12'  ar.  comp.  log.  0.114478 

:  sin  i?  58°  08' .  9.929050 

:  :  sin  a  62°  42'  .....  9.948715 

:  sin  h  79°  12'  10",  or,  100°  47'  50"  9.992243 

We  see  here,  as  in  the  last  example,  that  there  are  two 
angles  corresponding  to  the  4th  term  of  the  pro|)ortion,  and 
^ these  angles  are  supplements  of  each  other, 'since  they  have 
the  same  sine.  It  does  not  follow,  however,  that  both  of 
tbem  will  satisfy  all  the  conditions  of  the  question.  If 
they  do,  there  will  be  two  triangles ;  if  not  there  will  be 
but  one. 

To  determine  when  there  are  two  triangles,  and  also 
when  there  is  but  one,  let  us  consider  the  second  of  equa¬ 
tions  (2), 

cos  B  —  sin  A  sin  G  cos  h  —  cos  A  cos  (7, 

cos  B  +  cos  A  cos  G 
which  gives,  cos  h  =  - ' 

Now,  if  cos  B  be  greater  than  cos  A,  we  shall  have, 

cos  R  >  cos  A  cos  G, 

» 

and  hence,  the  sign  of  the  second  member  of  the  equa¬ 
tion  will  depend  on  that  of  cos  B,  and  consequently  cos  h 
and  cos  B  will  have  the  same  algebraic  sign,  or  h  and  B 
will  be  of  the  same  species.  But  Avhen  cos  B  >  cos  A  the 
sin  B  <  sin  A :  hence, 

If  the  sine  of  the  angle  opposite  the  required  'side,  he  less 
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than  the  sine  of  the  other  given  angle^  there  will  he  hut  one 
solution. 

If,  however,  sin  B  >  sin  A,  the  cos  B  will  be  less  than 
cos  A,  and  it  is  plain  that  such  a  value  may  then  be  given 
to  cos  (7,  as  to  render 


cos  B  <  cos  A  cos  (7, 


or,  the  sign  of  the  second  member  of  the  equation  may 
be  made  to  depend  on  cos  C.  We  can  therefore  give  such 
values  to  0  as  to  satisfy  the  two  equations. 


and 


+  cos  h 
—  cos  h 


cos  B  +  cos  A  cos  C 
,  sin  A  sin  G 

cos  B  +  cos  A  cos  G 
sin  A  sin  G 


Hence,  if  the  sine  of  the  angle  o'pjposite  the  required  side 
he  greater  than  the  sine  of  the  other  given  angle^  there  will  he 
two  solutions. 


Let  us  first  suppose  the  side  h  to  be  less  than  90°,  or, 
equal  to  79°  12'  10". 

If,  now,  we  let  fall  from  the  angle  (7,  a  perpendicular 
on  the  base  BA^  the  triangle  wil  be  divided  into  two  right- 
angled  triangles,  in  each  of  which  there  will  be  two  parts 
known  besides  the  right  angle. 

Calculating  the  parts  by  Napier’s  rules,  we  find, 

G  =  130°  54'  28" 
c  =  119°  03'  26" 

If  we  tate  the  side  h  =  100°  47'  50",  we  shall  find. 


G  =  156°  15'  06" 
c  =  152°  14'  18" 


Ex.  2.  In  a  spherical  triangle  ABG,  there  are  given 
A  =  103°  59'  57'*,  B  =  46°  18'  07",  and  a  =  42°  08'  48"; 
required  the  remaining  parts. 

There  will  be  but  one  triangle,  since  sin  B  <  sin  A, 


(  Z)  =  30° 

J  G=  36°  07'  54" 
(  c  =  24°  03'  56" 


Ans. 
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CASE  III. 

Having  given  the  tlivee  sides  of  a  splieTical  tviangle^  to  find  the 

angles. 

21.  For  this  case  we  use  equations  (4). 

sin  Is  sin  Q-s  —  a) 
sin  h  sin  c 

Ex.  1.  In  an  oblique-angled  spherical  triangle,  there  are 
given  a  =  56°  40',  h  =  83°  13',  and  c  =  114°  80' :  requir¬ 
ed  the  angles. 

+  5  +  =  1-5  =  127°  11'  30", 

1  (5  +  c  -  a)  =  (is  -  a)  =  70°  31'  30". 

log  sin  5  5  127°  11'  30''  .  .  .  9.901250 

log  sin  (is  —  cl)  70°  31'  30"  .  .  .  9.974413 

—  log  sin  h  83°  13'  ar.  comp.  0.003051 

—  log  sin  c  114°  30'  ar.  comp.  0.040977 

Sum  19.919691 

Half  sum  =  log  cos  24°  15'  39"  .  .  9.959845 

Hence,  angle  A  =  48°  31  18".  •  ^ 

The  addition  of  twice  the  logarithm  of  radius,  or  20, 
to  the  numerator  of  the  quantity  under  the  radical,  just 
cancels  the  20  which  is  to  be  subtracted  on  account  of  the 
arithmetical  complements,  .so  that  the  20,  in  both  cases, 
may  be  omitted. 

Applying  the  same  formulas  to  the  angles  E  and  we 
find, 

’  B=  62°  55'  46" 

C  =  125°  19'  02" 

Ex.  2.  In  a  spherical  triangle  there  are  given  a  =  40° 
18'  29",  I  =  67°  14'  28",  and  c  =  89°  47'  06"  :  required 
the  three  angles. 

( A  =  34°  22'  16" 
Ans.  \  b=  53°  35'  16" 

(  G  =  119°  13'  32" 
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CASE  IV. 

Having  given  ilie  three  angles  of  a  sjfherical  triangle,  to  find 

the  three  sides. 

22.  For  this  case  we  employ  equations  (9). 

cos  ha  =  R  \  ^  ~ 

^  sin  B  sin  G 

Ex.  1.  In  a  spherical  triangle  ABG  there  are  given 
A  —  48°  30',  B  ~  125°  20',  and  G  =  62°  54' ;  required  the 
sides. 

\{A  -h-  B  h-  G)=  118°  22' 

(i  .S'  -  a1)  .  .  =  69°  52' 

{IS  -  B)  .  .  -  0°  58' 

{\S-G)  .  .  =  55°  28' 


log 

cos 

(i  N  -  B) 

-  6°  58' 

9.996782 

log 

cos 

as-  G) 

55°_  28' 

9.763495 

-  log 

sin 

B 

125°  20'  ar.  comjp. 

0.088415 

—  log 
o 

sin 

G 

62°  54'  ar.  comp. 

0.050506 

Sum  . 

► 

•  •  4 

'  •  •  •  • 

19.889198 

Half  sum  = 

=  log  cos 

a  28°  19'  48"  . 

9.944599 

Hence, 

side 

a  ==  56°  39'  36". 

In  a  similar  manner  we  find, 

b  =  114°  29'  58" 
c  =  83°  12'  06" 

Ex.  2.  In  a  spherical  triangle  ABG,  there  are  given 
A  =  109°  55'  42",  B=  116°  38'  33",  and  G=  120°  43'  37"; 
required  the  three  sides. 

(  a  =  98°  21'  40" 
Ans.  ]  h  =  109°  50'  22" 

(  c  =  115°  13'  26" 

CASE  V. 

Having  given  in  a  spherical  triangle,  two  sides  and  their  in^ 
eluded  angle,  to  find  the  remaining  parts. 

23.  For  this  case  we  employ  the  two  first  of  Napier’s 
Analogies. 
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cos  i{a  +  h)  :  cos  -I(a  -  h)  : :  cot  i  G  :  tang  i(A  +  A), 
sin  4  L  I' Z;)  : :  cot  4  G  :  tang  KH  A). 

Having  found  the  half  sum  and  the  half  difference  of 
the  angles  A  and  A,  the  angles  themselves  become  known ; 
for,  the  greater  angle  is  equal  to  the  half  sum  plus  the 
half  difference,  and  the  lesser  is  equal  to  the  half  sum 
minus  the  half  difference. 

The  greater  angle'  is  then  to  be  placed  opposite  the 
greater  side.  The  remaining  side  of  the  tiiangle  can  be 
found  by  Case  II. 

Ax.  1.  In  a  spherical  triangle  ABC^  there  are  given 
a  =  68°  46'  02",  h  =  37°  10',  and  G=  39°  23';  to  find 
the  remaining  parts. 

4(a  +  h)  =  62°  58'  1",  15°  48'  01",  4(7=  19°  41'  30". 


cos  i  {a  +  h)  62°  68' 

01" 

log.  ar. 

comp. 

0.220206 

:  cos  4(u  — 10°  48' 

01" 

•  • 

• 

9.988272 

:  :  cot  4  G  19°  41' 

30" 

•  • 

• 

10.446253 

:  tang  4(^  P 

25" 

•  • 

• 

10.649730 

sin  1-  (c  +  ^')  62°  68' 

:  sin  W-l)  16°  48' 

01" 

log.  ar.  comp. 

0.097840 

01" 

•  • 

♦ 

9.435023 

:  :  cot  4  (7  19°  41' 

30" 

•  • 

• 

10.446263 

:  tang  ^{A  ~  B)  43°  37' 

21" 

•  • 

• 

9.979116' 

Hence,  A  =  77°  22'  25" 

+  43 

o  gy,  21" 

=  120° 

69'  47" 

B  =  77°  22'  25" 

-  43 

0  21" 

=  83° 

45'  03" 

side  c 

• 

•  • 

=  43° 

87'  37" 

Ex.  2.  In  a  spherical  triangle  ABC\  there  are  given 
J)  =  83°  19'  48",  c  —  23°  27'  46" ;  the  contained  angle 

A  —  20°  39'  48" :  to  find  the  remaining  parts. 

(  B  =  156°  30  16" 

.  Ans.\c=  9°  11'  48" 

(  a=  61°  32'  12" 


CASE  VI. 

In  a  spherical  triangle,  having  given  two  angles  and  the  in¬ 
cluded  side,  to  find  the  remaining  parts. 

24.  For  this  case,  we  employ  the  second  of  Hapier’s 

Analogies. 
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cos  \{A  B)  :  cos  J  (4  —  B)  : :  tang  \  c  :  tang  \  {a  +  5), 
sin  i  (4.  +  i?)  :  sin  \  {A  —  B)  : :  tang  J  c  :  tang  J  (a  —  i). 

From  wliicli  a  and  h  are  found  as  in  the  last  case.  The 
remaining  angle  can  then  be  found  bj  Case’  1.  • 

Ex.  1.  In  a  spherical  triangle  ABC^  there  are  given 
A  =  81°  88'  20",  B  =  70°  09'  88",  c  =  59°  16'  28" :  to 
find  the  remaining  parts. 


1  (^+^)=75°  68'  69",  1{A-B)= 

:5°  44' 

21",ic=29°  88'  11". 

COS  -i-  (4  B) 

75°  58'  59" 

log. 

ar.  comp.  0.618287 

:  cos  J(4  —  B) 

5°  44'  21" 

• 

.  .  .  9.997818 

: :  tang 

29°  88'  11" 

• 

9.766061 

!  tang  J  (a  +  5) 

66°  42'  52" 

• 

.  10.866156 

sin  \{A  A  B) 

76°  63'  59" 

log. 

ar.  comp.  0.018286 

:  sin  \{A  —  B) 

5°  14'  21" 

• 

9.000000 

:  tang  \  c 

29°  88'  11" 

• 

9.755051 

:  tang  ^{a  —  h) 

8°  21'  25" 

• 

8.768837 

Hence,  a  =  66°  42'  52"  +  8°  21'  25"  =  70°  04'  17" 
h  =  66°  42'  52"  -  8°  21'  25"  =  68°  21'  27" 
angle  G  .  .  .  .  =  64°  46"  88" 


Ex.  2.  In  a  spherical  triangle  ABC,  there  are  given 
A  =  84°  15'  08",  B  =  42°  15  18",  and  c  =  76°  85'  86" ; 
to  find  the  remaining  parts. 

(a  =  40°  00'  10" 

•  4^5.  •)  Z)  =  50°  10'  80" 

{C=  121°  86'  19" 
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1.  We  determine  the  area,  or  contents  of  a  surface,  by 
finding  bow  many  times  tbe  given  surface  contains  some 
other  surface  wbicli  is  assumed  as  the  unit  of  measure. 
Thus,  when  we  say  that  a  square  yard  contains  9  square 
feet,  we  should  understand  that  one  square  foot  is  taken  for 
the  unit  of  measure,  and  that  this  unit  is  contained  9  times 

in  tlie  square  yard. 

2.  The  most  convenient  unit  of  measure  for  a  surface, 
is  a  'square  whose  side  is  the  linear  unit  in  which  the  linear 
dimensions  of  the  figure  are  estimated.  Thus,  if  the  linear 
dimensions  are  feet,  it  will  be  most  convenient  to  express 
the  area  in  square  feet;  if  the  linear  dimensions  are  yards, 
it  will  be  most  convenient  to  express  the  area  in  square 

yards,  &c. 

8.  AYe  have  already  seen  (b.  iv.,  p.  4,  S.  2),  that  the  term, 
rectangle  or  product  of  two  lines,  designates  the  rectangle 
constructed  on  the  lines  as  sides ;  and  that  the  numerical 
value  of  this  product  expresses  the  number  of  times  which 
the  rectangle  contains  its  unit  of  measure. 


4.  To  find  the  area  of  a  square,  a  rectangle,  or  a  parallel¬ 


ogram. 


Multiply  the  hase  ly  the  altitude^  and  the  ^product  will  he  the 

■area  (b.  IV.,  P.  5). 

Ex.  1.  To  find  the  area  of  a  parallelogram,  the  base 
being  12.25,  and  the  altitude  8.5.  ^^5-  104.125. 

2.  AVhat  is  the  area  of  a  square  whose  side  is  204. 

Ans.  41738.49  sq.ft. 

8.  AYhat  are  the  contents,  in  square  yards,  of  a  rectan 

nle  whose  base  is  66.3  feet,  and  altitude  38.8  feet  ? 

^  Ans,  245.31. 


o 

O 
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4.  To  find  the  area  of  a  rectangular  board,  whose 
length  is  121  feet,  and  breadth  9  inches.  Ans.  9f  sq. 

5.  To  find  the  number  of  square  yards  of  painting  in 

a  parallelogram,  whose  base  is  87  feet,  and  altitude  5  feet 
3  inches.  Ans.  21 

5.  To  find  the  area  of  a  triangle. 


CASE  I. 

When  the  base  and  altitude  are  given. 

Multiply  the  base  hy  ike  altitude^  and  take  half  ike  product. 
Or,  multipdy  one  of  these  dimensions  hy  half  ike  other 
(li.  IV.,  p.  6). 

Ex.  1.  To  find  the  area  of  a  triangle,  whose  base  is  625, 
and  altitude  520  feet.  Ans.  162500  sq.  ft. 

2.  To  find  the  number  of  square  yards  in  a  triangle, 
whose  base  is  40,  and  altitude  80  feet.  A?2s.  66|. 

8.  To  find  the  number  of  square  37'ards  in  a  triangle, 
whose  base  is  49,  and  altitude  2b\  feet.  Ans.  68.7861. 

CASE  II. 


6.  AYhen  two  sides  and  their  included  angle  are  given. 


Add  toqeiker  the  logarithms  of  the  two  sides  and  the  logarith¬ 
mic  sine  of  their  included  angle;  from  this  sum  subtract 
the  logarithm  of  the  radius^  which  is- 10,  and  the  remainder 
iuill  be  the  logarithm  of  double  the  area  of  the  triangle. 

•  Eindj  from  the  table^  the  number  answering  to  this  logarithm^ 
and  divide  it  by  2 ;  the  quotient  will  be  the  required  area. 


Let  BAG  be  a  triangle,  in  which 
there  are  given  EA,  BG^  and  the  in¬ 
cluded  angle  B. 

From  the  vertex  A  draw  AD  per-, 
pendicular  to  the  base  BG,  and  repre¬ 
sent  the  area  of  the  triangle  by  Q. 


Then  (Trig.  Th.  I), 


hence, 

But, 


B 


sin  B  :  :  BA 


AD 


AD  = 

Q  = 


BA  X  sin  B 

R 

BGX  AD 


(Art.  5) 
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hence,  by  substituting  for  AD  its  value,  we  have. 


BC  X  BA  X  sin  A 


or,  2Q  = 


BG  X  BA  X  sin  B 


2  A  — :  -  A 

Taking  tlie  logarithms  of  both  members,  we  have, 

.  log.  2  Q  =  log.  BG  +  log.  BA  +  log.  sin  B  -  log  A; 

the  formula  of  the  rule  as  enunciated. 

Ex.  1.  What  is  the  area  of  a  triangle  whose  sides  are, 
j^Q  _  125.81,  BA  —  57.65,  and  the  included  angle  B 

57°  25'? 

+  log.  BG  125.81  2;099715 
+  log.  BA  57.65  1.760/99 

+  log.  sin  B  57°  25'  9.925626 

.  -10. _ _ 

'^786140 


Then,  log.  2  Q  =  ^ 
log.  2  Q 


—  log.  A 


and  2  Q  =  6111.4,  or  Q  =  3055.7,  the  required  area. 

2.  What  is  the  area  of  a  triangle  whose  sides  are  80 

and  40,  and  their  included  angle  28°  57'? 

’  Ans.  290.427. 

8.  What  is  the  number  of  square  yards  in  a  triangle 
of  which  the  sides  are  25  feet  and  21.25  feet,  and  their 
included  angle  45°  ?  20-8694 


CASE  III. 

7.  When  the  three  sides  are  known. 

1.  Add  the  three  sides  together^  and  take  half  their  sum. 

2.  From  this  half-sum  sahtract  each  side  separately. 

Z.'  Multiply  together  the  half  sum  and  each  of  the  three  re 
mainders,  and  the  product  loill  he  the  square  of  the  area 
of  the  triangle.  Then,  extract  the  square  root  of  this  pro¬ 
duct,  for  the  required  area. 

Or  After  having  obtained  the  three  remainders,  add  together 
'the  logariilm  of  the  halfsum  and  the  logarithms  of  the 
respective  remainders,  and  divide  their  sum  by  2 :  the  quo- 
tient  will  he  the  logarithm  of  the  area. 
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Let  ACB  be  a  triangle:  and  denote 
tbe  area  by  Q  :  tben^  by  tlie  last  case, 
we  have, 

Q  =  ^hc  X  sin  A. 

But,  we  have  (Plane  Trig.,  Art.  78), 
sin  A  =  2  sin  -J- A  cos  iA  ; 

Fence,  Q  z=  he  sin  |-A  cos  -J-A. 


C 


By  substituting  m  this  equation  the  values  of  sin  ^A’,  and 

cos  iA,  found  in  Arts.  92  and  93,  Plane  TrigonometrV  we 
obtain, 


Q  =  V  5  (5  -  aYJ^'h)  (s  —  c). 

Ex.  1.  To  find  the  area  of  a  triangle  whose  three  sides 
20,  30,  and  40. 


20 

45 

45 

45 

30 

20 

30 

40 

40 

25  1st  rem. 

15  2d  rem. 

5 

2)90 

45  half-sum. 


Then,  45  X  25  X  15  X  5  =  84375. 

The  square  root  of  which  is  290.4737,  the  required  area. 

2.  How  many  square  yards  of  plastering  are  there  in  a 
triangle  whose  sides  are  30,  40,  and  50  feet  ?  Ans.  66I-. 

iS 


8.  To  find  the  area  of  a  trapezoid. 

Add  together  the  two  'parallel  sides:  then  multiply  their  sum  hy 
the  cdtitude  of  the  trapezoif  and  half  the  product  luill  he 
the  required  area  (b.  iv.,  P.  7). 

Ex.  1.  In  a  trapezoid  the  parallel  sides  are  750  and 
1225,  and  the  perpendicular  distance  between  them  is  1540 ; 
what  is  the  area  ?  •  Ans.  152075. 

2.  IIow  many  square  feet  are  contained  in  a  plank, 
whose  length  is  12  feet  6  inches,  the  breadth  at  the  greater 
end  15  inches,  and  at  the  less  end  11  inches? 

A  ??  5.  13^J  ft- 

3.  How  many  square  yards  are  there  in  a  trapezoid, 

whose  parallel  sides  are  240  feet,  320  feet,  and  altitude  66 
feet?  Ans.  2053L 
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9.  To  find  tlie  area  of  a  quadrilateral. 

Join  two  of  the  angles  hj  a  diagonal,  dividing  the  quadrilateral 
into  two  triaj-igles.  Then,  from  each  of  the  other  angles 
let  fall  a  perpendicular  on  the  diagonal :  then  multiply  the 
diagoncd  hy  half  the  'sum  of  the  two  perpendiculars,  and 
the  product  will  he  the  area. 

Ex.  1.  What  is  the  area  of  the 
quadrilateral  ABCD,  the  diagonal 
AO  being  42,  and  the  perpendic¬ 
ulars  Eg,  Bh,  equal  to  18  and  16  feet  ? 

Ans.  714. 

2.  How  many  square  yards  of  paving  are  there  in  the 
quadrilateral  whose  diagonal  is  65  feet,  and  the  two  per¬ 
pendiculars  let  fall  on  it  28  and  oS-g-  feet?  Ans.  222^^2-- 

10.  To  find  the  area  of  an  irregular  polygon. 

Draw  diagonals  dividing  the  proposed  polygon  into  ti  apezoids 
and  triangles.  Then  find  the  areas  of  these  figures  sepa¬ 
rately,  and  add  them  together  for  the  contend}  of  the  whole 

polygon. 

Ex.  1.  Let  it  be  required  to  deter¬ 
mine  the  contents  of  the  polygon 
ABODE,  having  five  sides. 

Let  us  suppose  that  we  have 
measured  the  diagonals  and  perpen¬ 
diculars,  and  found  A  (7  =36.21, 

EO  =  39.11,  Bh  =  4,  =  7.26,  Aa  =  4.18 :  required  the 

Ans.  296.1292. 

11.  To  find  the  area  of  a  long  and  irregular  figure, 
bounded  on  one  side  by  a  right  line. 

1.  Jet  the  extremities  of  the  right  line  measure  the  perpendicu¬ 
lar  hreadths  of  the  figure)  then  divide  the  line  into  any 
niimher  of  equal  parts,  and  measure  the  breadth  at  each 
point  of  division. 

2.  Add  together  the  intermediate  hreadths  and  half  the  sum  of 
the  extreme  ones.’  then  multiply  this  sum  hy  .one  of  the 
equal  p)arts  of  the  base  line:  the' product  will  he  the  requir¬ 
ed  area,  very  nearly. 


D 


C 


B 


G 
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Let  AEea  be  an  irregular  figure, 
Laving  for  its  base  tlie  right  line 
AE.  Divide  AE  into  equal  joarts, 
and  at  the  points  of  division  A,  A, 


a 


d 


ABODE 


(7,  A,  and  A,  erect  the  perpendiculars  Aa,  A5,  Ob,  Dd,  Ah, 
to  the  base  line  AA,  and  designate  them  respectively  by 
the  letters  a,  5,  c,  d^  and  e. 


Then,  the  area  of  the  trapezoid  ABha  = 


d  J) 


X  A  A, 


the  area  of  the  trapezoid  BCcb  = 
the  area  of  the  trapezoid  CDdc  = 


h  + 


c  d 
d  A  e 


X  BC, 
X  CD, 


and  the  area  of  the  trapezoid  DEed  =  — ^ —  X  BE ; 
hence,  their  sum,  or  the  area  of  the  whole  figure,  is  equal  to 


( 


+ 


2  ■  2  2  2 

since  A  A,  A  (7,  &c.,  are  equal  to  each  other.  But  this  sum 
is  'also  equal  to 

"h  5  +  c  +  cZ  H — X  AA, 

which  corresponds  with  the  enunciation  of  the  rule. 

Ex.  1.  The  breadths  of  an  irregular  figure  at  five  equi¬ 
distant  places  being  8.2,  7.4,  9.2,  10.2,  and  8.6,  and  the 
length  of  the  base  40:  required  the  area. 

8.2  4)^ 

8-6  10  one  of  the  equal  parts. 

2)16.8  ~~ 

8.4  mqan  of  the  extremes. 

7.4  85.2  sum. 

9.2 

.  10.2  352 


area. 


85.2  sum. 


2.  The  length  of  an  irregular  figure  being  84,  and  the 
breadths  at  six  equidistant  places  17.4,  20.6,  14.2,  16.5,  20.1, 
and  24.4 ;  what  is  the  area  ?  Ans.  1550.64. 
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12.  To  find  tlie  area  of  a  regular  polygon. 

Multiply  half  the  perimeter  of  the  polygon  hy  the  apothem^ 

or  perpendicular  let  fall  from  the  centre  on  one  of  the  sides^ 

and  the  product  will  he  the  area  required  (b.  Y.,  P.  8). 

Remark  I. — The  following  is  the  manner  of  determining 
the  perpendicular  when  one  side  and  the  number  of  sides 
of  the  regular  polygon  are  known : 

First,  divide  860  degrees  by  the  number  of  sides  of 
the  polygon,  and  the  quotient  will  be  the  angle  at  the 
centre ;  that  is,  the  angle  subtended  by  one  of  the  equal 
sides.  Divide  this  angle  by  2,  and  half  the  angle  at  the 
centre  will  then  be  known. 

ISTow,  the  line  drawn  from  the  centre  to  an  angle  of  the 
polygon,  the  perpendicular  let  fall  on  one  of  the  equal 
sides,  and  half  this  side,  form  a  right-angled  triangle,  in 
which  there  are  known  the  base,  which  is  half  the  side  of 
the  polygon,  and  the  angle  at  the  vertex.  Hence,  the  per¬ 
pendicular  can  be  determined. 

Ax.  J.  To  find  the  area  of  a  reg¬ 
ular  hexagon,  whose  sides  are  20  feet 
each. 

6)860° 

00°  =  A  CB^  the  angle  at  the  centre. 

30°  =  A  CA,  half  the  angle  at  centre. 

Also,  CAD  =  90°  -  A(7A  =  60° ; 
and. 

Then, 


AD  =  10. 
sin  AGD 
sin  GAD 
AD 

CD 


60‘ 


9.937531 

l.OOOOOO 

1.238561 


.  .  1 0 ,  ... 

17.3205  .  .  . _ 

Perimeter  =  120,  and  half  the  perimeter  =  60. 

Tlien,  60  X  17.8205  =  1039.23,  the  area. 

2.  What  is  the  area  of  an  octagon  whose  side  is  20? 

Ans.  1931.36886. 

Remark  II. — The  area  of  a  regular  polygon  of  any 
number  of  sides  is  easily  calculated  by  the  above  rule. 

23 
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Let  the  areas  of  the  regular  polygons  whose  sides  are  unity, 
or  1,  be  calculated  and  arranged  in  the  following 


TABLE. 


NAMES. 

SIDES. 

AREAS. 

NAMES. 

SIDES. 

AREAS. 

Triaii^le  . 

.  3  .  . 

0.4330127 

Octagon  . 

.  8  . 

4.8284271 

Square 

.  4  .  . 

1.0000000 

Non  agon  . 

.  9  . 

6.1818242 

Pentagon  . 

.  5  .  . 

1.7204774 

Decagon  . 

.  10  . 

7.6942088 

Hexagon  . 

.  6  .  . 

2.5980762 

XJndecagon 

.  11  . 

9.3656399 

Heptagon 

.  7  .  . 

3.6339124 

Dodecagon 

.  12  . 

11.1961524 

ISTow,  since  the  areas  of  similar  pol3^gons  are  to  each 
other  as  the  squares  of  their  homologous  sides  (b.  iv.,  P.  27), 
we  have, 

1"  :  any  side  squared  : :  tabular  area  :  area. 

Hence,  to  find  the  area  of  any  regular  polygon, 

1.  Square  the  side  of  the  polygon. 

2.  Then  multiply  that  square  hy  the  tabular  area  set  opposite 
the  polygon  of  the  same  number  of  sides^  and  the  product 
will  be  the  required  area. 

Ex.  1.  What  is  the  area  of  a  regular  hexagon  whose 
side  is  20  ? 

20”  =  400,  tabular  area  =  2.5980762.-, 

Hence,  2.6980762  X  400  =  1039.2304800,  as  before. 

2.  To  find  the  area  of  a  pentagon  whose  side  is  25. 

Ans.  1075.298375. 

3.  To  find  the  area  of  a  decagon  whose  side  is  20. 

Alls.  3077.68352. 

13.  To  find  the  circumference  of  a  circle  when  the  diame¬ 
ter  is  given,  or  the  diameter  when  the  circumference  is 
given. 

Multiply  the  diameter  by  3.1416,  ani  the  q^roduct  will  be  the 
circumference  j  or^  divide  the  circumference  by  3.1416,  and 
the  quotient  will  be  the  diameter. 

I 

It  is  shown  (b.  v.,  p.  16,  s.  1),  that  the  circumference  of 
a  circle  whose  diameter  is  1,  is  3.1415926,  or  3.1416.  But, 
since  the  circumferences  of  circles  are  to  each  other  as  their 
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radii  or  diameters,  we  have,  by  calling  the  diameter  of  the 
second  circle  h, 

1  :  d  :  :  3.1416  :  circumference, 

% 

hence,  d  X  3.1416  =  circumference. 

circumference 

Hence,  also,  d  =  - - o  -i  <  i  ^ - * 

Ex.  1.  What  is  the  circumference  of  a  circle  whose 
diameter  is  25  ?  Arts.  78.54. 

2.  If  the  diameter  of  the  earth  is  7921  miles,  what  is 

the  circumference  ?  Ans.  24884.6136. 

3.  What  is  the  diameter  of  a  circle  whose  circumfer¬ 
ence  is  11652.1904?  Ans,  3709. 

4.  What  is  the  diameter  of  a  circle  whose  circumfer¬ 
ence  is  6850?  Ans.  2180.41. 

14.  To  find  the  length  of  an  arc  of  a  circle  containing  any 

number  of  degrees. 

Multiply  the  number  of  degrees  in  the  given  arc  by  0.0087266, 
and  the  product  by  the  diameter  of  the  circle. 

Since  the  circumference  of  a  circle  whose  diameter  is  1, 
is  3.1416,  it  follows,  that  if  3.1416  be  divided  by  360 
degrees,  the  quotient  will  be  the  length  of  an  arc  of  1 
,  g  1416 

decrree  :  that  is,  =  0.0087266  =  arc  of  one  degree 

to  the  diameter  1.  This  being  multiplied  by  the  number 
of  degrees  in  an  arc,  the  product  will  be  the  length  of 
that  arc  in  the  circle  whose  diameter  is  1 ;  and  this  pro¬ 
duct  being  then  multiplied  by  the  diameter,  the  product  is 
the  length  of  the  arc  for  any  diameter  whatever. 

Remark. — When  the  arc  contains  degrees  and  minutes, 
reduce  the  minutes  to  the  decimal  of  a  degree,  which  is 
doi.e  by  dividing  them  by  60. 

Ex.  1.  To  find  the  length  of  an  arc  of  30  degrees,  the 
diameter  being  18  feet.  Ans.  4.712364. 

2.  To  find  the  length  of  an  arc  of  12"'  10'  or  12^°,  the 

diameter  being  20  feet.  Ans.  2.123472. 

3.  What  is  the  length  of  an  arc  of  10°  15',  or  10^°,  in 

a  circle  whose  diameter  is  68  ?  Ans.  6.082396. 
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15.  To  find  tlie  area  of  a  circle. 

1.  Multiply  the  circumference  hy  half  the  radius  (b.  V.,  P.  15). 
Or,  2.®  Multiply  the  square  of  the  radius  hy  3.1416  (b.  V.,  P. 
16). 

Ex.  1.  To  find  the  area  of  a  circle  whose  diameter  is 
10,  and  circumference  31.416.  Ans.  78.54. 

2.  Find  the  area  of  a  circle  whose  diameter  is  7,  and 

circumference  21.9912.  Ans.  38.4846. 

3.  How  many  square  yards  in  a  circle  whose  diameter 

is  3^  feet?  Ans.  1.069016. 

4.  What  is  the  area  of  a  circle  whose  circumference  is 

12  feet?  Ans.  11.4591. 

16.  To  find  the  area  of  a  sector  of  a  circle. 

1.  Multiply  the  arc  of  the  sector  hy  half  the  radius  (b.  V.,  P. 
15,  C). 

Or,  2.  Compute  the  area  of  the  whole  circle:  then  say^  as  360 
degrees  is  to  the  degrees  in  the  arc  of  the  sector^  so  is  the 
area  of  the  vjhole  circle  to  the  area  of  the  sector. 

Ex.  1.  To  find  the  area  of  a  circular  sector  whose  arc 
contains  18  degrees,  the  diameter  of  the  circle  being  3  feet. 

Ans,  0.35343. 

2.  To  find  the  area  of  a  sector  whose  arc  is  20  feet, 

the  radius  being  10.  Ans.  100. 

3.  Eequired  the  area  of  a  sector  whose  arc  is  147°  29', 

and  radius  25  feet.  Ans.  804.3986. 

17.  To  find  the  area  of  a  segment  of  a  circle. 

1.  Find  the  area  of  the  sector  having  the  same  arc^  hy  the  last 
problem. 

2.  Find  the  area  of  the  triangle  formed  hy  the  chord  of  the 
segment  and  the  two  radii  of  the  sector. 

8.  Then  add  these  two  together  for  the  answer  when  the  seg¬ 
ment  is  greater  than  a  semicircle^  and  subtract  the  triangle 
from  the  sector  when  it  is  less. 


MEKSUKATIOK  OF  SURFACES. 


357 


Ex.  1.  To  find  tlie  area  of  the  seg¬ 
ment  ACB,  its  chord  AB  being  12, 
and  the  radius  EA,  10  feet. 

EA  10  ar.  comp.  9.000000 

:  AD  '  Q  .  .  0.778151 

::  sin  Z)  90°  .  .  10.000000 

:  sin  AAA  36°  52'  =  36.87  9.778151 

_ 2 

73.74  =  the  degrees  in  tlie  arc  A  CB, 

Then,  0.0087266  X  73.74  X  20  =  12.87  =  arc  ABC  nearly. 

o 

64.35  =  area  EA  CB. 

—  / 

Again,  V  -  AJJ^  =  VlOO  -  86  =  Vlii  =  S  =  ED. 
and,  6  X  8  =  48  =  the  area  of  the  triangle  EAB. 

Hence,  sect.  EA  CB  -  EAB  =  64.35  -  48  =  16.35  =  A  CB. 

2.  Find  the  area  of  the  segment  whose  height  is  18, 
the  diameter  of  the  circle  being  50.  Ans.  636.4834. 

3.  Required  the  area  of  the  segment  whose  chord  is 

16;  the  diameter  being  20.  Ans.  44.764. 

18.  To  find  the  area  of  a  circular  ring:  that  is,  the  area 
included  between  the  circumferences  of  two  circles  which 
have  a  common  centre. 

Take  the  difference  between  the  areas  of  the  two  circles. 

Or,  subtract  the  square  of  the  less  radius  from  the  square  of  the 
greater.^  and  multiqdy  the  remainder  by  3.1416. 

2 

For  the  area  of  the  larger  is  .  .  .  R 

and  of  the  smaller  .  ..... 

,  2  ~ 

Their  difference,  or  the  area  of  the  ring,  is  {R  —  r'ff. 

Ex.  1.  The  diameters  of  two  concentric  circles  being  10 
and  6,  required  the  area  of  the  ring  contained  between 
their  circumferences.  A«5.  50.2656. 

2.  What  is  the  area  of  the  ring'  when  the  diameters 
of  the  circles  are  10  and  20?  Ans.  235.62. 
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1.  The  mensuration  of  solids  is  divided  into  two  parts : 

First.  The  mensuration  of  their  surfaces;  and, 

Second.  The  mensuration  of  their  solidities. 

2.  We  have  already  seen,  that  the  unit  of  measure  for 
plane  surfaces  is  a  square  whose  side  is  the  unit  of  length. 

A  curved  line  which  is  expressed  by  numbers  is  also 
referred  to  a  unit  of  length,  and  its  numerical  value  is  the 
number  of  times  which  the  line  contains  its  unit.  If  then, 
wn  suppose  the  linear  unit  to  be  reduced  to  a  right  line, 
and  a  square  constructed  on  this  line,  this  square  will  be 
the  unit  of  measure  for  curved  surfaces. 

3.  The  unit  of  solidity  is  a  cube,  the  face  of  which  is 
equal  to  the  superficial  unit  in  Avdiich  the.  surface  of  the 
solid  is  estimated,  and  the  edge  is  equal  to  the  linear  unit 
in  which  the  linear  dimensions  of  the  solid  are  expressed 
(b.  VII.,  P.  13,  s.  1). 

The  following  is  a  table  of  solid  measures: 

1728  cubic  inches  ~  1  cubic  foot. 

27  cubic  feet  =  1  cubic  yard. 

4492J  cubic  feet  =  1  cubic  rod. 

OF  POLYEDRONS,  OR,  SURFACES  BOUNDED  BY  PLANES. 

4.  To  find  the  surface  of  a  right  prism. 

Multi2^ly  the  'perimeter  of  the  hose  hy  the  cdtdude^  and  the  pro¬ 
duct  will  he  the  convex  surface  (b.  VII.,  P.  1).  To  this  add 

the  area  of  the  two  bases,  lohen  the  entire  surface  is  required. 

Ex.  1.  To  find  the  surface  of  a  cube,  the  length  of 
each  side  being  20  feet.  Ans.  2400  sq.  ft. 

2.  To  find  the  whole  surface  of  a  triangular  prism, 
whose  base  is  an  equilateral  triangle,  having  each  of  its 

sides  equal  to  18  inches,  and  altitude  20  feet. 

Ans.  91.949. 
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3.  What  must  be  pcaid  for  lining  a  rectangular  cistern 
^vitli  lead,  at  2d  a  pound,  tlie  tliickness  of  ^ the  lead  being  ' 
sucii  as  to  require  7ds.  for  eacli  square  toot  of  surface*, 
the  innf  r  dimensions  of  tlie  cistern  being  as  follows,  viz.: 
the  length  3  feet  2  inches,  the  breadth  2  feet  8  inches,^  and 
the  depth  2  feet  6  inches?  21  35.  lO^d 

5.  To  find  the  surface  of  a  right  pyramid. 

Multiphj  the  perimeter  of  the  base  by  half  the  slant  height^  and 
the  product  will  be  the  convex  surface  (B.  VII.,  P.  4)  :  to  tins 
add  the  area  of  the  base,  when  the  entire  surface  is  repaired. 

Ex,  1.  To  find  the  convex  surface  of  a  right  trian- 
^ruiar  pyramid,  the  slant  height  being  20  feet,  and  each 
Ide  of  the  base  3  feet.  A-  90  5,.  /. 

2  What  is  the  entire  surface  of  a  right  pyramid, 
whose  slant  height  is  15  feet,  and  the  base  a  pentagon  of 
which  each  side  is  25  feet?  ^^5.  2012.798. 

6.  To  find  the  convex  surface  of  the  frustum  of  a  right 

pyramid. 

Multiply  the  half  sum  of  the  perimeters  of  the  two  bases  by  the 
slant  height  of  the  frustum,  and  the  product  will  be  the  con- 
vex  surface  (b.  VII.,  P.  4,  C.) 

Ex.  1.  How  many  square  feet  are  there  m  the  convex 

surface  of  tlie  frustum  of  a  square  pyramid,  whose  slant 

height  is  10  feet,  each  side  of  the  lower  base  8  feet  4 

inches,  and  each  side  of  the  upper  base  2  feet  2  inches  ? 

Ans.  110  sq.  Jt. 

2.  What  is  the  convex  surface  of  the  frustum  of  an_ 
heptagonal  pyramid  whose  slant  height  is  66  feet,  each  side 
of  the  lower  base  8  feet,  and  each  side  of  ^e  base 

4  feet? 

7.  To  find  the  solidity  of  a  prism* 

1  Find  the  area  of  the  base. 

%  Multiply  the  area  of  the  hose  by  the  altitude,  and  the  pto 
duct  will  be  the  solidity  of  the  prism  (b.  VII.,  P.  XIV). 

Ex.  1.  What  are  the  solid  contents  of  a  cube  whoio 

.  .  •  1  9  Ans. 

Side  IS  24  inches  i 
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2.  How  many  cubic  feet  in  a  block  of  marble,  of  wliicb 
the  length  is  3  feet  2  inches,  breadth  2  feet  8  inches,  and 
height  or  thiekness  2  feet  6  inehes  ?  Ans.  21|. 

8.  How  many  gallons  of  water,  ale  measure,  will  a 
cistern  contain,  whose  dimensions  are  the  same  as  in  the 
list  example?  Ans.  129^^ 

4.  Required  the  solidity  of  a  triangular  prism,  whose 
height  is  10  feet,  and  the  three  sides  of  its  triangular  base 
8,  4,  and  5  feet.  Ans.  60. 

8.  To  find  the  solidity  of  a  pyramid. 

Multiply  the  area  of  the  base  by  one-third  of  the  altitude^  and 
the  product  luill  be  the  solidity  (b.  VII.,  P.  17). 

Ex.  1.  Required  the  solidity  of  a  square  pyramid,  eaeh 
side  of  its  base  being  80,  and  the  altitude  25. 

'  Ans.  7500. 

2.  To  find  the  solidity  of  a  triangular  pyramid,  whose 
altitude  is  30,  and  each  side  of  the  base  3  feet. 

Ans.  38.9711. 

3.  To  find  the  solidity  of  a  triangular  pyramid,  its  alti¬ 

tude  being  14  feet  6  inches,  and  the  three  sides  of  its  base 
5,  6,  and  7  feet.  Ans.  71.0352. 

4.  hat  is  the  solidity  of  a  pentagonal  pyramid,  its 
altitude  being  12  feet,  and  eaeh  side  of  its  base  2  feet? 

Ans.  27.5276. 

5.  What  is  the  solidity  of  an  hexagonal  pyramid,  whose 
altitude  is  6.4  feet,  and  eaeh  side  of  its  base  6  inches? 

Ans.  1.38564. 

9.  To  find  the  solidity  of  the  frustum  of  a  pyramid. 

Add  together  the  areas  of  the  two  bases  of  the  frustum,  and  a 

mean  proportioned  between  them,  and  then  multiply  the  sum 

by  One-third  of  the  altitude  (b.  VII.,  P.  18). 

•  Ex.  1.  To  find  the  number  of  solid  feet  in  a  piece  of 
timber,  whose  bases  are  squares,  eaeh  side  of  the  lower 
base  being  15  inches,  and  eaeh  side  of  the  upper  base 
inches,  the  altitude  being  24  feet.  .  Ans.  19.5. 
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2.  Required  the  solidity  of  a  pentagonal  frustum,  whose 
altitude  is  5  feet,  each  side  of  the  lower  base  18  inches, 
and  each  side  of  the  upper  base  6  inches.  ' 


DEFINITIONS. 

10.  A  Wedge  is  a  solid  bound¬ 
ed  by  five  planes  :  viz.,  a  rectangle, 

ABCD^  called  the  base  of  the  Avedge  ; 
two  trapezoids  ABHG^  BCHG^  which 
are  called  the  sides  of  the  wedge, 
and  which  intersect  each  other  in 
the  edge  GII]  and  the  two  triangles 
GBA,  HCB,  which  are  called  the  ends  of  the  wedge. 

When  AB,  the  length  of  the  base,  is  equal  to  GH^  the 
trapezoids  ABHG^  DCHG,  become  parallelograms,  and  the 
wedge  is  then  one-half  the  parallelopipedon  described  on  the 
I  base  ABCD,  and  having  the  same  altitude  with  the  Avedge. 
The  altitude  of  the  Avedge  is  the  perpendicular  let  fall 
from  any  point  of  the  line  GH^  on  the  base  ABGB. 

11.  A  Rectangular  Prismoid  is  a  solid  resembling 
the  frustum  of  a  quadrangular  pyramid,  fihe  upper  and 

!  lower  bases  are  rectangles,  having  their  corresponding  sides 
parallel,  and  the  convex  surface  is  made  up  of  four  trape¬ 
zoids.  The  altitude  of  the  prismoid  is  the  perpendicular 
distance  betAveen  its  bases. 


Ans.  9.31925. 


G  II 


TO  FIND  THE  SOLIDITY  OF  THE  AVEDGE, 

Let  L  =  AB,  the  length  of 
the  base,  I  =  GTI,  the  length 
of  the  edge,  h  =  BG,  the  breadth 
of  the  base,  h  —  PG^  the  alti¬ 
tude  of  the  Avedge. 

Then,  L  -  I  =  AB  -  GH 
^  AM, 

Suppose  AB,  the  length  of ' 
the  base,  to  be  equal  to  GH,  the  lengti  of  the  edge,  the 
solidity  will  then  be  equal  to  half  the  parallelopipedon, 
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having  the  same  base  and  the 
same  altitude  (b.  vii.,  P.  7). 

Hence,  the  solidity  vdll  be 
equal  to  ^rhlh  (b.  vii.,  p.  14). 

If  the  length  of  the  base  is 
greater  than  that  of  the  edge, 
let  a  section  MNG  be  made 
parallel  to  the  end  BOIL  The 
wedge  will  then  be  divided  into  the  triangular  prism 
BCH-G^  and  the  quadrangular  pyramid  G-AMNB. 

Then,  the  solidity  of  the  prism 
=  ^hhl ;  the  soMdity  of  the  pyramid  =  {L  —  1) 
and  their  sum, 

^hhl  T  ^hli{B  —  0  ~  \  T  271  —  ^bh2il  —  ^hlii^B  -F  /). 


If  the  length  of  the  base  is  less  than  the  length  of  the 
edge,  the  solidity  of  the  wedge  will  be  equal  to  the  differ¬ 
ence  between  the  prism  and  pyramid,  and  we  shall  have 
'for  the  solidity  of  the  wedge, 

^hhl  -  Ihhil  -  L)  =  ih/iSl  -  \hh2l  +  \hh2L  =  \hh{2L  +  1), 


Ex.  1.  If  the  base  of  a  Avedge  is  40  by  20  feet,  the 
edge  85  feet,  and  the  altitude  10  feet,  what  is  the  solidity? 

Ans.  8833.83. 


2.  The  base  of  a  Avedge  being  18  feet  by  9,  the  edge 
20  feet,  and  the  altitude  6  feet,  Avhat  is  the  solidity  ? 

504. 


12.  To  find  the  solidity  of  a  rectangular  prismoid. 


Add  together  the  areas  of  the  two  bases  and  four  times  the 
area  of  a  section  at  equal  distances  from  the  bases ; 

then  multiply  the  sum  by  one-sixth  of  the  altitude. 


For,  let  L  and  E  denote  the  length 
and  breadth  of  the  loAver  base,  I  and 
h  the  length  and  breadth  of  the 
ujiper  base,  M  and  m  the  length 
and  breadth  of  the  section  equidis¬ 
tant  from  the  bases,  and  h  the  alti¬ 
tude  of  the  pi’ismoid. 

Through  the  diagonal  edges  L 
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and  I'  let  a  plane  be  passed,  and  it  will  divide  tbe  pris- 
moid  into  two  wedges,  Laving  for  bases,  tbe  bases  of  tbe 
prismoid,  and  for  edges  tbe  lines  L  and  I'  1. 

Tbe  solidity  of  these  wedges,  and  consequently,  of  tbe 

prismoid,  is 

i Bh{2L  +  0  +  +  L)=  -{■  Bl-\-  2hl  +  hL) 

=  }h{BL  +  Bl  +  bL  +  bl  +  BL  +  bl). 

But  since  M  is  equally  distant  from  L  and  ^  we  have, 

2M  ■■=  L  +  and  2m  =  B  +  b] 

bence,  4d/m  =  {L  1)  X  {B  ~\-b)  =  BL  Bl  bL  +  bl. 

Substituting  difm  for  its  value  in  tbe  preceding  equa¬ 
tion,  and  we  have  for  tbe  solidity 

\li{BL  ■\-bl-\-  diTm). 

Remakk. — Tbis  rule  may  be  applied  to  any  prismoid 
whatever.  For,  whatever  be  tbe  form  of  tbe  bases,  there 
may  be  inscribed  in  each  tbe  same  number  of  lectangles, 
and  tbe  number  of  these  rectangles  may  be  made  so  great 
that  their  sum  in  each  base  will  differ  from  that  base,  by 
less  than  any  assignable  quantity.  ISTow,  if  on  these  rect¬ 
angles,  rectangular  prismoids  be  constructed,  their  sum  will 
differ  from  tbe  given  prismoid  by  less  than  any  assignable 
quantity.  Hence,  tbe  rule  is  general. 

Ex.  1.  One  of  tbe  bases  of  a  rectangular  prismoid  is 
25  feet  by  20,  the  other  15  feet  by  10,  and  tbe  altitude 
L2  feet;  required  tbe  solidity.  8700. 

2.  What  is  tbe  solidity  of  a  stick  of  hewn  timber, 
whose  ends  are  80  inches  by  27,  and  24  inches  by  18,  its 
length  being  24  feet?  •  102  ft. 

OF  THE  MEASURES  OF  THE  THREE  ROUND  BODIES. 

18.  To  find  tbe  surface  of  a  cylinder. 

Mxdtiply  the  circumference  of  the  base  by  the  altitude,  and  the 
product  loill  be  the  convex  surface  (b.  Tin.,  P.  1).  ,  To  this 
add  the  areas  of  the  two  bases,  when  the  entire  surface  w 

required. 
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Ex,  1.  What  is  the  convex  surface  of  a  cylinder,  tho 
diameter  of  whose  base  is  20,  and  whose  altitude  is  60  ? 

y  Ans.  3141.6. 

2.  Eequired  the  entire  surface  of  a  cylinder,  whose  alti- 
tude  is  20  feet,  and  the  diameter  of  its  base  2  feet. 

Ans.  131.9472. 

14.  To  find  the  convex  surface  of  a  cone. 

Multiply  the  circumference  of  the  base  by  half  the  slant  height 
(b.  Vlli.,  r.  3) :  to  which  add  the  area  of  the  base^  when  the 
entire  surface  is  required. 

Ex.  1.  Eequired  the  convex  surface  of  a  cone,  whose 
slant  height  is  60  feet,  and  the  diameter  of  its  base  8|-  feet? 

Ans.  667.69. 

2.  Eequired  the  entire  surface  of  a  cone,  whose  slant 
height  is  36,  and  the  diameter  of  its  base  18  feet. 

Ans.  1272.348. 

15.  ^To  find  the  surface  of  a  frustum  of  a  cone. 

Multiply  the  slant  height  of  the  frustum  by  half  the  sum  of  the 
circumferences  of  the  two  bases,  for  the  convex  surface  (b.  VIII., 
P.  4) :  to  luhich  add  the  areas  of  the  two  bases,  when  the  entire 
surface  is  required. 

Ex.  1.  To  find  the  convex  surface  of  the  frustum  of  a 
cone,  the  slant  height  of  the  frustum  being  12^  feet,  and  the 
circumferences  of  the  bases  8.4  feet  and  6  feet.  Ans.  90. 

2.  To  find  the  entire  surface  of  the  frustum  of  a  cone, 
the  slant  height  being  16  feet,  and  the  radii  of  the  bases 
3  feet  and  2  feet.  Ans.  292.1688. 

V  16.  To  find  the  solidity  of  a  cylinder. 

Multiqily  the  area  of  the  base  by  the  altitude  (b.  Vlil.,  P.  2). 

Ex.  1.  Eequired  the  solidity  of  a  cylinder  whose  alti* 
tude  is  12  feet,  and  the  diameter  of  its  base  15  feet. 

,  Ans.  2120.58. 

2.  Eequired  the  solidity  of  a  cylinder  Avhose  altitude  is 
20  feet,  and  the  circumference  of  whose  base  is  5  feet  6 
inches.  ,  Ans.  48.144. 
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17.  To  find  the  solidity  of  a  cone. 

Multiply  the  area  of  the  base  by  the  altitude^  and  take  one-third 

of  the  product  (b.  VIIL,  F.  5). 

Ex.  1.  Required  the  solidity  of  a  cone  whose  altitude 

is  27  feet,  and  the  diameter  of  the  base  10  feet. 

Ans.  706.86. 


2.  Required  the  solidity  of  a  cone  whose  altitude  is  101 
feet,  and  the  circumference  of  its  base  9  feet. 

Ans.  22.56. 


18.  To  find  the  solidity  of  a  frustum  of  a  cone. 


Add  together  the  areas  of  the  two  bases  and  a  mean  propor¬ 
tional  between  them,  and  then  multiply  the  sum  by  one-third 
of  the  altitude  (b.  Vlil.,  P.  6). 


Ex.  1.  To  find  the  solidity  of  the  frustum  of  a  cone, 
the  altitude  being  18,  the  diameter  of  the  lower  base  8, 
and  that  of  the  upper  base  4.  Ans.  527.7888. 

2.  What  is  the  solidity  of  the  frustum  of  a  cone,  the 
altitude  being  25,  the  circumference  of  the  lower  base  20, 
and  that  of  the  upper  base  10?  Ans.  464.216. 


3.  If  a  cask  which  is  composed  of  two  equal  conic 
frustums  joined  together  at  their  larger  bases,  have  its  bung 
diameter  28  inches,  the  head  diameter  20  inches,  and  the 
length  40  inches,  how  many  gallons  of  wine  will  it  con¬ 
tain,  there  being  231  cubic  inches  in  a  gallon  ? 

’  Ans.  79.0613. 


19.  To  find  the  surface  of  a  spherical  zone. 

Multiply  the  altitude  of  the  zone  by  the  circumference  of  a  great 
circle  of  the  sphere,  and  the  product  will  be  the  surface  (b. 

VIII.,  P.  10,  C.  2). 

Ex.  1.  The  diameter  of  a  sphere  being  42  inches,  what 
is  the  convex  surface  of  a  zone  whose  altitude  is  9  inches? 

Ans.  1187.5248  sg.  in. 

2.  If  the  diameter  of  a  sphere  is  12i  feet,  what  will 

be  the  surface  of  a  zone  whose  altitude  is  2  feet  ? 

Ans.  78.54  sg.  ft. 
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20.  To  find  the  solidity  of  a  sphere. 

1.  Multiply  the  surface  hy  one-third  of  the  radius  (b.  VIII.,  P.  14), 

Or,  2.  Cube  the  diameter  and  multiply  the  number  thus  found 
by  \  that  is,  by  0.5236  (b.  VIIL,  P.  14,  S.  3). 

Ex.  1.  What  is  the  solidity  of  a  sphere  whose  diamo* 
ter  is  12?  Ans,  904.7808. 

2.  What  is  the  solidity  of  the  earth,  if  the  mean  diam 
eter  be  taken  equal  to  7918.7  miles? 

Ans.  259992792083. 

21.  To  find  the  solidity  of  a  spherical  segment. 

Find  the  areas  of  the  two  hases^  and  midtiply  their  sum  by 
half  the  height  of  the  segment  ^  to  this  product  add  the 
solidity  of  a  sphere  ivhose  diameter  is  egual  to  the  height 
of  the  segment  (b.  VIII.,  P.  17). 

Eemark. — ’W^hen  the  segment  has  but  one  base,  the 
other  is  to  be  considered  equal  to  0  (b.  yiii.,  b.  15). 

Ex.  1.  What  is  the  solidity  of  a  spherical  segment,  the 

diameter  of  the  sphere  being  40,  and  the  distances  from 

the  centre  to  the  bases,  16  and  10?  Ans.  4297.7088. 

2.  AYhat  is  the  solidity  of  a  spherical  segment  with 

one  base,  the  diameter  of  the  sphere  being  8,  and  the  alti¬ 
tude  of  the  segment  2  feet  ?  Ans.  41.888. 

3.  What  is  the  solidity  of  a  spherical  segment  with 

one  base,  the  diameter  of  the  sphere  being  20,  and  the 
altitude  of  the  segment  9  feet?  Ans.  1781.2872. 

22.  To  find  the  surface  of  a  spherical  triangle. 

1.  Compute  the  surface  of  the  sphere  on  luhich  the  triangle  is 
formed,  and  divide  it  by  8  ;  the  quotient  will  be  the  surface 
of  the  tri-rectangular  triangle. 

2.  Add  the  three  angles  together ;  from  their  sum  subtract  180^^, 
and  divide  the  remainder  by  90°  :  then  multiply  the  tri- 
rectangidar  triangle  by  this  quotient,  and  the  product  will 
he  the  surface  of  the  triangle  (b.  ix.,  P.  18). 

Ex.  1.  Eequired  the  surface  of  a  triangle  described  on 
a  sphere,  whose  diameter  is  30  feet,  the  angles  being  140^, 
92°,  and  68°.  Ans.  471.24  sq.  ft. 
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2.  Eequired  tlie  surface  of  a  triangle  described  on  a 
sphere  of  20  feet  diameter,  the  angles  being  120“  each. 

E?i5.  314.16  sq.  ft, 

23.  To  find  the  surface  of  a  spherical  polygon. 


1,  Find  the  tri-rectangular  triangle  as  before. 

2<  From  the  sum  of  all  the  angles  talze  the  'product  of  two 
right  angles  by  the  number  of  sides  less  two.  Divide  the 
remainder  by  90°,  and  multiply  the  iri-rectangular  triangle 
by  the  quotient:  the  pnwduct  'will  be  the  surface  of  the  poly¬ 
gon  (B.  IX.,  p.  19). 

Ex.  1.  WhatLs  the  surface  of  a  polygon  of  seven  sides, 
described  on  a  sphere  whose  diameter  is  17  feet,  the  sum 
of  the  angles  being  1080°  ?  Ans.  226.98. 

2.  What  is  the  surface  of  a  regular  polygon  of -eight 
sides,  described  on  a  sphere  whose  diameter  is  30,  each 
angle  of  the  polygon  being  140°  ?  Ans.  157.08. 

OF  THE  REGULAR  POLYEDRONS. 

24.  In  determining  the  solidities  of  the  regular  polye- 
drons,  it  becomes  necessary  to  know,  for  each  of  them,  the 
angle  contained  between  any  two  of  the  adjacent  faces. 
The  determination  of  this  angle  involves  the  following 
property  of  a  regular  polygon,  viz. : 

Half  the  diagonal  which  joins  the  extremities  of  two  adjacent 
sides  of  a  regular  polygon,  is  equal  to  the  side  of  the  poly¬ 
gon  midtiplied  by  the  cosine  of  the  angle  which  is  obtained 
by  dividing  360°  by  twice  the  number  of  sides:  the  radius 
being  equal  to  unity. 

For,  let  ABODE  be  any  regular 
polygon.  Draw  the  diagonal  AG,  and 
from  the  centre  E,  dfaw  EG  perpen¬ 
dicular  to  AB.  Draw  also,  AE,  EB ; 
the  latter  will  be  perpendicular  to 
the  diagonal  AG,  and  will  bisect  it 
at  H  (b.  III.,  p.  6,  s.) 

Let  the  number  of  sides  of  the 
polygon  be  designated  by  n :  then, 
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860°  860° 

AFB  =  and  AFG  =  CAB  - 

n  2n 

Bat,  in  the  right-angled  triangle  ABII^  we  have, 

360° 


All  —  AB  cos  A  =  AB  cos 


2/1 


(Trig.,  Th.  5). 


Kemark  1. — When  the  polj^gon  in  question  is  the  equi¬ 
lateral  triangle,  the  diagonal  becomes  a  side,  and  conse¬ 
quently,  half  the  diagonal  becomes  half  a  side  of  the  tri¬ 
angle. 

Kemark  2. — The  perpendicular  BH  =  AB  sin 


G 


25.  To  determine  the  angle  included  between  two  adja¬ 
cent  faces  of  either  of  the  regular  polyedrons,  let  us  sup¬ 
pose  a  plane  to  be  passed  perpendicular  to  the  axis  of  a 
polyedral  angle,  and  through  the  vertices  of  the  polyedral 
angles  which  lie  adjacent.  This  plane  will  intersect  the 
convex  surface  of  the  polyedron  in  a  regular  polygon ;  the 
number  of  sides  of  this  polygon  will  be  equal  to  the 
number  of  planes  which  meet  at  the  vertex  of  either  of 
the  polyedral  angles,  and  each  side  will  be  a  diagonal  of 
one  of  the  equal  faces  of  the  polyedron. 

Let  D  be  the  vertex  of  a  polyedral 
angle,  CD  the  intersection  of  two  adja¬ 
cent  faces,  and  ABC,  the  section  made 
in  the  convex  surface  of  the  polyedron 
by  a  plane  perpendicular  to  the  axis 
through  D. 

Through  AB  let  a  plane  be  drawn 
perpendicular  to  CD^  produced,  if  necessary,  and  suppose 
AE^  BE,  to  be  the  lines  in  which  this  plane  intersects  the 
adjacent  faces.  Then  will  AEB  be^  the  angle  included 
between  the  adjacent  faces,  and  FEB  will  be  half  that 
tingle  which  we  will  represent  by  ^A. 

Then,  if  we  represent  by  n  the  number  of  faces  which 
meet  at  the  vertex  of  the  solid  angle,  and  by  m  the  num¬ 
ber  of  sides  of  each  face,  we  shall  have,  from  what  has 
already  been  shown, 
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But, 


BF 

BF 

EB 


360°  ,  .  360° 

BG  cos -77-  j  and  EB  —  BC  sin 

An  AiUn 

sin  FEB  =  sin  ^A,  to  the  radius  of  unity ; 

360° 


cos 


hence, 


sin  = 


2?^ 


sin 


360^ 

2m 


This  formula  gives,  for  the  diedral  angle  formed  by 
any  two  adjacent  faces  of  the 


Tetraedron 

Hexaedron 

Octaedron 

Dodecaedron 

Icosaedron 


70°  31'  42" 
90° 

109°  28'  18" 
116°  33'  54" 
138°  ir  23" 


Having  thus  found  the  diedral  angle  included  between 
the  adjacent  faces,  we  can  easily  calculate  the  perpendicu¬ 
lar  let  fall  from  the  centre  of  the  polyedron  on  one  of  its 
faces,  when  the  faces  themselves  are  known. 

The  following  table  shows  the  solidities  and  surfaces  of 
the  regular  polyedrons,  when  the  edges  are  ec^^al  to  1. 


A  TABLE  OF  REGULAR  POLYEDRONS  WHOSE  EDGES  ARE  1. 


NAMES. 

NO.  OF  FACES. 

SUEFACE. 

SOLIDITY. 

Tetraedron 

4  . 

1.7320608  . 

0.1178513 

Hexaedron 

6  . 

6.0000000  . 

1.0000000 

Octaedron 

8-  . 

8.4641016  . 

0.4714045 

Dodecaedron 

.  12  . 

20.6467288  . 

7.6631189 

Icosaedron 

.  20  . 

8.6602540  . 

2.1816950 

26.  To  find  the  solidity  of  a  regular  polyedron. 

1.  Multiply  the  surface  by  one-third  of  the  perpendicidar  let  fall 
from  the  centre  on  one  of  the  faces^  and  the  product  will  he 
the  solidity. 

Or,  2.  Multiply  the  cube  of  one  of  the  edges  by  the  solidity  of 
a  similar  polyedi'on^  whose  edge  is  1. 

The  first  rule  results  from  the  division  of  the  polye¬ 
dron  into  as  many  equal  pyramids  as  it  has  faces,  having 
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their  common  vertex  at  the  centre  of  the  polyedron.  The 
second  is  proved  by  considering  that  two  regular  polyedrons 
having  the  same  number  of  faces  may  be  divided  into  an 
equal  number  of  similar  pyramids,  and  that  the  sum  of 
the  pyramids  which  make  up  one  of  the  polyedrons  will 
1)6  to  the  sum  of  the  pyramids  which  make  up  the  other 
polyedron,  as  a  pyramid  of  the  first  sum  to  a  pyramid  of 
the  second  (b.  il,  p.  10) ;  that  is,  as  the  cubes  of  their 
homologous  edges  (b.  Vil.,  P.  20) ;  that  is,  as  the  cubes  of 
the  edges  of  the  polyedron. 


Ex.  1. 
is  16? 


What  is  the  solidity  of  a  tetraedron  whose  edge 

Ans.  897.75. 


2. 

12? 

8. 

20? 

4. 

is  25? 

5. 

20? 


What  is  the  solidity  of  a  hexaedron  -whose  edge'  is 

Ans.  1728. 

What  is  the  solidity  of  a  octaedron  whose  edge  is 

Ans.  3771.236. 

What  is  the  solidity  of  a  dodeoaedron  whose  edge 

Ans.  119736.2328. 

What  is  the  solidity  of  an  icosaedron  whose  edge  is 

Ans.  17453.56. 
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A  TABLE 


OF 

LOGARITHMS  OF  NUMBERS 

FKOM  1  TO  10,000. 


N. 

Log. 

N. 

Log. 

N. 

Log. 

N. 

Log. 

I 

0-000000 

26 

1-414978 

5i 

1  -707670 

76 

I -880814 

2 

o-3oio3o 

27 

I  -  43 1 364 

52 

I  -  7 1 6oo3 

77 

1-886491 

3 

0-477121 

28 

I -447168 

53 

I -724276 

78 

I -892096 

4 

0-602060 

29 

I -462898 

54 

1  -782394 

29 

1-897627 

5 

0-698970 

3o 

1-477*21 

55 

I -740868 

80 

1  -  908090 

6 

o-778i5i 

3i 

1-491862 

56 

1 -748188 

81 

I -908485 

0-840098 

32 

I -OoOlOO 

57 

1-755875 

82 

I -918814 

8 

0-908090 

33 

1 -5]85i4 

58 

1 -768428 

83 

I -919078 

g 

0- 004243 

34 

I -531479 

59 

1-770862 

84 

1-924279 

10 

1 -000000 

35 

1-544068 

60 

1-778151 

85 

1-929419 

1 1 

I -041893 

36 

I -5563o3 

61 

1-785330 

86 

I -984498 

I  2 

I -070181 

37 

I -568202 

62 

1-792892 

87 

I -939619 

i3 

I  - 1 18943 

38 

1-579784 

63 

1-799841 

88 

1-944483 

i4 

1-146128 

39 

I -5gio65 

64 

I -806181 

89 

I -949890 

i5 

I  - 176091 

40 

I -602060 

65 

1-812913 

90 

I -964243 

i6 

1-204120 

4i 

I -61 2784 

66 

1-819544 

9* 

1-969041 

n 

I -280449 

42 

I -623249 

67 

1-826075 

92 

1 -963788 

i8 

I  -  25027.3 

43 

1-633468 

68 

I -882609 

93 

I  -  968483 

10 

I -278764 

44 

I -643453 

69 

1-838849 

94 

1 -978128 

20 

I -3oio3o 

45 

I •653213 

70 

1 -846098 

95 

1-977724 

2  1 

I -822219 

46 

1-662758 

7* 

I -85 1258 

96 

1-982271 

22 

1-342428 

47 

I -672098 

72 

I -867333 

97 

I -9S6772 

23 

1-361728 

48 

I -681241 

73 

1-863323 

98 

I -991 226 

24 

I  - 3.8021 1 

49 

I -690196 

74 

1-869282 

99 

1 -995535 

25 

1-397940 

5o 

!  1-698970 

73 

I -875061 

100 

2-000000 

Remark.  In  the  following  table,  in  the  nine  right  hand 
columns  of  each  page,  where  the  first  or  leading  figures 
eliange  from  9’s  to  O’s,  points  or  dots  are  introduced  in 
steadT  of  the  O’s,  to  catch  the  eye,  and  to  indicate  that  fimm 
thence  the  two  figures  of  the  Logarithm  to  be  taken  from 
the  second  column,  stand  in  the  next  line  below 


2  A  TABLE  OF  LOGARITHMS  FROM  1  TO  10,000. 


i 

I 

2 

3 

4 

5 

6 

7 

8 

9 

D. 

100 

000000 

0434 

0868 

i3oi 

1734 

2166 

2698 

3029 

3461 

3891 

482 

101 

4321 

4751 

5i8i 

5609 

6o38 

6466 

6894 

7821 

7748 

8174 

428 

102 

8600 

9026 

9431 

9876 

•3oo 

®724 

1147 

1670 

1993 

24i5 

424 

io3 

012837 

3269 

363o 

4100 

4521 

4940 

536o 

3779 

6197 

6616 

419 

104 

7033 

7431 

7868 

8284 

8700 

91 16 

0532 

9947 

•36i 

•775 

416 

io5 

021189 

i6o3 

2016 

2428 

2841 

3262 

3664 

'4075 

4486 

4896 

412 

io6 

53o6 

5715 

61  25 

6533 

6942 

7350 

7757 

8164 

8571 

8978 

408 

107 

9384 

9789 

*196 

•600 

1004 

1408 

1812 

2216 

2619 

3o21 

404 

108 

033424 

3826 

4227 

4628 

5029 

6480 

583o 

6280 

6629 

7028 

400 

109 

7426 

7825 

8223 

8620 

9017 

9414 

981 1 

•207 

•602 

•998 

896 

1 10 

041893 

1787 

2182 

2676 

2969 

3362 

3755 

4148 

4540 

4982 

393 

1 1 1 

5323 

5714 

6io5 

6493 

6883 

7275 

7664 

8o53 

8442 

883o 

389 

112 

9218 

9606 

9993 

®38o 

•766 

1 153 

i538 

1924 

2809 

2694 

386 

1 13 

053078 

3463 

3846 

423o 

46 1 3 

4996 

5378 

5760 

6142 

6524 

382 

1 14 

6905 

7286 

7666 

8046 

8426 

88o5 

9185 

9563 

9942 

•320 

379 

I  ID 

060698 

1075 

1432 

1829 

2206 

2682 

2968 

3333 

3709 

4o83 

376 

1  16 

4458 

4832 

•5206 

558o 

5953 

6326 

6699 

7071  . 

7443 

7815 

372 

117 

8186 

8557 

8928 

9298 

9668 

••38 

•407 

•776 

1 145 

i5i4 

369 

118 

071882 

225o  . 

2617 

2985 

3352 

3718 

4o85 

445 1 

4816 

5i82 

366 

119 

3347 

3912 

6276 

6640 

7004 

7368 

7781 

8094 

8437 

8819 

363 

I  JO 

079181 

9343 

9904 

•266 

*626 

•987 

i347 

1707 

2067 

2426 

36o 

121 

082785 

3i44 

35o3 

386i 

4219 

4376 

4984 

5291 

5647 

6004 

357 

122 

636o 

6716 

7071 

7426 

7781 

8i36 

8490 

8845 

9198 

9552 

355 

123 

9905 

®258 

®6ii 

*963 

i3i5 

1667 

2018 

2870 

2721 

8071 

35i 

J24_. 

093422 

3772 

4122 

447  > 

4820 

6169 

55i8 

5866 

62i5 

656? 

349 

125 

6910 

7257 

7604 

7961 

8298 

8644 

8990 

9335 

9681 

••26 

346 

126 

100371 

0715 

1069 

1  4o3 

1747 

2091 

2434 

2777 

3119 

3462 

343 

127 

38o4 

4146 

44S7 

4828 

5169 

55io 

585 1 

6191 

653 1 

6871 

340 

128 

7210 

7549 

7888 

8227 

8565 

8908 

9241 

9579 

9916 

•253 

338 

129 

1 1 0690 

0926 

1263 

1699 

1934 

2270 

2605 

2940 

3275 

3609 

335 

i3o 

1 13943 

4277 

461 1 

4944 

5278 

56 1 1 

5943 

6276 

6608 

6940 

333 

i3i 

7271 

7603 

7934 

8265 

8595 

8926 

9266 

9586 

991 5 

•245 

33o 

i32 

i2o5'’4 

0903 

123i 

i56o 

1888 

2216 

2544 

2871 

3198 

3525 

328 

i33 

3852 

4178 

45o4 

483o 

5i56 

5481 

58o6 

6i3i 

6436 

6781 

325 

i34 

7105 

7429 

7753 

8076 

8899 

8722 

9045 

9368 

9690 

••12 

323 

i35 

i3o334 

06  DD 

0977 

1 298 

1619 

1989 

2260 

2586 

2900 

3219 

321 

i36 

353g 

3853 

4177 

4496 

4814 

5i33 

5461 

5769 

6086 

6403 

3i8 

137 

6721 

7037 

7354 

7671 

7987 

83o3 

8618 

8934 

9249 

9364 
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5o8i 

53 1 1 

5542 

5772 

6002 

6282 

280 

189 

6462 
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i8i3 

!(io34 

222 

106 

2256 

2478 

2699 

2920 

3i4i 

3363 

3584 

38o4 

4025 

4246 

221 

7 

107 

4466 

4687 

4907 
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qo3o 

186 

234 

9216 

9401 

9587 

9772 

9968 

•143 

•828 

®5i3 

•698 

•88^ 

i85 

235 

371068 

1253 

1437 

1622 

1806 

1991 

2175 

2860 

2544 

2728 

184 

236 

2912 

3096 

3280 

3464 

3647 

383 1 

401 5 

4198 

4382 

4565 

184 

237 

4748 

4982 

5i  i5 

5298 

5481 

5664 
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5i52 

5326 

3301 

5676 

585o 

6025 

175 

249 
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o53o 

1186 

1841 
2493 
3148 
38oo 
445 1 
5ioi 
5761 

6899 

7046 

7692 

8338 

8982 

9625 

•268 
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)  3i5o 
J  8739 

4367 

4974 

558o 

6r85 

6789 

7898 

7993 

8397 

9198 

9799 
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4o36 

4680 

52  2  2 
58i4 
640  5 
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.265 1 
3207 
3762 
43 1 6 

4870 

5423 

5975 

6526 

7077 

897627 

8176 

8725 

9273 

9821 

900867 

0913 

1468 

20o3 

2547 

908090 
3633 
4174 
4716 
5256 
5796 
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4925 
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6o3o 
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8780 
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0422 

0968 

i5i3 

2067 

2601 

3i44 

3687 

4229 

4770 
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6889 
6927 
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9074 
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1743 
2275 
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0928 

1499 

2069 

2638 

8207 
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4342 
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6604 
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8853 
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1091 
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2762 
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3873 

4427 

4980 
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6o85 

6636 

7187 
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0476 

1022 
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3741 
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4824 

5364 

5904 
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2869 
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1147 

1705 

2262 

2818 

3373 

3928 

4482 

5o36 

5588 

6140 

6692 

7242 

7792 

8341 

8890 

9437 

9985 

o'j3i 

1077 

1622 

2166 

2710 

3253 

3795 

4337 

4878 

5418 

5958 

6497 

7035 

7573 

8110 

8646 

9181 

9716 

025i 

0784 

1817 

i85o 

2881 

2918 

3443 

1042 

i6i3 

2183 

2762 

3321 

3888 

4455 

5o2  2 
5587 
6i52 

6716 

7280 

7842 

8404 

8965 

9026 

••86 

0645 

I2o3 

1760 

2817 

2873 

3429 

3984 

4538 

5091 

5644 

6195 

6747 

7297 

7847 

8896 

8944 

9492 

••89 

o586 

1 13 1 
1676 
2221 
2764 

3307 

3849 

4891 

4982 

5472 

6012 

655i 

7089 

7626 

8i63 

8699 

9235 

9770 

o3o4 

oS38 

187 

1908 

2435 

2966 

3496 

1099 

1670 

2240 

2809 

3377 

3945 

4612 

5078 

5644 

6209 

6778 

7336 

7898 

8460 

9021 

9682 

•141 

0700 

1259 

1816 

2878 

2929 

3484 

4089 

4693 

5146 

5699 

6201 

6802 

7352 

7902 

8451 

8999 

9547 

••94 

0640 

1186 

1781 

2273 

2818 

3361 

8904 

4446 

4986 

5526 

6066 

66o4 

7143 

7680 

8217 

8753 

9289 

9823 

o358 

0891 

1424 

1966 

2488 

3019 

3549 

1 1 56 
1727 
2297 
2866 

8484 

4002 

4569 

5i35 

5700 

6265 

6829 

7892 

7900 

8oi6 

9077 

9688 

•■97 

0766 

i3i4 

1872 

2429 

2985 

3040 

4094 

4648 

5201 

5754 

63o6 

6857 

7407 

1957 

^Do6 

9054 

9602 

•149 

0696 

1240 

1785 

2829 

2873 

3416 

3958 

4499 

5o4o 

558o 

6119 

6658 

7196 

7734 

8270 

8807 

9842 

9877 

041 1 
0944 
1477 

2009 

2541 

8072 

3602 

I2i3 

1784 

2354 

2928 

3491 

4069 

4625 

5192 

5707 

6321 

6885 

7449 

80 1 1 
8673 
9134 
9694 
•253 
0812 
1870 
192S 

2484 

3o4o 

3595 

4100 

4704 

5257 
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6912 

7462 

8012 
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0749 
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1840 

2884 

2927 
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42o5 

4769 

53i2 

5864 

6416 

6967 

7017 

8067 
86 1 5 
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6998 

7561 

8123 

8685 

9246 

9806 

•365 

0924 
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'  3867 

3920 

8978 

4026 

!  4079 

4182 

4184 

4287 

}  4290 

53 

821 

4343 

.  4896 

44  ■i9 

4302 

4333 

:  4608 

4660 

4718 

4766 

48 1 9 

53 

822 

4872 

49'^5 

4977 

5o3o 

5o83 

1  5i36 

6189 

5241 

5294 

5347 

53 

823 

5400 

5453 

i  55o5 

5558 

!  56 1 1 

i  5664 

5716 

5769 

5822 

5875 

53 

824 

5927 

'  5980 

1  6o33 

1  6o85 

6i38 

1  6191 

6243 

6299 

6849 

6401 

53 

825 

6454 

1  65o7 

1  6069 

j  6612 

6664 

6717 

6770 

6822 

6875 

6927 

53 
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6980 

1  7033 

!  708^ 

1  7'38 

7190 

7243 

7295 

7348 

7400 

7453 

53 

827 
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1  7008 

i  7611 

7663 

1  7718 

7768 

7820 

7873 

7925 

7978 

52 

828 

8o3o 

8o83 

'  8i35 

8188 

8240 

8298 

8345 

8397 

8460 

8d02 

52 

829 

8555 

8607 

8639 

8712 

8764 

88i6 

8869 

8921 

8973 

9026 

52 

83o 

919078 

9180 

9183 

9235 

92S7 

9340 

9892 

9444 

9496 

9549 

52 

83 1 

1  9601 

9653 

9706 

9738 

9810 

9862 

9014 

9967 

(*•19 

•®7i 

52 

832 

920123 

0176 

0228 

0250 

o332 

o384 

04-30 

0489 

0641 

0398 

52 

833 

06^5 

0697 

0749 

0801 

o853 

0906 

0958 

1010 

1062 

1 1 14 

52 

834 

1166 

1218 

1 270 

i322 

1874 

1426 

1478 

i53o 

i582 

1634 

52 

835 

1686 

1738 

1790 

1842 

1894 

1 946 

1998 

2o5o 

2102 

21 54 

52 

836 

2206 

2208 

2810 

2362 

2414 

2466 

25i8 

2570 

2622 

2674 

52 

837 

2725 

2777 

2829 

2881 

2933 

2985 

3o37 

8089 

3i4o 

8192 

52 

838 

3244 

3296 

3348 

3399 

3451 

35o3 

3555 

3607 

3658 

3710 

52 

839 

3762 

3814 

3865 

3917 

3969 

4021 

4072 

4124 

4176 

4228 

52 

840 

924279 

433 1 

4383 

4434 

4486 

4538 

4589 

4641 

4698 

4744 

52 

841 

4796 

4848 

4899 

4951 

5oo3 

5o54 

5 1 06 

3137 

5209 

5261 

52 

842 

53 1 2 

5364 

541 5 

5467 

55i8 

5570 

5621 

5673 

5725 

5776 

52 

843 

5828 

5879 

5931 

5982 

6084 

6o85 

6137 

6188 

6240 

6291 

5i 

844 

6342 

6894 

6445 

6497 

6548 

6600 

665 1 

6702 

6754 

68o5 

5i 

845 

6867 

6908 

6939 

701 1 

7062 

7114 

7165 

7216 

7268 

7319 

5i 

846 

7370 

7422 

7473 

7624 

7576 

7627 

7678 

7780 

7781 

7882 

5i 

847 

7883 

7935 

7986 

8o37 

8088 

8140 

9191 

8242 

8293 

8345 

5i 

848 

8896 

8447 

8498 

8549 

8601 

8652 

8703 

8754 

88o5 

8857 

5i 

849 

8908 

8969 

9010 

9061 

9112 

9163 

9215 

9266 

9817 

9868 

5i 

85o 

929419 

9470 

9621 

9572 

9623 

9674 

9725 

9776 

9827 

9879 

5i 

85i 

9980 

9981 

•®32 

®®a3 

*i34 

®i85 

®236 

*287 

®338 

•389 

5i 

852 

980440 

0491 

o542 

0592 

0643 

0694 

0745 

0796 

0847 

0898 

5i 

853 

0949 

1000 

io5i 

1102 

1 153 

1204 

1254 

i3o5 

i356 

1407 

5i 

854 

1458 

i5o9 

i56o 

1610 

1661 

1712 

1763 

1814 

i865 

1916 

5i 

855 

■  1 966 

2017 

2068 

2118 

2169 

2220 

2271 

2822 

2872 

2423 

5i 

856 

2474 

2524 

2373 

2626 

2677 

2727 

2778 

2829 

2879 

2980 

5i 

867 

2981 

3o3i 

8082 

3i33 

3i83 

3234 

3285 

3335 

3386 

3487 

5i 

858 

3487 

3538 

3589 

3639 

3690 

3740 

3791 

3841 

8892 

3943 

5i 

859 

8998 

4044 

4094 

4148 

4195 

4246 

4295 

4347 

4897 

4448 

5i 

860 

984498 

4549 

4599 

4650 

4700 

4731 

480 1 

4852 

4002 

4953 

5o 

861 

5oo3 

5o54 

5 1 04 

5i54 

52o5 

3233 

53  06 

5356 

5406 

5467 

5o 

862 

5507 

5558 

56o8 

5658 

5709 

5739 

5809 

586o 

5910 

5960 

5o 

863 

601 1 

6061 

61 1 1 

6162 

6212 

6262 

63i3 

6363 

6413 

6463 

5o 

864 

65i4 

6564 

6614 

6665 

6715 

6765 

68i5 

6865 

6916 

6966 

5o 

865 

7016 

7066 

7117 

7167 

7217 

7267 

7817 

7867 

7418 

7468 

5o 
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7518 

7568 

7618 

7668 

7718 

7769 

7819 

3869 

7919 

7969 

5o 

867 

8019 

8069 

81  in 
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8219 

8269 

8320 

8370 

8420 

8470 

5o 

868 

8520 

8670 

8626 

8670 

8720 

8770 

8820 

0870 

8920 

8970 

5o 

869 

9020 
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9120 

9170 

9220 

9270 
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9869 

9419 

9469 

5o 

870 
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9619 

9669 

9719 

9769 
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9869 

9918 
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5o 

871 
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0168 

0218 

0267 

o3i7 

0867  1 

0417 

0467 

5o 

872 
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0716 

0765 

081 5 

o865 

0915 

0964 

5o 

873 
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5o 

875 
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2236 

23o6 
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5o 
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285 1 
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5o 
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3198 
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3396 

3443 

59 
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3693 
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1 

8So 
88 1 
882 

883 

884 

885 

886 
8B7 
888 

889 

890 

891 

892 

893 

894 

895 

8g6 

897 

898 

899 

900 

901 

902 

903 

904 

905 

906 

907 

908 

909 

910 

911 
9^2 

913 

914 

915 

916 

9n 

918 

919 

920 

921 

922 

923 

924 
926 
926 

925 
929 

g3o 

98 1 

982 

933 

954 

q35 

986 

987 

988 

939 

944488 

497^, 

5469 

5961 

6452 

6948 

7484 

79''!4 

8418 

8902 

049890 

9478 

95o865 

o85i 

1888 

1828 

2808 

2792 

8276 

3]bO 

954248 

4723 

5207 

5o88 

6168 

6649 

7128 

7607 

80S6 

8564 

959041 

9518 

9993 

96047 1 
0946 

1421 

1895 

2869 

2848 

38i6 

963788 

4260 

4781 

5202 
5672 
6142 
661  1 
7080 
7548 

8016 

968483 

8980 

9416 

9882 

070847 
i  0812 
I27C 
174c 
22o3 
266(. 

4882 

5o25 

55 1 8 
6010 
65oi 
6992 
7483 

7973 

8462 

8951 

9489 

9926 

0414 

0900  ! 

1886  1 

1872  i 

2356 

2841 

3325 

38o8 

4291 

4773 

5255 

5786 

6216 

6697 

7176 

7655 

8184 

8612 

9089 

9566 

••42 

o5i8 

0994 

1469 

1943 

2417 

2890 

3863 

3835 

4807 

4778 

5249 

5719 

6189 

6658 

7127 

7090 

8062 

853o 

8996 

9463 

9928 

0898 

o858 

1822 

1786 

2249 

2712 

4581 

5074 

5567 

6009 
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7041 

7532 
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9488 
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1485 
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3882 
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5296 

5766 
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6703 
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8109 
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9043 

9809 

9970 

0440 

0904 

1869 

1882 

2295 

773S 

468 1 
8124 

56 1 6 
6108 
6600 
7090 
7881 
8070 
856o 
9048 

9886 

0924 

o5i  I 
0997 

1483 
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2453 

2988 

3421 

8905 

4887 
4869 
535i 
5832 
681 3 
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7701 

8229 

8707 
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9661 

•i88 
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1089 

1 563 
2088 
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2985 

3457 

8929 

4401 

4872 

5343 
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6288 
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0486 
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i4i5 
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2842 
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6649 
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9585 
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2986 

3470 
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5399 

5880 
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8755 

9282 

9709 
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0661 
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2o85 
2559 
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35o4 

3977 

4448 

4919 

5390 

586o 

6829 

6799 

7267 

7735 

8208 

8670 

9186 

9602 
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o533 

0997 

1461 

1925 

2388 

285i 

4729 

5222 

3713 

6207 

6698 

7189 

7679 

8168 

8657 

9146 

9684 

0121 

0608 

1095 

i58o 

2066 

255o 

8084 

35i8 

4001 

4484 

4966 

5447 

5928 

6409 

6888 

7868 

7847 

8825 

88o3 

9280 

9767 

®233 

0709 

1184 

i658 

2182 

2606 

3079 

3552 

4024 

4496 

4966 

5437 

5907 

6876 

6845 

7814 

7782 

8249 

8716 

9188 

9649 
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0679 
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2434 
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6256  ; 
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5496 
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7894 
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885o 
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3599 

4071 
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6428 

6892 

7861 

7829 

8296 

8768 

9229 

9696 

•161 

0626 

1090 

i554 

2018 

2481 

2948 

4828 
532 1 
58i8 
63o5 
6796 
7287 

7777 

8266 

8755 

9244 

9781 

®2I9 

0706 

1 192 
1677 
2163 

2647 
3i8i 
36i  5 
4098 

458o 

5o62 

5548 

6024 

65o5 

6984 

7464 

7942 

8421 

8898 

9875 

9862 

*828 

0804 

1279 

1758 

2227 

2701 

8174 

3646 

4i  18 
4690 
5o6i 
553 1 
6001 
6470 
6989 
7408 
7875 
8843 

8810 

9276 

9742 

•207 

0672 

1187 

1601 

2064 

2627 

2989 

4877 

5370 

5862 

6854 

6845 

7886 
7826 
83 1 5 
8804 
9292 

9780 

*267 

0754 

1240 

1726 

2211 

2696 

3i85 

3668 

4146 

4628 
5i  10 
5592 
6072 
6558 
7082 
7312 
7990 
8408 
8946 

9428 

9900 

•076 

o85i 

1826 

1801 

2273 

2748 

8221 

8698 

4i65 

4687 

5 1 08 
337S 
6048 
65i7 
6986 

7434 

7922 

8890 

8856 

9828 

9789 

1  ©254 
0719 
1188 

1647 

2110 

2678 

3o35 

4927 
5419 
5912 
6408 
6894  ! 

7895  1 

7875 

8864 

8858 

9841 

9829 

®3i6 

o8o3 

1289 

1775 

2260 

2744 

8228 
871 1 

4194 

4677 

5i58 
5640 
6120 
660 1 
7080 

7559 

8088 

85i6 

8994 

9471 

9947 

•428 

0899 

1874 

184B 

2822 

2795 

8268 

8741 

4212 

4684 

5i55 

5623 

6095 

6564 

7088 

7301 

7969 

8486 

8908 

9869 

9835 

®8oo 

0765 

1229 

1698 

2 1 07 
2619 
8082 

49 

49 

49 

49 

49 

49 

49 

49 

49 

49 

49 

49 

49 

49 

49 

48 

48 

48 

48 

48 

48 

48 

48 

48 

48 

48 

48 

48 

48 

48 

48 

48 

48 

48 
47 
47 
47 
47 
47. 
47 

47 

47 

47 

47 

47 

47 

47 

47 

47 

47 

47 

47 

47 

4] 

49 
46 
46 
46 
46 
46 

N. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

D. 
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16  A  TABLE  OF  LOGARITHMS  FROM  1  TO  10,000. 


N. 

0  1  1 

2 

3 

4 

5 

6 

7 

8 

9 

940 

941 

942 

943 

944 

945 

946 

947 

94B 

949 

950 

931 

932 

933 

954 

955 

956 

957 

958 

959 

960 

961 

962 

963 

964 

965 

966 

967 

968 

969 

970 

971 

972 

973 

974 

975 

976 

977 

978 

979 

980 

981 

982 

983 

984 

985 

986 

987 

988 

989 

990 

991 

992 

993 

994 

993 

996 

'  997 

998 

999 

973128 

3390 

4o5i 

45 1 2 

49721 

5432 

5891  ‘ 

635o' 

6808 

7266 

977724 

8181 

8637 

9093 

9548 

980003 

0458 

0912 

1 366 
1819 

982271 

2723 

3175 

3626 

4077 

4527 

4977 

5426 

5875 

6324 

986772 

7219 

7666 

8ii3 

8559 

9003 

9450 

9895 

990339 

0783 

991226 
1669 
21 1 1 
2554 
2995 
3436 
3877 

4317 

4757 

5196 

996635 

6074 

65i2 

6949 

7386 

7823 

8269 

8695 

9i3i 

1  9565 

3174 

3636 

4097 

4558 

5oi8 

5478 

5937 

6396 

6834 

7812 

7769 

8226 

8683 

9188 

9394 
0049 
o5o3 
0957 
141 1 
1864 

2816 

2769 

3220 

3671 

4122 

4572 

5o22 

5471 

5920 

6869 

6817 

7264 

7711 

8167 

8604 

9049 

9494 

9989 

o383 

0827 

1270 
1718 
21 56 
2698 
3o39 
3480 
8921 
436i 
4801 
6240 

5679 

6117 

6555 

6993 

7430 

7867 

83o3 

8739 

9174 

9609 

3220 

3682 

4143 

4604 

5064 

5524 

5983 

6442 

6900 

7838 

7815 

8272 

8728 

9184 

9689 

0094 

0649 

ioo3 

1456 

1909 

2362 

2814 

3265 

3716 

4167 

4617 

5067 

55i6 

5965 

6418 

6861 

7809 

7756 

8202 

8648 

9094 

9689 

9983 

0428 

0871 

i3i5 

1758 

2200 

2642 

3o83 

3524 

3965 

44o5 

4845 

5284 

5723 

6161 

6699 

7087 

7474 

7910 

8347 

8782 

9218 

9662 

3266 
3728 
4189 
4660 
5i  10 
5570 
6029 
6488 
6946 
7403 

7861 
83 1 7 

3774 

9280 

9685 

0140 

0694 

1048 

i5oi 

1954 

2407 
2869 
33io 
3762 
4212 
4662 
5i  12 
556i 
6010 
6458 

6906 

7353 

7800 

8247 

8693 

9188 

9583 

••28 

0472 

0916 

1359 

180P 

22U 

2686 

3127 

3568 

4009 

4449 

4889 

5328 

5767 

62o5 

6643 

7080 

7617 

7954 

8890 

8826 

9261 

9696 

33i3 

3774 

4235 

4696 

5156 
56i6 
6075 
6533 
6992 

7449 

7906 

8363 

8819 

9275 

9730 

oi85 

0640 

1098 

1547 

2000 

2452 

2904 

3356 

3807 

4257 

4707 

5157 
56o6 
6o55 
65o3 

6951 

7398 

7845 

8291 

8737 

9 1 83 
9628 

••72 

o5i6 

0960 

i4o3 

1846 

2288 

2730 

8172 

36i3 

4o53 

4493 

4933 

5372 

58ii 

6249 

6687 

7124 

7561 

7998 

8434 

8869 

9806 

9739 

3359 

3820 

4281 

4742 

5202 

5662 

6121 

6579 

7037 

7495 

7952 

8409 

8865 

9821 

9776 

023i 

o685 

1189 

1692 

2045 

2497 

2949 

3401 

3852 

4802 

4752 

5202 
565 1 
6100 
6548 

6996 

7443 

7890 

8336 

8782 

9227 

9672 

•117 

o56i 

1004 

1448 

1890 

2333 

2774 

8216 

3657 

4097 

4537 

a’’! 

5416 

5854 

6293 

6781 

7168 

7605 

8041 

8477 

8918 

9848 

9783 

34o5 

3866 

4327 

4788 

0248 

5707 

6167 

6625 

7083 

7541 

7958 
8434 
891 1 
9366 
9821 
0276 
0730 

1184 

1687 

2090 

2643 

2994 

3446 

3897 

4347 

4797 

5247 

5696 

6144 

6698 

7040 

7488 

7934 

838i 

8826 

9272 

97>7 

•161 

o6o5 

1049 

1492 
1935 
2377 
2819 
3260 
3701 
4141 
458 1 
5o2I 
5460 

5898 

6337 

6774 

7212 

7648 

8o85 

8521 

8966 

9892 

9826 

3451 

3013 

4374 

4884 

5294 

5733 

6212 

6671 

7129 

7586 

8043 

85oo 

8956 

9412 

9867 

o322 

0776 

1229 

i683 

2i35 

2588 

3  040 
3491 
8942 
4892 
4842 
5292 
5741 

6189 

6687 

7085 

7532 

7979 

8423 

8871 

9816 

9761 

®2o6 

o65o 

1098 

1 536 
1979 

2421 

2863 

33o4 

3745 

4i85 

4625 

5o65 

55o4 

5942 

638o 

6818 

7255 

7692 

8129 

8564 

9000 

9435 

9870 

3497 

3969 

4420 

4880 

5340 

5799 

6238 

6717 

7175 

7682 

8089 

8546 

9002 

9437 

9912 
0867 
0821 
1275 
1728 
2181 

2633 

3o85 

3536 

3987 

4487 

4887 

5337 

5786 

6284 

6682 

7180 

7577 

8024 

8470 

8916 

9861 

9806 

•25o 

0694 

1 137 

i58o 

2023 

2465 

2907 

3348 

3789 

4229 

4660 

5 1 08 

5547 

5986 

6424 

6862 

7299 

7736 

8172 

8608 

9043 

9479 

9913 

3543 

400  5 
4466 
4926 
5386 
5845 
63ci 
6763 

7220 

J678 

8i35 

8591 

9047 

9308 

9953 

0412 

0867 

1820 

1773 

2226 

2678 

3i3o 

358i 

4082 

4482 

4982 

5382 

5830 

6279 

6727 

7175 

7622 

8068. 

85 1 4 

89^0 

94o5 

9850 

•294 

0738 

1182 

1625 

2067 

2  509 
2951 
3392 
3833 
4273 
4713 
5i52 
5591 

6o3o 

6468 

6906 

7343 

7779 

8216 

8652 

9087 

9522 

9957 

N. 

1 

2 

3 

4 

5 

6 

7 

8 

9 

i.'v  i.'v  i-s.  #S  i-x  i.'s  4X  *.-v  tN  4-''  •fcv  •t''  •&' ■t''  i-'^  4-'>.  4s^  4ix  A.-^  Oi  (ji  !.;<  U>  Ui  cji  Ui  v<  u>  (Ji  0»  Ui  Wi  U>  Ui  Wi  O'  C7'  O'  CP^  O'  O'  O'  O'  O'  O  O'  O^  O'  O' 


A  TABLE 


OF 

LGOAKITHMIC 

SINES  AND  TANGENTS 

FOB  EVEBT 

DEGREE  AND  MINUTE 
OF  THE  QUADEANT. 


Remark.  The  minutes  in  the  left-hand  column  of  each 
page,  increasing  downwards,  belong  to  the  degrees  at  the 
top ;  and  those  increasing  upwards,  in  the  right-hand  column, 
belong  to  the  degrees  below. 
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(0  DEGREES.)  A  TABLE  OF  LOGARITHMIC 


M. 

Sine 

D. 

Cosine 

D. 

Tang. 

D. 

Cotang. 

0 

1 0  -  000000 

0  -  000000 

Infinite. 

60 

I 

6-463726 

5017-17 

000000 

•  00 

6-463726 

6017-17 

i3- 536274 

59 

2 

764755 

2934-80 

000000 

•  00 

764766 

2934-83 

235244 

58 

3 

940847 

2o82-3l 

000000 

-00 

940847 

2082-81 

059153 

^7 

4 

7-065786 

1 6 1 5  •  1 7 

ooooco 

•  00 

7-066786 

i6i5- 17 

12-984214 

56 

5 

162696 

1319-68 

000000 

-00 

162696 

1819-69 

o^3o4 

55 

6 

241877 

n 10-75 

9-999999 

•  01 

241878 

1115-78 

758122 

54 

7 

30S824 

966-53 

999999 

•01 

308825 

096  -  53 

691 175 

53 

8 

366816 

802-54 

999999 

•01 

366817 

852-54 

633 1 83 

52 

9 

417968 

762-63 

999999 

•01 

417970 

762-63 

582o3o 

5i 

10 

463720 

689-88 

999998 

•01 

463727 

689.88 

536273 

5o 

1 1 

7-5o5h8 

629-81 

9-999998 

•  01 

7-5o5i »o 

629-81 

1 2  -  49*4880 

49 

12 

542906 

579-36 

999997 

-01 

542909 

679-33 

457091 

48 

i3 

577668 

536-41 

999997 

-01 

577672 

536-42 

422828 

47 

14 

609803 

499-38 

999996 

-01 

609857 

499 • 39 

890143 

46 

i5 

639816 

467-14 

999996 

•  01 

689820 

467-15 

36oi8o 

45 

i6 

667845 

438-8i 

999993 

•01 

667849 

488-82 

332i5i 

44 

17 

694173 

413-72 

999995 

•  01 

694179 

4i3-73 

3o582i 

43 

i8 

718997 

391 -35 

999994 

-01 

7 1 9004 

891 -36 

280997 

42 

19 

742477 

371-27 

999993 

•  01 

742484 

371-28 

257516 

41 

20 

764754 

353- i5 

999993 

-01 

764761 

35i -36 

235289 

40 

21 

7-785943 

336-72' 

9-999992 

•01 

7-785951 

336-73 

15-214049 

39 

22 

806146 

321-75 

999991 

-01 

806 1 55 

821-76 

193845 

38 

23 

825451 

3o8-o5 

999990 

-01 

825460 

3o8-o6 

174540 

37 

24 

843934' 

295-47 

999989 

•02 

848944 

295.49 

i56o56 

36 

25 

861662 

283-88 

999988 

-02 

861674 

283-90 

138326 

35 

26 

878695 

273-17 

999988 

•02 

878708 

278-18 

121292 

34 

’I 

896085 

261 • 23 

999987 

-02 

896099 

263-25 

104901 

33 

28 

910879 

253-99 

999986 

•  02 

910894 

254-01 

089 1 06 

32 

29 

9261 19 

245-38 

999985 

-02 

926184 

246-40 

078866 

3i 

3o 

940842 

237-33 

999983 

-02 

94o858 

237.35 

069142 

3o 

3i 

7-955082 

229-80 

9-999982 

•02 

7-955100 

229.81 

1 2 • 044900 

29 

32 

968870 

222 -73 

999981 

-02 

968889 

222-75 

o3 1 1 1 1 

28 

33 

982233 

216-08 

999980 

-02 

982253 

216-10 

017747 

27 

34 

995 1 98 

209-81 

999979 

-02 

995^19 

209-83 

004781 

26 

35 

. 8-007787 

2o3-90 

999977 

-02 

8-007809 

203.92 

11 -992191 

25 

3<) 

020021 

198-31 

999976 

-02 

020045 

198.33 

970955 

24 

37 

031919 

193-02 

999975 

-02 

o3 1 945 

193. c^5 

968055 

23 

38 

043001 

188-01 

999973 

-02 

043527 

jm-o3 

966473 

22 

39 

o54','6£ 

i83-25 

999972 

-02 

064809 

]83-27 

945191 

21 

40 

065776 

178-72 

999971 

•  02 

o658o6 

178-74 

984194 

20 

41 

8-076500 

174-41 

9-999969 

-02 

8-076531 

174-44 

11 .928469 

10 

42 

086960 

17o-3» 

999968 

-02 

0S6997 

170-34 

9i3oo3 

18 

43 

097 1 83 

i66-3o 

999c;66 

-02 

097217 

166-42 

902783 

17 

44 

107167 

162-60 

999964 

•o3 

107202 

162-68 

892797 

16 

45 

1 16926 

159-08 

099963 

•o3 

1 16963 

i5g- 10 

888087 

i5 

46 

126471 

i55-66 

999961 

•o3 

126010 

i5d-68 

878490 

14 

47 

1 358 10 

i52-38 

999959 

•o3 

i3585i 

i52-4i 

864149 

i3 

48 

144953 

149-24 

999958 

•o3 

144Q96 

149-27 

855004 

12 

49 

1I3907 

146-22 

999  PJ 

•o3 

153952 

146-27 

846048 

1 1 

5o 

162681 

143-33 

999954 

•o3 

162727 

143-36 

887278 

10 

5i 

8-171280 

140-54 

9-999952 

-o3 

8-171828 

140-57 

11-828672 

Q 

52 

179713 

137-86 

999950 

•o3 

179763 

187-90 

820287 

8 

53 

187985 

i35-29 

999948 

•o3 

i88o36 

135-32 

8 1 1 964 

7 

54 

196102 

i32 -80 

999946 

-03 

196156 

132-84 

8o3844 

6 

55 

204070 

i3o-4i 

999944 

-o3 

204126 

i3o-44 

795874 

5 

56 

21 1895 

128-10 

999942 

-04 

2 1 1953 

128-14 

788047 

4 

57 

219581 

120-87 

999940 

•  04 

2 1 964 1 

125-90 

780350 

3 

58 

227134 

123-72 

999938 

•04 

227195 

128-76 

772805 

2 

59 

234557 

121-64 

999936 

•  04 

234621 

121-68 

765379 

1 

60 

241855 

1 19-63 

999934 

•  04 

241921 

119-67 

768079 

0 

Cosine 

D. 

Sine 

Cotang. 

D. 

Tang. 

M. 

(89  DEGREES.) 


SINES  AND  TANGENTS.  (1  DEGREE.) 
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M. 

Sine 

D. 

Cosine 

D. 

Tang. 

D. 

Co  tang. 

o 

8-24t855 

1 19*63 

9*999934 

*04 

8*241921 

119*67 

1 1*758079 

60 

I 

249033 

117*68 

999982 

*04 

249102 

117*72 

-750898 

2 

'266094 

1 1 5  *  80 

999929 

*04 

256i65 

1 1 5  *  84 

743835 

58 

3 

263042 

118*98 

999927 

*04 

263 1 1 5 

I  14*02 

736885 

57 

4 

269881 

112*21 

999920 

*04 

269956 

112*25 

73oo.i4  ; 

56 

5 

276614 

I io*5o 

999922 

*04 

276691 

110*54 

723309 

55 

6 

283243 

108 *83 

999920 

*04 

283323 

108*87 

716677 

54 

7 

289773 

107*21 

999918 

*04 

289806 

107*26 

710144 

53 

8 

296207 

io5*65 

999915 

*04 

296292 

105*70 

703708 

52 

9 

302646 

104* i3 

999913 

*04 

302634 

104* 18 

697366 

5i 

10 

308794 

102*66 

999910 

*04 

308884 

102*70 

691 1 16 

5o 

1 1 

8 • 3 1 4904 

loi *22 

9*999907 

•  04 

8  *  3 1 5046 

101*26 

11*684954 

49 

12 

321027 

99*82 

99990O 

*04 

321122 

99*87 

678878 

48 

i3 

327016 

98*47 

999902 

•  04 

327114 

98*61 

672806 

47 

14 

332924 

97*14 

999899 

*o5 

333025 

97*19 

666975 

46 

i5 

338753 

95*86 

999897 

*o5 

338856 

96*90 

661144 

45 

i6 

344^04 

94*60 

999894 

*o5 

344610 

94*65 

655390 

44 

17 

35oi8i 

93*38 

999801 

*o5 

3do2Hq 

98*43 

6497 1 1 

43 

18 

355783 

92*19 

999888 

*o5 

355890 

92*24 

644105 

42 

36i3i5 

91*03 

999880 

*o5 

36i43o 

91  *08 

638570 

41 

20 

366777 

89*90 

999882 

•  o5 

366890 

89*95 

633 io5 

40 

21 

8*372171 

g8*8o 

9*999879 

*o5 

8*372292 

88*85 

11*627708 

39 

22 

377499 

87*72 

999876 

•  o5 

3-77622 

87*77 

622378 

38 

23 

382762 

86*67 

999873 

*o5 

382889 

86*72 

617111 

37 

24 

387962 

85*64 

999870 

*o5 

388092 

85*70 

61 1908 

36 

25 

398101 

84*64 

999867 

*o5 

398284 

84*70 

606766 

35 

26 

398179 

83*66 

999S64 

*o5 

398815 

83*71 

601685 

34 

27 

408199 

82*71 

999861 

*o5 

4o3338 

82*76 

596662 

33 

28 

408161 

81*77 

999858 

*o5 

4o83o4 

81*82 

591696 

32 

29 

4i3o68 

80*86 

999854 

•  o5 

4i32i3 

80*91 

506787 

3i 

3o 

417919 

79*96 

999851 

*06 

418068 

80*02 

581932 

3o 

3i 

8*422717 

79*09 

9*999848 

*06 

8*422869 

70*14 

I I *577131 

"2 

32 

427462 

78*28 

999844 

*06 

427618 

78*30 

372382 

28 

33 

4821 56 

77*40 

999841 

*06 

4323i5 

77*45 

567685 

27 

34 

436800 

76*57 

999838 

*06 

486962 

76*63 

563o38 

26 

35 

441894 

75*77 

999834 

*06 

44i56o 

75*83 

558440 

25 

36 

445941 

74*99 

999831 

*06 

446 1 1 0 

73*03 

553890 

24 

37 

450440 

74*22 

999827 

*06 

45o6i3 

74*28 

549387 

23 

38 

454898 

73*46 

999823 

*06 

455070 

73*52 

544930 

2  2 

39 

459801 

72*73 

999820 

*06 

469481 

72*79 

540019 

21 

40 

463665 

72*00 

999816 

*06 

463849 

72*06 

536i5i 

20 

41 

8*467985 

71*29 

9 • 9998 1 2 

*06 

8 • 468 1 7  2 

71  *35 

11 *531828 

19 

42 

472263 

70*60 

999809 

*06 

472454 

70*66 

527346 

18 

43 

476498 

69*91 

999800 

*06 

476698 

69*98 

523307 

17 

44 

480698 

69*24 

999801 

•  06 

480802 

69*31 

519108 

16 

43 

484848 

68*69 

999797 

*07 

485ooo 

68*65 

514960 

1 5 

46 

488963 

67*94 

999793 

*07 

489170 

68*01 

5io83o 

14 

47 

498040 

67*81 

999790 

*07 

498250 

67*38 

506760 

i3 

48 

497078 

66*69 

999786 

*07 

497293 

66*76 

502707 

12 

49 

5oio8o 

66  *08 

999782 

*07 

501298 

66*  1 5 

498702 

1 1 

5o 

5o5o45 

65*48 

999778 

*07 

500267 

65*55 

494733 

10 

5i 

8*508974 

64*89 

9*999774 

*07 

8*509200 

64*96 

1 1  *  490800 

9 

52 

5i 2867 

64*  3 1 

999769 

*07 

518098 

64*39 

486902 

8 

53 

516726 

63*75 

999766 

*07 

616961 

63*82 

483089 

7 

54 

52o55i 

63  •  19 

999761 

*07 

520790 

63  *  26 

479210 

6 

55 

524343 

62*64 

999767 

*07 

524586 

62*72 

475414 

5 

56 

528102 

62*11 

999753 

*07 

628349 

62*18 

47i65i 

4 

57 

531828 

61  *58 

999748 

*07 

532080 

61  *65 

467920 

3 

58 

535523 

61*06 

999744 

*07 

535779 

6 1  *  i  3 

464221 

2 

59 

539186 

60*55 

999740 

*07 

539447 

60*62 

46o553 

1 

60 

542819 

60*04 

999735 

*07 

648084 

60*12 

466916 

0 

Cosine 

D. 

Sine 

Cotang. 

D. 

Tang 

16  (88  DEGREES.) 


20  (2  DEGREES.)  A  TABLE  OF  LOGARITHMIC 


M. 

Sine 

D. 

Cosine 

D. 

Tang. 

D. 

Cotang. 

o 

8*542819 

60*04 

9*999735 

*07 

8*543084 

60*12 

1 1 *456916 

60 

1 

546422 

59*55 

999731 

*07 

54669 1 

59*62 

453309 

59 

2 

549995 

69*06 

999726 

*07 

550268 

59*14 

449782 

58 

3 

553539 

58*58 

999722 

*08 

553817 

58*66 

446183 

5] 

4 

557054 

58*11 

999717 

*08 

557336 

58*19 

442664 

56 

5 

56o54o 

67*66 

999713 

*08 

560828 

57*73 

439172 

55 

6 

563999 

57*19 

999708 

*08 

564291 

57*27 

433709 

54 

7 

56743 1 

56*74 

999704 

*08 

567727 

56*82 

432273 

53 

e 

570836 

56*3o 

999699 

*08 

571137 

56*38 

428863 

52 

9 

574214 

55*87 

999694 

*08 

674620 

55*95 

425480 

5i 

10 

577566 

55  •  44 

999689 

*08 

577877 

55*32 

422123 

5o 

II 

8*580892 

55*02 

q*QQ0685 

*08 

8 *58 1208 

55*10 

11*418792 

49 

12 

584193 

54*60 

999680 

*08 

5845 1 4 

54*68 

415486 

48 

i3 

587469 

54*  19 

999675 

*08 

687796 

54*27 

4l 22o5 

47 

14 

590721 

53*79 

999670 

*08 

591061 

53*87 

408949 

46 

i5 

598948 

53*39 

999665 

*08 

694283 

53*47 

405717 

45 

i6 

597 1  52 

53*00 

999660 

*08 

697492 

53*08 

4o25o8 

44 

6oo332 

52*61 

999655 

*08 

600677 

52*70 

399823 

43 

i8 

608489 

52*23 

999660 

*08 

603830 

52*32 

396161 

42 

19 

606628 

5i  *86 

999645 

*09 

606978 

5i  *94 

398022 

41 

20 

609784 

5i  49 

999640 

*09 

6 1 0094 

5i  *58 

389906 

40 

21 

8*612823 

5i  *  12 

q*q9q635 

*09 

8*613189 

5i  *21 

ii*3868ii 

39 

22 

616891 

50*76 

999629 

*09 

616262 

5o*85 

383738 

38 

23 

618987 

5o*4i 

999624 

*09 

619313 

5o*5o 

380687 

37 

24 

621962 

5o*o6 

9<;96i9 

*09 

622343 

5o*  i5 

377657 

36 

25 

624965 

49*72 

999614 

*09 

625352 

49*81 

374648 

35  ' 

26 

627948 

49*38 

999608 

*09 

628340 

49*47 

371660 

34 

27 

68091 i 

49*04 

999603 

*09 

63i3o8 

49*  i3 

368692 

33 

28 

633854 

48*71 

999697 

*09 

634256 

48*80 

365744 

32 

29 

30 

686776 

689680 

48*89 

48*06 

999602 

999586 

.09 

*09 

637184 

640093 

48*48 

48*16 

362816 

359907 

3i 

3o 

3i 

8*642563 

47*75 

q*qqq58i 

*09 

8*642982 

,  47*84 

1 1  *357018 

29 

32 

645428 

47  •48 

999675 

*09 

645853 

47*53 

354147 

28 

33 

648274 

47-12 

999670 

*09 

648704 

47*22 

351296 

27 

34 

65i 102 

46*82 

999564 

*09 

65 1.537 

46*91 

348463 

26 

35 

65391 1 

46*62 

999558 

•  1  0 

654352 

46*61 

346648 

25 

36 

666702 

46*22 

999553 

*  10 

667149 

46*  3i 

342861 

24 

37 

669476 

45*92 

999547 

*  10 

669928 

46*02 

340072 

23 

38 

662280 

45*63 

999541 

*  10 

662689 

45*73 

337311 

22 

39 

664968 

45*35 

999635 

*  10 

665433 

43*44 

334567 

21 

40 

667689 

45*06 

999529 

*  10 

668160 

45*26 

331840 

20 

41 

8*670393 

44*79 

9*999524 

'  999618 

*  10 

8*670870 

44*88 

1 1*329180 

19 

42 

678080 

44*5i 

*  10 

673563 

44  *61 

326437 

18 

43 

675761 

44*24 

999612 

*  10 

676239 

44*34 

323761 

44 

678405 

43*97 

999606 

*10 

678900 

44*17 

321 100 

16 

45 

68 i 043 

43*70 

999600 

•  10 

681344 

43*80 

318456 

i5 

46 

683665 

43*44 

999493 

*  10 

684172 

43  *  54 

3i5828 

14 

47 

686272 

43*18 

999487 

*  10 

686784 

43*28 

3i32i6 

i3 

48 

688863 

42*92 

999481 

*  10 

689381 

43*o3 

310619 

12 

49 

69 1 438 

42*67 

999475 

*  10 

69 1 963 

42*77 

3o8o37 

11 

5o 

698998 

42*42 

999469 

*  10 

694329 

42*52 

3o547i 

10 

5i 

8  *  696543 

42*17 

9*999463 

*  1 1 

8*697081 

42*28 

1 1  *302919 

9 

52 

699078 

41*92 

999456 

*11 

6996 1 7 

42*o3 

3oo383 

8 

53 

701689 

41  *68 

999450 

*  1 1 

702 1 39 

41*79 

297861 

7 

54 

704090 

41  *44 

999443 

*  1 1 

704646 

41  *55 

295354 

0 

55 

706677 

41  *21 

999437 

*ii 

707140 

41  *32 

292860 

5 

56 

709049 

40*97 

99943 1 

*i  i 

709618 

41  *08 

2oo382 

4 

57 

71 1607 

40*74 

999424 

*  1 1 

712083 

40*85 

287917 

3 

53 

713962 

40*  5i 

999418 

*  1 1 

714534 

40*62 

285465 

2 

59 

716383 

40*29 

99941 1 

*11 

716972 

40  *40 

288028 

I 

60 

7 1 8800 

40  *06 

999404 

*  1 1 

719396 

40*17 

280604 

0 

Cosine 

D. 

Sine 

Cotang. 

D. 

Tang. 

M. 

(87  DEGREES.) 


SINES  AND  TANGENTS.  (3  DEGEEES.) 
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M. 

Sine 

D. 

Co-sine  | 

D. 

Tang.  1  D. 

Cotang. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 

51 

52 

53 

54 

55 

56 

57 

58 

60 

8-718800 

721204 

723595 

725972 

728337 

730688 

733027 

735354 

737667 

739969 

742269 

8-744536 

746802 

749055 

761297 

753528 

755747 

767955 

760161 

762337 

764511 

8-766676 

768828 

770970 

773101 

776223 

777333 

779434 

"81524 

7836o5 

786676 

8-787736 

789787 

791828 

798859 

795881 

797894 

799S97 

801892 

808876 

8o5852 

8-807819 

809777 

811726 

818667 

815599 

817622 

819436 

821843 

828240 

825i3o 

8-827011 

828884 

880749 

882607 

834456 

886297 

83Si3o 

889956 

841774 

843585 

40-06 

39-84 

39-62 

39-41 

39-19 

38-98 

38-77 

38-67 

38-36 

38-i6 

37 -96 

37-76 

37-56 

37-37 

37-17 

36-98 

36-79 

36-6i 

36-42 

36-24 

36 -06 

35-88 

35-70 

35-53 

35-35 

35-18 

35-01 

34-84 

34-67 

34-5i 

34-3i 

34-18 

34-02 

33-86 

33-70 

33-54 

33-39 

33-23 

33-08 

32-93 

32-78 

32-63 

32-49 

32-34 
32  -  ig 
32-00 

3i  -91 
3i-77 
3i-63 
3i  -49 
3i  -35 

3l  '22 
3i  -  08 
30-95 
30-82 
30-69 
3o-56 
3o-43 
3o-3o 
30-17 
3o-oo 

9  -  999404 
999398 
999391 
999884 

999878 

999871 

999864 

999357 

999350 

999848 

999886 

9-999829 

999822 

999815 

999808 

999801 

999294 

999286 

999279 

999272 

999260 

9-999257 
999260 
999242 
999235 
999227 
999220 
9992 1 2 
999206 
999197 
999189 

9-999181 

999174 

999166 
999168 
999 1 5o 
999 1 42 
999 1 34 

999126 
9991 18 
9991 10 

9-999102 

999094 

999086 
999077 
999069 
99906 1 
999053 
999044 
999036 
999027 

9-999019 
9990 10 
999002 
998993 
998984 

998976 

998967 

998968 

998960 

998941 

- 1 1 

- 1 1 

- 1 1 

- 1 1 

- 1 1 

- 1 1 

- 12 

- 12 

- 12 

- 12 

- 12 

- 12 

- 1 2 

•  12 

- 12 

- 12 

- 12 

- 12 

- 12 

- 12 

- 12 

- 12 
-i3 
-i3 
- 13 
- 13 
- 13 
-i3 
-i3 
-i3 
- 13 

-i3 
-i3 
-i3 
-i3 
-i3 
-i3 
-i3 
-i3 
- 13 
-i3 

- 13 
- 14 
- 14 
-14 
-14 
-14 

-U 

-14 

-14 

-i4 

•  14 
■  14 
-14 
-14 
-14 
-14 

-i5 
- 15 
-i5 
- 15 

8-719896 

721806 

724204 

726588 

728959 

73i3i7 

733663 

786996 

738817 

740626 

742922 

8-745207 

747479 

749740 

751989 

764227 

766453 

758668 

760872 

763o65 

766246 

8-767417 

769678 

771727 

773866 

776995 

778114 

780222 

782820 

784408 

786486 

8-788554 

790618 

792662 

794701 

796781 

798752 

800763 

802765 

804768 

806742 

8-808717 

8io683 

812641 

814589 

816529 

8 1 846 1 
820384 

822298 

824205 

826103 

8-827992 
829874 
83 1 748 
8336 1 3 

835471 

837321 

839163 

840998 

842825 

844644 

40-17  ii 

39-95 

39-74 

39-62 

39-30 

39-09 

38-89 

38-68 

38-48 

38-27 

38-07 

37-87 

37-68 

37-49 

37-29 

37-10 

36-92 

36-73 

36-55 

36-36 

36-i8 

36-00 
35-83 
35-65 
35-48 
35-3i 
35- 14 

34-97 

34-80 

34  -  64 
34-47 

34  -  3 1 
34- 15 

33-99 

33-83 

33-68 

33-52 

33-37 

33-22 

33-07 

32  -92 

32-78 

32-62 

32-48 

32-33 

32-10 

32-o5 

31-91 

3i-77 

3i  -  63 

3i  -  5o 

3 1  -  36 
3i  - 23 
3i  - 10 
30-96 
3o-83 
3o-7o 
3o-57 
3o-45 
3o-32 
30-19 

I  -  280604 

278194 

276796 

273412 

271041 

268683 

266337 

264004 

261683 

259374 

267078 

11-254793  , 
262521 
260260 
248c  1 1 
246773 

243547 

241332 
2391 28 
236935 
234764 

I I  -232.583 

23o422 

228273 

2261I4 

2240o5 

221886 

219778 

217680 

218592 

2i35i4 

11-211446. 

209387 

207338 

206299 

208269 

201248 

199287 

197235 

196242 

193268 

11-191283 

189317 

187359 

185411 

188471 

181539 

179616 

177702 

175795 

178897 

In  - 172008 
170126 
168202 
166887 
164629 
162679 
160837 
169002 

167175 

1 55356 

60 

09 

58 

57 

56 

55 

54 

53 

52 

5i 

5o 

49 

48 

47 

46 

45 

44 

43 

42 

41 

40 

39 

38 

37 

36 

35 

34 

33 

32 

3i 

3o 

20 

28 

27 

26 

25 

24 

23 

22 

21 

20 

IQ 

18 

17 

16 

i5 

i4 

i3 

12 

1 1 

10 

9 

8 

7 

6 

5 

4 

3 

2 

I 

0 

Cosine 

D. 

Sine 

Cotang. 

D. 

Tang. 

M. 

(86  DEGREES.) 


22  (4  DEGREES.)  A  TABLE  OF  LOGARITHMIC’ 


M. 

Sine 

D. 

Cosine 

D. 

Tang. 

D. 

Cotang. 

0 

8-843585 

3o-o5 

9-99894? 

- 15 

8-844644 

80-19 

1 1  - 155356 

60 

1 

845387 

29-92 

998982 

- 15 

846455 

80-07 

153545 

2 

847183 

29-80 

998923 

-i5 

848260 

29-95 

161740 

58 

3 

848971 

29-67 

998914 

- 15 

85oo57 

29-82 

1 49943 

57 

4 

850731 

29-55 

998905 

- 15 

861846 

29-70 

148164 

56 

5 

852525 

29  •  43 

998896 

- 15 

853628 

29-58 

1463-2 

55 

6 

854291 

29-81 

998887 

- 15 

855403 

29-46 

144697 

54 

7 

856o49 

29- 19 

998878 

-i5 

867171 

29-35 

142829 

53 

8 

857801 

29-07 

998869 

- 15 

868932 

29-23 

1 4 1 068 

i  5? 

9 

809546 

28-96 

998860 

- 15 

860686 

29- 1 1 

139314 

5i 

10 

861283 

28-84 

998861 

- 15 

862433 

29-00 

137667 

5o 

1 1 

8-863oi4 

28-73 

9-998841 

- 15 

8-864173 

28-88 

1 1  - 135827 

49 

12 

864738 

28-61 

998882 

- 15 

860906 

2-3-77 

134094 

48 

i3 

866455 

28-00 

998823 

- 16 

867632 

28-66 

132368 

47 

14 

868 1 65 

28-89 

998818 

- 16 

869351 

28-54 

180649 

46 

i5 

869868 

28-28 

998804 

- 16 

871064 

28-43 

1 289.36 

45 

i6 

871555 

28-17 

998795 

- 16 

872770 

28-32 

1  2-7230 

44 

n 

878255 

28-06 

998785 

- 16 

874469 

28-21 

125531 

43 

i8 

874938 

27-95 

998776 

- 16 

876162 

28- 1 1 

123838 

42 

*9 

8766 1 5 

27-86 

998766 

- 16 

877849 

28-00 

122i5i 

4i 

20 

878285 

27-73 

998757 

•  16 

879629 

27-89 

1 20471 

40 

21 

8-879949 

27  --63 

9-998747 

- 16 

8-881202 

27-79 

I 1  -  118798 

39 

22 

88 1 607 

27-52 

998738 

- 16 

882869 

27-68 

1 17i3i 

38 

23 

883258 

27-42 

998728 

- 16 

884530 

27-58 

1 16470 

37 

24 

884903 

27-81 

9987 1 8 

- 16 

886185 

27-47 

1 i38i5 

36 

25 

886542 

27-21 

998708 

- 16 

887833 

27-37 

112167 

35 

26 

888 1 74 

27-11 

998699 

- 16 

889476 

27-27 

1 10624 

34 

27 

8S9801 

27-00 

998689 

- 16 

891112 

27-17 

108888 

33 

28 

891421 

26-00 

998679 

- 16 
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41 

42 

43 

44 
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46 

47 
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51 
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14-87 

14-84 

i4-8i 

14-78 

14-75 

14-72 

14-69 
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12-96 

12-94 
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12-89 

12-87 

12-85 

12-82 

12-80 
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12-76 
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12-71 

12-68 

12-66 

12-64 

12-61 

12-69 
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12-87 
12*35 

12-33 

12  -3i 
12-28 
12-26 
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994479 
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994087 
994066 
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994024 
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9-998981 

998960 

998939 

998918 

998896 
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998789 

9-998768 

998746 

998725 

993708 

998681 
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993572 
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•  64 

484435 

7-54 

5 1 5565 

59 

465522 

6-89 

980635 

•  64 

484887 

7-53 

5i5i i3 

60 

465935 

6-88 

980696 

•  64 

485339 

7-53 

614661 

Cosine 

1  D. 

Sine 

Cotang. 

D. 

Tang. 

— I 
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M. 

Sine 

D. 

Cosine 

D. 

Tang. 

D. 

Cotang. 

0 

9*465935 

6*88 

9*980596 

980558 

*64 

9*485339 

7*55 

10*514661 

60 

I 

466348 

6*88 

*64 

480791 

7*52 

614209 

5i3758 

5o 

2 

466761 

6*87 

980619 

*65 

486242 

7*51 

58 

3 

467173 

6*86 

980480 

•65 

486693 

7*5i 

5i33o7 

57 

4 

467535 

6*85 

980442 

*65 

487143 

7*5o 

5i 2857 

56 

5 

467996 

6*85 

980403 

*65 

487593 

7*49 

512407 

55 

6 

468407 

6*84 

980364 

*65 

488043 

7-49 

5 1 1957 

54 

7 

468817 

6*83 

980326 

*65 

488492 

7-48 

5i 1008 

53 

8 

469227 

6*83 

980286 

*65 

488941 

7-47 

511009 

62 

9 

469637 

6*82 

980247 

*65 

489890 

7-47 

5io6io 

5i 

10 

470046 

6*8i 

980208 

*65 

489888 

7*46 

510162 

5o 

ii 

9*470455 

6*80 

9*980169 

*65 

9*490286 

7*46 

10*609714 

49 

12 

470863 

6*8o 

980180 

*65 

490733 

7*45 

509267 

608820 

48 

i3 

471271 

6*70 

980091 

*65 

491180 

7-44 

47 

U 

471679 

6*78 

9800D2 

*65 

491627 

7*44 

608378 

46 

i5 

472086 

6*78 

980012 

*65 

492073 

7*43 

607927 

45 

i6 

472492 

6*77 

979973 

*65 

492619 

7*43 

607481 

44 

‘7 

472898 

6*76 

979934 

979895 

979855 

*66 

492965 

7*42 

607035 

43 

i8 

473304 

6*76 

.*  66 

493410 

7*41 

606690 

42 

19 

473710 

6*75 

*66 

498864 

7*40 

606146 

41 

20 

4741 i5 

6*74 

979816 

*66 

494299 

7*40 

506701 

40 

2l 

9*474519 

6*74 

9.979776 

*66 

9*494743 

7.40 

io*5o5257 

39 

22 

474923 

6*73 

979737 

*66 

496186 

7*39 

604814 

38 

23 

'475327 

6*72 

979697 

979668 

*66 

496630 

7*38 

604370 

37 

24 

475730 

6*72 

•  66 

496073 

7*37 

603927 

36 

25 

476133 

6*71 

979618 

*66 

4965 1 5 

7*37 

608485 

35 

26 

476536 

6*70 

979679 

*66 

496967 

7*36 

5o3o43 

34 

27 

476938 

6*69 

979539 

*66 

497399 

7*36 

602601 

33 

28 

477340 

6*69 

979499 

*66 

497841 

498282 

7*35 

502169 

32 

29 

477741 

6*68 

979459 

*66 

7*34 

501718 

3i 

3o 

478142 

6*67 

979420 

•  66 

498722 

7*3^ 

601278 

3o 

3i 

9*478542 

6*67 

9*979880 

*66 

9*499163 

7*33 

10.600837 

20 

32 

478942 

6.66 

979840 

*66 

499608 

7*33 

600897 

28 

33 

479342 

6*65 

979800 

*67 

600042 

7*32 

499968 

27 

34 

479741 

6*65 

979260 

*67 

600481 

7*31 

499619 

26 

35 

480140 

6*64 

979220 

*67 

600920 

7*3i 

499080 

20 

36 

480539 

6*63 

979180 

*67 

5oi359 

7*3o 

498641 

24 

37 

480987 

6*63 

979140 

*67 

501797 

602285 

7*30 

498208 

23 

38 

481334 

6*62 

979100 

*67 

7*20 

497766 

22 

39 

481731 

6*6i 

979059 

*67 

602672 

7.28 

497328 

21 

40 

482128 

6*61 

979019 

*67 

5o3io9 

7*28 

496S91 

20 

4i 

9*482525 

6*60 

9*978979 

*67 

9*  5o3546 

'7>27 

10*496464 

19 

42 

482921 

6.59 

978939 

978898 

*67 

603982 

Itil 

496018 

18 

43 

4833 1 6 

6.59 

*67 

604418 

7.26 

496682 

17 

44 

483712 

6*58 

978808 

*67 

604864 

7*25 

495146 

16 

45 

484107 

6*57 

978817 

*67 

605289 

7*26 

494711 

i5 

46 

484501 

6*57 

978777 

*67 

006724 

7*24 

494276 

14 

47 

484895 

6*56 

978786 

*67 

506169 

7*24 

493841 

i3 

48 

485289 

6*55 

978696 

*68 

506693 

7*28 

498407 

12 

49 

480682 

6*55 

978655 

*68 

607027 

7*22 

492973 

11 

5o 

486075 

6*54 

978616 

*68 

607460 

7*22 

492040 

10 

5i 

9 • 486467 

6*53 

9*978674 

*68 

9*607893 

7*21 

10*492107 

491674 

9 

52 

486860 

6*53 

978533 

*68 

608826 

7*21 

8 

53 

487261 

fe.52 

978498 

*68 

O087O9 

7*20 

491241 

7 

54 

487643 

6«5i 

978452 

*68 

609191 

7*19 

490809 

490378 

489946 

6 

55 

488034 

6*5i 

978411 

*68 

609622 

7*10 

5 

56 

488424 

6*5o 

978870 

*68 

5ioo54 

7*18 

4 

57 

488814 

6*5o 

978829 

978288 

978247 

.68 

610485 

7*18 

4896 1 5 

3 

58 

59 

489204 

489593 

489982 

6*49 

6.48 

*68 

*68 

610916 

5i 1346 

’■'Z 

7*16 

489084 

488664 

2 

I 

60 

6*43 

978206 

*68 

611776 

7*16 

488234 

0 

Cosine 

D. 

Sine 

D. 

Cotang. 

D. 

Tang.  ,  _ 

M 

17 
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(18  DEGREES.)  A  TABLE  OF  LOGARITHMIC 


M. 

Sine 

D. 

Cosine 

D. 

Tang. 

D. 

Cotang. 

0 

I 

3 

3 

t 

4 

5 

6 

•s 

> 

1C 

1 1 

12 

13 

14 

15 

16 

>7 

18 

19 

20 

21 

22 

23 

24 

25 

26 

ll 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

51 

52 

53 

54 

55 

56 

57 

58 

9-489982 

490871 

490769 

491147 

491535 

491922 

492808 

492695 

498081 

498466 

498851 

9-494236 

494621 

496005 

493888 

495772 

496164 

496537 

496919 

497801 

49768a 

9-498064 

498444 

498825 

499204 

499684 

499963 

600842 

600721 

601099 

601476 

9-601 854 
5o223i 
602607 
602984 
5o336o 
603735 
5o4i 10 
5o4485 
604860 

606234 

9-5o56o8 

506981 

5o6354 

606727 

607099 

607471 

607843 

608214 

6o8585 

608956 

9.609326 

609696 

5ioo65 

610434 

5io8o3 
611172 
5i i54o 
5 1 1907 
612275 
612642 

6-48 

6-48 

6-47 

6-46 

6-46 

6-45 

6-44 

6-44 

6-43 

6-42 

6-42 

6-41 

6-41 

6-40 

6-89 

6-89 

6-38 

6-87 

6-87 

6-36 

6-36 

6-35 

6-34 

6-34 

6-33 

6-32 

6-32 

6-3i 

6-3i 

6-3o 

6-29 

6-29 

6*28 

6-28 

6-27 

6-26 

6-26 

6-25 

6-25 

6-24 

6-23 

6-23 

6-22 

6-22 

6-21 

6-20 

6-20 

6- 19 
6-19 
6-18 
6-18 

6- 17 

6- 16 

6- 16 

6- 15 
6-i5 
6-14 

6-13 

6-i3 

6-12 

6-12 

9-978206 

978165 

978124 

978083 

978042 

978001 

977969 

977918 

977877 

977835 

977794 

9-977762 
97771 1 
977669 
977628 
977086 

977544 

977608 

977461 

977419 

977377 

9-977335 

977293 

977231 

977209 

977167 

977125 

977083 

977041 

976999 

976957 

9.976914 

976872 

976880 

9767S7 

976745 

976702 

976660 

976617 

976374 

976682 

9-976489 

976446 

976404 

976861 

676818 

976275 

976282 

976189 

976146 

976103 

9.976060 

976017 

973974 

975980 

975<%7 

975844 

976800 

976767 

973714 

976670 

-68 

-68 

-68 

•  69 

I’, 

-69 

-69 

-69 

•69 

•  69 

-69 

•  69 
-69 
-69 

•  69 
-70 
-70 
-70 
•70 
.70 

.70 

-70 

.70 

.70 

•70 

•70 

.70 

.70 

.70 

•  70 

•  70 

•71 

.71 

•71 

.71 

•71 

•71 

•71 

•  71 

•71 

•71 

•71 

•71 

.71 

.71 

.71 

.72 

.72 

.72 

.72 

-72 

-72 

.72 

-72 

.72 

.72 

•72 

•72 

•  72 

•72 

9-511776 

512206 

512635 

5i3o64 

513493 

518921 

514349 

514777 

516204 

5 1 563 1 
516057 

9.516484 

516910 

517335 

517761 

5i8i85 

518610 

519034 

519458 

519882 

52o3o5 

9-520728 
521 i5i 
521673 
521995 
522417 
522838 
528259 
523680 
524100 
624620 

9-624989 

526359 

526778 

526197 

526616 

527033 

527451 

527868 

528285 

528702 

9-6291 19 

529535 

629960 

53o366 

530781 

531196 

53 161 1 
532025 
532439 
532853 

9-533266 

533679 

534092 

534504 

534916 

535328 

535789 

536i5o 

53656i 

536972 

7.16 

7. 16 

7- 15 
7-14 

7- 14 
7-i3 

7- 13 
7-12 
7-12 
7-11 
7-10 

7-10 

7-09 

7 -on 
7-08 
•7-08 
7-07 
7-06 
7-06 
7-o5 
7-o5 

7-04 

7-o3 

7-o3 

7-o3 

7-02 

■7-02 

7-01 

7-01 

7-00 

6.99 

6-98 

6-97 

6.97 
6.96 
6.96 

6.g5 

6.96 

6-94 

6.93 

6.93 

6.98 
6.92 
6.91 
6.91 
6.90 
6.90 
6-89 
6-89 

6.88 

6.88 

6.87 

6-87 

6.86 

6-86 

6-85 

6-85 

6-84 

6-84 

10-488224 
487794 
487365 
486986 
486607 
486079 
48565 1 
485223 
484796 
484869 
488943 

10 -4835 16 
483090 
482665 
482230 
481810 
481890 
480966 
480542 
4S01 18 
479695 

10-470272 

478849 

478427 

478006 

477688 

477162 

476741 

476820 

476900 

475480 

10-475061 

474641 

474222 

478808 

473385 

472967 

472649 

472182 

471716 

471298 

10-470881 

470465 

470o5o 

469634 

469219 

468804 

468889 

467975 

467561 

467147 

10-466784 

466321 

465908 

466496 

466084 

464672 

464261 

46385o 

463439 

468028 

60 

57 

56 

55 

54 

53 

52 

5i 

5o 

49 

48 

47 

46 

45 

44 

43 

42 

41 

40 

39 

38 

37 

36 

35 

34 

33 

32 

3i 

3o 

29 

28 

27 

26 

25 

24 

23 

22 

21 

20 

17 

16 

i5 

14 

i3 

12 

II 

10 

7 

6 

5 

4 

3 

3 

1 

0 

Cosine 

1  D. 

Sine 

1  D. 

1  Cotang. 

D. 

Tang, 

M. 

(71  DEGREES.) 


SINES  AND  TANGENTS.  (19  DEGKEES.) 


37 


M. 

Sine 

D. 

Cosine 

D.  J 

Tang. 

D. 

Cotang. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

\l 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 

51 

52 

53 

54 

55 

56 

57 

58 

59 

60 

9-512642 

5 I 3009 

513376 
5i374i 
514107  1 
514472  ! 

514837  i 
516202 

5 1 5566 
516930 
516294 

9- 516667 
517020 
517382 
517745 
518107 

5 i 8468 
518829 

5i91<^o 

519631 

519911 

9.520271 

52o63i 

520990 

521349 

521707 

522066 

522424 

522781 

523i38 

523495 

9-523852 

524208 

624664 

524920 

526275 

525630 

526984 

526339 

526693 

527046 

9-627400 

527753 

528106 

528468 

628810 

629161 

529613 

629864 

53o2i5 

53o565 

9-530915 

531265 

53i6i4 

531963 

532312 

632661 

533009 

533357 

533704 

534062 

6-12 

6-11 

6-11 

6- 10 
6-09 
6-09 

6 -08 

6  *08 
6-07 
6-07 

6 -06 

6-o5 

6-o5 

6-04 

6-04 

6-o3 

6-o3 

6-02 

6-01 

6-01 

6-00 

6-00 

5.99 

5-99 

5-98 

5.98 

5.97 

5-96 

5-96 

5.95 

5-95 

5-94 

5-94 

5-93 

5-93 

5-92 

5-91 

5-91 

5-90 

5-90 

5.89 

5.89 

5-88 

5-88 

5.87 

5.87 

5-86 

5-86 

5-85 

5-85 

5.84 

5.84 

1  5-83 

5.82 
5-82 
5.81 
5.81 
5.80 
5.80 

5.79 

5.78 

9.976670 

976627 

976683 

975539 

976496 

976462 

976408 

975365 

975321 

976277 

976233 

9.975189 

976145 

976101 

976067 

976013 

974969 

974926 

974880 

974836 

974792 

9-974748 

974703 

974669 

974614 

974670 

974626 

974481 

974436 

974391 

974347 

9.974302 

974267 

974212 

974167 

974122 

974077 

974032 

973987 

973942 

978897 

9*973852 

973807 

973761 

973716 

973671 

973625 

973580 

973535 

973489 

973444 

9-973398 

973352 

973307 

973261 

973215 

978169 

978124 

978078 

973082 

972986 

.73 

.73 

•78 

•78 

•78 

•78 

•78 

•78 

•78 

•78 

•78 

•78 

.78 

•78 

-78 

•78 

•74 

•74 

•74 

'74 

•74 

•74 

•74 

•74 

•74 

•74 

•74 

•74 

•74 

•74 

•76 

.75 

.75 

.75 

•75 

.75 

•75 

.75 

.73 

.75 

.75 

.75 

.75 

.76 

•76 

•76 

.76 

•76 

•76 

.76 

.76 

•76 

•76 

•76 

.76 

•76 

•76 

•76 

•77 

•77 

9.536972 

537882 

537792 

538202 

538611 

539020 

539429 

539887 

540245 

540653 

541061 

9-641468 

541875 

542281 

542688 

543094 

548499 

548905 
5443 1 0 
5447 1 5 
546119 

9-545524 

545928 

546331 

546735 

547138 

647640 

547943 

548345 

548747 

549149 

9.549550 
549961 
55o352 
550762 
55i 162 
55i552 
551962 
55235i 
552760 

553149 

9-553548 

553946 

554844 

554741 

555i39 

555536 

555933 

556320 

556726 

557121 

9-557617 
557913 
5583o8 
558702 
559097 
559491 
559885 
660279 
560673 
56 1066 

6*84 

6-83 
6-83 
6-82 
,  6-82 
6-81 

6-8i , 

6-80 

6-80 

6-79 

6-79 

6-78 

6-78 

6-77 

6-77 

6-76 

6-76 

6-75 

6-75 

6-74 

6-74 

6-78 

6-78 

6-72 

6-72 

6-71 

6-71 

6-70 

6-70 

6-69 

6-69 

6-68 

6-68 

6-67 

6-67 

6-66 

6-66 

6-65 

6-65 

6-65 

6-64 

6-64 

6-63 

6-63 

6-62 

6-62 

6-61 

6-61 

6-60 

6-60 

6-69 

6.59 

6.59 

6-58 

6-58 

6-67 

6-67 

6-56 

6-56 

6-55 

6-55 

0-468028 

462618 

462208 

461798 

461889 

460980 

460571 

460163 

459755 

459847 

458989 

10-458532  . 
458120 
457719 
457812 
456906 
456501 

456095 

455600 

455285 

454881 

10-454476 
454072 
453669 
453265 
452862 
452460 
462067 
45 I 655 
461 253 
45o85i 

10- 460460 
460049 
449648 
449248 
448848 
448448 
448048 

447  ^>49 
447260 
446861 

10-446462 

446064 

445656 

446269 

444861 

444464 

444067 

443671 

448276 

442879 

10-442483 
442087 
441692 
441298 
440908 
440609 
4401 1 5 
439721 
489827 
488984 

60 

5^ 

57 

56 

55 

54 

53 

52 

5i 

5o 

49 

48 

47 

46 

45 

44 

43 

42 

41 

40 

39 

38 

37 

36 

35 

34 

33 

32 

3i 

3o 

29 

28 

27 

26 

25 

24 

23 

22 

21 

20 

IQ 

18 

17 

16 

i5 

14 

i3 

12 

11 

10 

7 

6 

5 

4 

-J 

2 

1 

0 

1 

! 

1 - 

Corine 

1  D. 

Sine 

1  D. 

Cotang. 
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I  -o3 

I  -o3 

I  -o3 

I  -o3 

I  -o3 

I  -o3 

I  -o3 

I  -o3 

1  -o3 

I  -04 

1-04 

1-04 

1-04 

I  -04 
1-04 
1-04 

I  -04 

I  -04 

1  -04 

I  -04 

1-04 

1-04 

1 .06 

I  -06 

I  -06 

I  -06 

I  -o5 

I  -06 

1 .06 

1 .06 

I  -06 

I  -o5 

I  -06 

1  -06 

1  -06 
1-06 

I  -06 

1 .06 

1  -06 

I  -06 

I  -06 

I  -06 

I  -06 

I  -06 
1-06 

I  *06 

I  -06 

I  -06 

1  -07 

1-07 

1-07 

1-07 

1*07 

1-07 

1-07 

I  -07 
1-07 
1-07 
1-07 

9-688182 

688602 

688823 

689143 

689463 

689783 

690108 

690428 

690742 

691062 

691881 

9-691700 
692019 
692338 
692666 
692976 
698293 
69861 2 
698980 
694248 
694566 

9-694883 

696201 

696618 

696836 

696163 

696470 

696787 

697103 

697420 

697786 

9-698063 

698869 

698686 

699001 

699816 

699682 

699947 

700263 

700678 

700893 

9-701208 

701623 

701887 

702162 

702466 

702780 

703096 

708409 

708723 

704086 

9-704860 

704663 

704977 

706290 

706608 

706916 

706228 

706641 

706864 

707166 

5.34 

5-34 

5-34 

5-33 

5.33 

5.33 

5-33 

5-33 

5-32 

5-32 

5-32 

5-3i 

5-3i 

5-3i 

5-3i 

5-3i 

5-30 

5-3o 

5-3o 

5- 3o 

6- 29 

6-29 

6-29 

6-29 

5-29 

5-28 

5-28 

5-28 

5- 28 
5.27 

6- 27 

5-27 

5-27 

5- 26 

6- 26 
6-26 
5-26 
5.26 

5- 25 

6- 26 
6-26 

5-24 

5-24 

5-24 

5-24 

5-24 

5-23 

5-23 

5-23 

5-23 

5-22 

5-22 

5-22 

5-22 

5-22 

5-21 

5-21 

5-21 

5-21 

5-21 

5-20 

io-3i 1818 
311498 
311177 
310867 
3io537 
310217 
309897 
809677 
809268 
308938 
308619 

io-3o83oo 

307981 

307662 

807844 

807026 

306707 

3o6388 

306070 

306762 

306434 

io-3o5i 17 
804799 
304482 
304164 
808847 
3o353o 
3o32i3 
802897 
3o258o 
802264 

10.301947 

3oi63i 

3oi3i5 

300999 

800684 

3oo368 

3ooo53 

299787 

299422 

299107 

10-298792 

298477 

298163 

297848 

297684 

297220 

296906 

296091 

296277. 

296964 

10-295660 

296337 

296023 

294710 

294397 

294084 

298772 

298459 

293146 

292884 

60 

57 

56 

55 

54 

53 

62 

5i 

5o 

40 

48 

47 

46 

45 

44 

43 

42 

41 

40 

39 

38 

37 

36 

35 

34 

33 

32 

3i 

3o 

29 

28 

27 

26 

26 

24 

23 

22 

21 

20 

In 

18 

17 

16 

i5 

14 

i3 

12 

II 

10 

7 

6 

5 

4 

3 

2 

1 

0 

Cosine 

D. 

Sine 

D. 

Cotang. 

D. 

Tang^ 

M. 
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M. 

Sine 

D. 

Cosine  1 

D. 

Tang. 

D. 

Cotang. 

0 

9-657047 

4"  i3 

9-949881 

1-07 

9 -707 1 66 

5-20 

10-292884 

60 

I 

657295 

4-i3 

9498 1 6 

1-07 

707478 

5-20 

292622 

59 

2 

637542 

4*12 

949762 

I  -07 

707790 

5-20 

292210 

58 

3 

667790 

4*  12 

949688 

I  -08 

708102 

5-20 

291898 

57 

4 

658o37 

4*  12 

949628 

I  -08 

708414 

5-19 

291586 

56 

5 

658284 

4*12 

949558 

I  -08 

708726 

5-19 

291274 

5o 

6 

65853 1 

4- 1 1 

949494 

I  -08 

709087 

5-19 

290963 

7 

658778 

4- 1 1 

949429 

I  -08 

709849 

5-19 

290651 

53 

8 

639025 

4- 1 1  1 

949864 

I -08 

709660 

5-19 

290840 

52 

9 

669271 

4- 10 

949800 

I  -08 

709971 

5- 18 

290029 

5i 

10 

659617 

4*  10 

949235 

I -08 

710282 

5- 18 

289718 

5o 

II 

9-669763 

4*  10 

9-949170 

I  -08 

9-710693 

5-18 

10-289407 

49 

12 

660009 

4-09 

949105 

1  -08 

7 1 0904 

5- 18 

48 

i3 

660233 

4*09 

949040 

1  -08 

711215 

5- 18 

288785 

47 

1 4 

66o5oi 

4‘09 

948975 

I  -08 

711525 

5-17 

288475 

46 

i5 

660746 

4'09 

948910 

1-08 

711886 

5-17 

288164 

45 

i6 

660991 

4  *08 

948845 

I  -08 

712146 

5-17 

287864 

44 

17 

661286 

4*o8 

948780 

I  -09 

712456 

5-17 

287644 

4^ 

i8 

661481 

4*o8 

948715 

I  -09 

712766 

5-i6 

287234 

42 

19 

661726 

4-07 

948650 

I  -09 

5- 16 

286924 

41 

20 

661970 

4-07 

948684 

1-09 

718886 

5- 16 

286614 

40 

21 

9-662214 

4*07 

g-9485i9 

1-09 

Q-713696 

5- 16 

10- 286804 

39 

22 

662459 

4*07 

948454 

1-09 

714005 

5- 16 

280996 

38 

23 

662703 

4'o6 

948388 

I  -09 

714814 

5- 15 

285686 

37 

24 

662946 

4-o6 

948828 

1-09 

714624 

5- 15 

286876 

36 

25 

668190 

4*  06 

948257 

I  -09 

714933 

5- 15 

286067 

35 

26 

663433 

4’o5 

948192 

1-09 

716242 

5-i5 

284768 

34 

27 

668677 

4*o5 

948126 

I  -09 

7i555i 

5-14 

284449 

133 

28 

668920 

4'o5 

948060 

I  -09 

716860 

5-i4 

284140 

32 

29 

664163 

4*o5 

947995 

I  - 10 

716168 

5-14 

283832 

3i 

3o 

664406 

4*04 

947929 

I-IO 

716477 

5-i4 

283523 

3o 

3i 

9 • 664648 

4*04 

9-947863 

I-IO 

9-716785 

5-14 

10-288215 

29 

32 

66489 1 

4*04 

947797 

I-IO 

717093 

5- 13 

282907 

28 

33 

665 1 33 

4-o3 

947731 

I-IO 

717401 

5- 13 

282O99 

27 

34 

665375 

4*o3 

047666 

I  -  10 

717709 

5-i3 

282291 

26 

35 

665617 

4'o3 

947600 

1  -10 

718017 

5- 13 

281983 

25 

36 

665859 

4*02 

947533 

I  - 10 

718825 

5-i3 

281670 

24 

37 

666100 

4*02 

947467 

1  -  10 

718633 

5-12 

281367 

23 

38 

666342 

4-02 

947401 

I  -  10 

7 1 8940 

5-12 

281060 

22 

39 

666583 

4*02 

947335 

I  - 10 

719248 

5-12 

280762 

21 

4o 

666824 

4‘oi 

947269 

1  -  10 

719555 

5-12 

280445 

20 

4i 

9-667065 

4*01 

9-947208 

I-IO 

9-719862 

5-12 

10-280188 

19 

42 

667806 

4'oi 

947186 

1  -  II 

720169 

5-II 

279881 

18 

43 

667546 

4*01 

947070 

l-II 

720476 

5-II 

279624 

17 

44 

667786 

4 '00 

947004 

I  - 1 1 

720783 

5-II 

279217 

16 

45 

668027 

4*00 

946087 

I  - 1 1 

721089 

5-II 

27891 1 

i5 

46 

668267 

4*00 

946871 

I-II 

721896 

5-  II 

278604 

i4 

47 

6685o6 

^■99 

946804 

I-II 

721702 

5-10 

278298 

i3 

48 

668746 

^'99 

946738 

1  -  II 

72200Q 

5-10 

277991 

12 

49 

668986 

3-99 

94667 1 

I-II 

722815 

5-10 

277685 

II 

5o 

669225 

3-99 

946604 

I-II 

722621 

5-10 

277879 

10 

5i 

9-669464 

3  -qS 

9-946538 

I-II 

9-722927 

5-10 

10-277073 

9 

52 

669708 

3-q8 

946471 

l-II 

728282 

5-09 

276768 

8 

53 

669942 

3  -98 

946404 

1  - 1 1 

723538 

5-09 

276462 

7 

54 

670181 

3-97 

946337 

I-II 

728844 

5-09 

276166 

6 

55 

670419 

3.97 

946270 

1-12 

724149 

5-09 

275861 

5 

56 

670658 

3.97 

946208 

I-I2 

724454 

5-09 

275546 

4 

57 

670896 

3.97 

946186 

I  •  12 

5 -08 

276241 

3 

58 

671184 

3-96 

946069 

I  -12 

725o65 

5 -08 

274935 

2 

59 

671872 

3*96 

946002 

I  - 12 

725369 

5 -08 

274631 

I 

60 

671609 

3-96 

945935 

1-12 

726674 

5 -08 

274826 

0 

1 - 

Cosine 

D. 

Sine 

D. 

Cotang. 

D. 

Tang. 

M. 
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46  (28  DEGREES.)  A  TABLE  OF  LOGARITHMIC 


M. 

Sine 

D. 

Cosine 

D. 

Tang. 

D. 

Cotang. 

0 

9'67i6o9 

3-96 

9-946935 

1  -12 

9-726674 

5.08 

10-274326 

60 

I 

671847 

3-95 

940868 

1-12 

726979 

5-o8 

274021 

3 

6720B4 

3-95 

940800 

1-12 

726284 

5-07 

278716 

38 

3 

672321 

3-95 

940733 

I  - 12 

726588 

5-07 

278412 

57 

4 

672558 

3-95 

946666 

1-12 

726892 

5-07 

278108 

56 

5 

672795 

3-94 

940698 

1-12 

727197 

5.07 

272803 

55 

6 

673032 

3-94 

946531 

1-12 

727601 

5-07 

272499 

54 

7 

673268 

3-94 

945464 

1  -  l3 

727806 

5 -06 

272196 

53 

8 

673505 

3-94 

940396 

I  - 13 

728109 

0-06 

271891 

52 

9 

673741 

3-93 

945328 

1  •  l3 

728412 

5 -06 

271588 

5i 

10 

673977 

3.93 

946261 

1  •  i3 

728716 

5 -06 

271284 

5o 

11 

9  674213 

3-93 

9-945193 

i-i3 

9-729020 

5 -06 

10-270980 

49 

12 

674448 

3-92 

940125 

I  •  i3 

729323 

5 -05 

270677 

48 

i3 

674684 

3-92 

945o58 

1  •  i3 

729626 

5-o5 

270374 

47 

i4 

674919 

3-92 

944990 

1  - 13 

729929 

5-o5 

270071 

46 

i5 

675155 

3-92 

944922 

1  - 13 

780233 

5-o5 

269767 

45 

i6 

675390 

3-91 

944804 

1  - 13 

73o535 

5-o5 

269465 

44 

675624 

3-91 

944786 

1  - 13 

73o838 

5 -04 

269162 

43 

iS 

675359 

3-91 

944718 

1  - 13 

781141 

5-04 

268839 

42 

19 

676094 

3-91 

944600 

1  •  i3 

781444 

5-04 

268336 

41 

20 

676328 

3-90 

^44582 

1-14 

781746 

5-04 

268254 

40 

21 

9-676562 

3-90 

9-944614 

1-14 

9-782048 

5-04 

10.267962 

39 

22 

676796 

3-90 

944446 

1-14 

73235i 

5-03 

267649 

38 

23 

677080 

3-90 

944377 

1-14 

732653 

5-o3 

267347 

3] 

24 

677264 

3-89 

944809 

1-14 

782955 

5-o3 

267045 

36 

25 

677498 

3-89 

944241 

1-14 

733257 

5-o3 

266743 

35 

26 

677781 

3-89 

944172 

1-14 

733558 

5-o3 

266442 

34 

37 

677964 

3-88 

944104 

1-14 

733860 

5-02 

266140 

33 

38 

678197 

3-88 

944086 

1-1-3 

734162 

5-02 

265838 

32 

29 

678480 

3-83 

943967 

I  -  u 

734463 

5-02 

265537 

3i 

3o 

678663 

3-83 

943899 

1-14 

734764 

5-02 

265236 

3o 

3i 

9-678895 

3-87 

9-943830 

I-I4 

9-735066 

5-02 

10-264934 

29 

32 

679128 

3-87 

943761 

I-I4 

735367 

5-02 

264633 

28 

33 

679860 

3-87 

943693 

I  - 15 

735668 

5-01 

264332 

27 

34 

679092 

3-87 

943624 

1  - 15 

736969 

5-01 

264031 

26 

35 

679 ‘■'24 

3-86 

933656 

1  •  i5 

786269 

5-01 

263731 

25 

36 

68oo56 

3-86 

943486 

1  - 15 

786670 

5-01 

263430 

24 

37 

680288 

3-86 

943417 

1  - 15 

786871 

5-01 

263 1 29 

23 

33 

680019 

3-85 

943348 

I  - 15 

737171 

5-00 

262829 

22 

39 

680760 

3-85 

943279 

1  - 15 

787471 

5-00 

262629 

21 

40 

680982 

3-85 

943210 

1  - 15 

737771 

5-00 

262229 

20 

4i 

9  -  68 1 2 1 3 

3-85 

9-943141 

1  - 15 

9-738071 

5-00 

10-261929 

19 

42 

681443 

3-84 

943072 

1  - 15 

738871 

5-00 

261629 

18 

43 

681674 

3-84 

943oo3 

I  - 15 

788671 

4-99 

261829 

44 

681905 

3-84 

942934 

1  - 15 

788971 

4.99 

261029 

10 

45 

682135 

3-84 

942864 

I  •  i5 

789271 

4-99 

260729 

i5 

46 

682365 

3-83 

942796 

1  - 16 

789670 

4-99 

260480 

14 

47 

682595 

3-83 

942726 

1  -16 

789870 

4-99 

260180 

i3 

48 

682825 

3-83 

942656 

1  *16 

740169 

4-99 

269831 

12 

49 

683o55 

3-83 

942687 

1  •  16 

740468 

4-98 

269532 

11 

5o 

683284 

3-82 

942617 

1  -16 

740767 

4-98 

269233 

10 

5i 

9-683514 

3-82 

9-942448 

I  •  16 

9.741066 

4-98 

10-258934 

9 

52 

683743- 

3-82 

942878 

1  - 16 

74i365 

4-98 

258635 

8 

53 

688972 

3-82 

942808 

1-16 

741664 

4-98 

258336 

7 

54 

684201 

3-8i 

942289 

1  •  16 

741962 

4-97 

258o38 

6 

55 

684430 

3-81 

942169 

I- 16 

742261 

4-97 

267789 

5 

56 

684658 

3-81 

942099 

1-16 

742559 

4-97 

267441 

4 

57 

684887 

3-80 

942029 

1  •  16 

742868 

4-97 

267142 

3 

58 

685i i5 

3-80 

941969 

1  - 16 

743 1 56 

4-97 

266844 

a 

59 

685343 

3-80 

941889 

1-17 

743454 

4-97 

256546 

* 

60 

685571 

3-80 

941819 

1-17 

748762 

4.96 

266248 

0 

_ 

Cosine 

D. 

Sine 

D. 

Cotang. 

D. 

Tang. 

M. 
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M. 

Siue 

D. 

Cosine 

D. 

Tang. 

D. 

Cotang.  I 

1 

o 

9-685571 

3-80  i 

9-941819 

1-17 

9-748762 

4.96 

10-266248 

60 

I 

686799 

3-79  ! 

941749 

1-17 

744000 

4.96 

255960 

69 

2 

686027 

3-79 

941679 

1-17 

744348 

4.96 

255652 

58 

3 

686234 

3.79 

941609 

1-17 

744645 

4.96 

255355 

57 

4 

6S6482 

3-79 

941539 

1-17 

744943 

4.96 

255o57 

56 

5 

686709 

3-78 

941469 

1-17 

746240 

4.96 

264760 

55 

6 

686936 

3-78 

941398 

1-17 

745538 

4-96 

264462 

54 

7 

687163 

3-78 

941328 

1-17 

745835 

4-93 

264165 

53 

8 

687389  1 

3-78 

941268 

1-17 

746182 

4.93 

253868 

52 

9 

687616 

3.77 

941187 

1-17 

746429 

4-96 

253571 

5i 

10 

687843 

3-77 

941117 

1-17 

746726 

4-93 

253274 

5o 

11 

9-688069 

3-77 

9-941046 

1-18 

9-747023 

4-94  i 

10-262977 

49 

12 

688293 

3.77 

940975 

I  - 18 

747819  ! 

4-94 

262681 

48 

i3 

688521 

3-76 

940905 

1  - 18 

747616 

4-94 

252384 

47 

i4 

688747 

3-76 

940884 

1-18 

7479 ‘3 

4-94 

262087 

46 

i5 

688972 

3-76 

940763 

1  - 18 

748209 

4-94 

251791 

45 

i6 

689198 

3-76 

940693 

1  - 18 

7485o5 

4.98 

261496 

44 

n 

689428 

3-76 

940622 

1-18 

748801 

4-98 

261 199 

43 

i8 

689648 

3-75 

94060 1 

1  •  18 

■  749097 

4.98 

250908 

42 

19 

689873 

3-76 

940480 

1  •  18 

749808 

4-98 

260607 

41 

20 

690098 

3  •75 

940409 

1  - 18 

749689 

4.98 

2608 1 1 

40 

21 

9-690823 

3-74 

9-940888 

I  •  18 

9-749986 

4-98 

10- 25ooi5 

89 

22 

690048 

3-74 

940267 

1  •  18 

760281 

4-92 

249719 

38 

23 

690772 

3-74 

940196 

1-18 

760576 

4-92 

249424 

87 

24 

690996 

3-74 

940126 
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4-92 

249128 
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34 
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4.90 

246008 

22 

39 

694342 

3-70 

989062 

1-20 

755291 
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43 

696229 

3-69 

988763 

1-20 

756465 
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4.89 

248241 

16 

45 

69367 1 

3-68 

1  988619 

I  -20 

757062 
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46 
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47 
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3-67 

988268 

1-21 

758617 
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4.88 

10-241190 

9 

52 

697215 

3-66 
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3-66 
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3-66 
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3-66 
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4.87 
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4-86 
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28 
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70i585 
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702885 
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708964 
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706753 
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3-62 

3-62 

3-62 

3-62 

3-61 

3-61 

3-61 

3-6i 

3 -60 

3 -60 

3  -60 
3-60 

3-69 

3-59 

3-69 

3-69 
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9-988747 

933671 

933596 

988520' 

988445 

933369 

933298 

988217 

988141 

988066 

I  -21 

1-22 

I  •  22 

1-22 

I  -22 

1-22 

1-22 

I  -  22 

1-22 

I  -22 

1-22 

1-22 

1-23 

1-23 
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4-79 

4-79 

4-79 

4-79 

4-78 

4*78 

4-78 

4-78 

4-78 

4-78 

4-78 
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4-77 
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4-77 
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712889 

3*49 

932685 

1*27 
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4.76 
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55 

6 
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4*76 
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54 

7 
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4*76 
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53 

8 
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982467 

I  *  27 
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4-76 
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02 
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4-75 
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4-76 

217229  ! 

46 

i5 

714978 

3*47 

981921 

I  *28 

788056 

4*75 

216944  i 

45 

i6 

7 i 5 1 86 

3*47 

98 1 845 

I  *28 

788841 

4-76 

216669 

44 

n 

715394 

3*46 

981768 

I  *28 

788626 
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